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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Ðàçðàáîòêà ìåòîäîâ ÐÊ

Ðàçðàáîòêà ìåòîäîâ Ðóíãå-Êóòòà (ÐÊ) ñâîäèòñÿ ê ðåøåíèþ
ñèñòåìû ïîëèíîìèàëüíûõ óðàâíåíèé, óñëîâèé ïîðÿäêà èëè
óðàâíåíèé Áóò÷åðà.
Äëÿ ìåòîäîâ 4-ãî ïîðÿäêà ýòî 8 óðàâíåíèé îò 10 ïåðåìåííûõ,
ìàêñèìàëüíàÿ ñòåïåíü óðàâíåíèé � 4.
Äëÿ 9-ñòàäèéíûõ ìåòîäîâ 7-ãî ïîðÿäêà ýòî 85 óðàâíåíèé îò 45
ïåðåìåííûõ, ìàêñèìàëüíàÿ ñòåïåíü óðàâíåíèé � 7.
Äëÿ 17-ñòàäèéíûõ ìåòîäîâ 10-ãî ïîðÿäêà ýòî 1205 óðàâíåíèé
îò 136 ïåðåìåííûõ, ìàêñèìàëüíàÿ ñòåïåíü óðàâíåíèé � 10.
Íà÷èíàÿ ñ ïîðÿäêà 6 îáùåå ðåøåíèå ýòîé ñèñòåìû äî ñèõ ïîð
íå íàéäåíî.
Çàìåòíîãî ïðîãðåññà â ýòîé îáëàñòè ìîæíî äîáèòüñÿ èçó÷àÿ
àëãåáðàè÷åñêóþ ñòðóêòóðó óðàâíåíèé Áóò÷åðà, ÿâíî âûäåëÿÿ
îáùèå àëãåáðàè÷åñêèå êîíñòðóêöèè.
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

×òî òàêîå ìåòîäû ÐÊ

Ïóñòü äàíî ÎÄÓ y ′ = f (t, y), t ∈ R, y ∈ Rn è íà÷àëüíîå
óñëîâèå y(t0) = y0. Âûáèðàåì íåêîòîðûé ìàëûé øàã h è
íàõîäèì âåêòîð y1 = y(t1) = y(t0 + h) ïî ôîðìóëàì (ïðàâèëî
¾3/8¿):

y1 = y0 + (k1 + 3k2 + 3k3 + k4)/8

ãäå
k1 = hf (t0 , y0) ,
k2 = hf (t0 + 1

3h , y0 + 1
3k1) ,

k3 = hf (t0 + 2
3h , y0 − 1

3k1 + k2) ,
k4 = hf (t0 + h , y0 + k1 − k2 + k3) ,

Êëàññè÷åñêèå ìåòîäû èìåþò ÷åòâåðòûé ïîðÿäîê è 4 ñòàäèè
(RK(4,4)).

3 / 30



Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Òàáëèöà Áóò÷åðà

Âñå êîýôôèöèåíòû ìåòîäà ìîæíî îáúåäèíèòü â îäíó òàáëèöó
(òàáëèöà Áóò÷åðà):

c2 a21
c3 a31 a32
c4 a41 a42 a43

b1 b2 b3 b4

ïðè ýòîì áóäóò âûïîëíåíû ñîîòíîøåíèÿ:

c2 = a21 ,
c3 = a31 + a32 ,
c4 = a41 + a42 + a43 ,
1 = b1 + b2 + b3 + b4 .
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Ðàñøèðåííàÿ ìàòðèöà ìåòîäà

Îêàçûâàåòñÿ î÷åíü óäîáíî ñîáðàòü âñå êîýôôèöèåíòû â
íèæíåòðåóãîëüíóþ êâàäðàòíóþ ìàòðèöó ñ íóëåâîé äèàãîíàëüþ:

A =


0 0 0 0 0
a21 0 0 0 0
a31 a32 0 0 0
a41 a42 a43 0 0
b1 b2 b3 b4 0

 ,

ïðè ýòîì áóäåì ïîëàãàòü:

a21 = c2 ,
a31 = c3 − a32 ,
a41 = c4 − a42 − a43 ,
b1 = 1− b2 − b3 − b4 .
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Óñëîâèÿ ïîðÿäêà

Ìû ðàññìàòðèâàåì íèæíåòðåóãîëüíóþ êâàäðàòíóþ ìàòðèöó ñ
äåéñòâèòåëüíûìè êîýôôèöèåíòàìè ñ íóëåâîé äèàãîíàëüþ. Åå
êîýôôèöèåíòû äîëæíû óäîâëåòâîðÿòü íåêîòîðîé ñèñòåìå
óðàâíåíèé, íàçûâàåìîé óñëîâèÿìè ïîðÿäêà èëè óðàâíåíèÿìè
Áóò÷åðà. Äëÿ ìåòîäîâ RK(4,4) ýòî:

b1 + b2 + b3 + b4 = 1,
b2c2 + b3c3 + b4c4 = 1/2,
b3a32c2 + b4(a42c2 + a43c3) = 1/6,
b2c2

2 + b3c3
2 + b4c4

2 = 1/3,
b4a43a32c2 = 1/24,
b3c3a32c2 + b4c4(a42c2 + a43c3) = 1/8,
b2c

3
2 + b3c

3
3 + b4c

3
4 = 1/4,

b3a32c
2
2 + b4(a42c

2
2 + a43c

2
3 ) = 1/12,
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Óìíîæåíèå äåðåâüåâ, w , δ

Ïóñòü t0 � äåðåâî ñ îäíîé âåðøèíîé, t1 = αt0 � äâå âåðøèíû è
ðåáðî, t2 = α2t0, t3 = t1 · t2, t4 = α(t1 · t1). So

t0
q

t1
qa

t2
qaa

t3
q\a /a
a

t4
qa\

a
/
a

Îïðåäåëåíèå. à) Äëÿ ëþáîãî äåðåâà t ÷åðåç ρ(t) îáîçíà÷èì
êîëè÷åñòâî ðåáåð (¾âåñ¿ äåðåâà).
á) ×åðåç δ(t) îáîçíà÷èì ïðîèçâåäåíèå ïî âñåì âåðøèíàì a,
êðîìå êîðíÿ (ρ(ta) + 1).
ρ(t) � àääèòèâíàÿ ôóíêöèÿ, à δ(t) � ìóëüòèïëèêàòèâíàÿ:

ρ(t1t2) = ρ(t1) + ρ(t2) ,

δ(t1t2) = δ(t1)δ(t2) .
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Âåêòîðà

Ðàññìîòðèì ïðîñòðàíñòâî Rn ñ âåêòîðàìè-ñòîëáöàìè è ïóñòü

e =


1
...
1
1

 , d =


0
...
0
1

 .

Ïóñòü ∗ � ïîêîîðäèíàòíîå óìíîæåíèå â Rn:

(x1, . . . , xn)t ∗ (y1, . . . , yn)t = (x1y1, . . . , xnyn)t .
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Îïåðàòîð Φ

t0
q

t1
qa

t2
qaa

t3
q\a /a
a

t4
qa\

a
/
a

Îïðåäåëèì âåêòîðà Φt(A) ∈ Rn ñëåäóþùèì îáðàçîì
(e = (1, . . . , 1)t):

ρ(t0) = 0, δ(t0) = 1, Φt0(A) = e,
ρ(t1) = 1, δ(t1) = 1, Φt1(A) = Ae,
ρ(t2) = 2, δ(t2) = 2, Φt2(A) = A2e,
ρ(t3) = 3, δ(t3) = 2, Φt3(A) = Ae∗A2e,
ρ(t4) = 3, δ(t4) = 3, Φt4(A) = A(Ae∗Ae)
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Óñëîâèÿ ïîðÿäêà (óðàâíåíèÿ Áóò÷åðà)

Ïîñëåäíþþ êîîðäèíàòó âåêòîðà v áóäåì çàäàâàòü êàê
ñêàëÿðíîå ïðîèçâåäåíèå (v , d), ãäå d = (0, . . . , 0, 1)t .
Òåîðåìà. Ìàòðèöà A çàäàåò ìåòîä ÐÊ ïîðÿäêà p ⇔

(d ,Φt(A)) = 1/δ(t)

äëÿ âñåõ äåðåâüåâ âåñà ≤ p.
Çàìå÷àíèå. È ïðàâàÿ, è ëåâàÿ ÷àñòè ðàâåíñòâà ìóëüòèïëè-
êàòèâíû îòíîñèòåëüíî óìíîæåíèÿ äåðåâüåâ. Ïîýòîìó óñëîâèÿ
ïîðÿäêà äîñòàòî÷íî ïðîâåðÿòü òîëüêî äëÿ ¾îäíîíîãèõ¿
äåðåâüåâ, èëè äàæå äëÿ âñåõ äåðåâüåâ âèäà αt, ãäå t �
ïðîèçâîëüíîå äåðåâî âåñà < p.
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Ïîäïðîñòðàíñòâà Lk
Äëÿ ïðîèçâîëüíîé êâàäðàòíîé ìàòðèöû A ðàçìåðà n×n
ðàññìîòðèì ïîäïðîñòðàíñòâà ïîðîæäåííûå âåêòîðàìè Φt(A)
äëÿ âñåõ äåðåâüåâ âåñà k :

Lk =< Φt(A)|ρ(t) = k > ⊂ Rn .

Òî åñòü

L0 =< e > ,
L1 =< Ae > ,
L2 =< A2e, Ae ∗ Ae > ,
L3 =< A3e, A(Ae ∗ Ae), A2e ∗ Ae, Ae ∗ Ae ∗ Ae > ,
. . .

Ïðîñòðàíñòâà Lk ìîæíî îïðåäåëèòü è ðåêóððåíòíûì ñïîñîáîì:

Lk = (Ae ∗ Lk−1) + A(Lk−1) +
∑

i+j=k

Li ∗ Lj .
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Óñëîâèÿ ïîðÿäêà â òåðìèíàõ Lk

Ïðåæíÿÿ ôîðìà:
(d ,Φt(A)) = 1/δ(t)

äëÿ âñåõ äåðåâüåâ âåñà ≤ p.
Òåîðåìà. Ìàòðèöà A çàäàåò ìåòîä ÐÊ ïîðÿäêà p ⇔

(d ,Av) =
(d , v)

k + 1

äëÿ âñåõ v ∈ Lk(A) è äëÿ k = 0, . . . p − 1.
Îòìåòèì, ÷òî óðàâíåíèÿ ëèíåéíû ïî âåêòîðó v , òî åñòü èõ
äîñòàòî÷íî ïðîâåðèòü äëÿ âåêòîðîâ, ïîðîæäàþùèõ
ïðîñòðàíñòâî Lk(A).
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Ïîäïðîñòðàíñòâà Mk

Äëÿ äàííîé ìàòðèöû A ðàññìîòðèì ôèëüòðàöèþ â Rn: öåïî÷êó
ïîäïðîñòðàíñòâ 0 ⊂ M0 ⊂ M1 ⊂ M2 . . . :

M0 = L0 ,
M1 = L0 + L1 ,
M2 = L0 + L1 + L2 ,
M3 = L0 + L1 + L2 + L3 ,
. . .

Ýòà ôèëüòðàöèÿ ñîâìåñòèìà ñ óìíîæåíèåì, òî åñòü

Mi ∗Mj ⊂ Mi+j , A(Mi ) ⊂ Mi+1 .
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Àëãåáðà B(A)

Îïðåäåëåíèå. Ïðèñîåäèíåííóþ àëãåáðó ñîîòâåòñòâóþùóþ
ôèëüòðàöèè 0 ⊂ M0 ⊂ M1 ⊂ M2 . . . :

B(A) =
n⊕

k=0

Mk/Mk−1︸ ︷︷ ︸
Bk (A)

áóäåì íàçûâàòü âåðõíåé àëãåáðîé Áóò÷åðà ìàòðèöû A.
Òàêèì îáðàçîì ìû ïîëó÷àåì êîíå÷íîìåðíóþ (dim = dimA = n)
àññîöèàòèâíóþ êîììóòàòèâíóþ ãðàäóèðîâàííóþ àëãåáðó, íà
êîòîðîé äåéñòâóåò îïåðàòîð A, ïîâûøàþùèé ñòåïåíü íà 1.
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Ñâîáîäíàÿ àëãåáðà ñ îïåðàòîðîì

Èòàê, Rn � êîëüöî ñ ïîêîîðäèíàòíûì óìíîæåíèåì è
îïåðàòîðîì A. Ìû ïîëó÷àåì ãîìîìîðôèçì èç ñâîáîäíîé
R-àëãåáðû R ñ îïåðàòîðîì A â êîëüöî Rn.

R → Rn

Àëãåáðà R � ãðàäóèðîâàíà, à êîëüöî Rn � íåò. Ïåðåõîä ê
âåðõíåé àëãåáðå Áóò÷åðà äàåò ãîìîìîðôèçì ãðàäóèðîâàííûõ
àëãåáð:

R → B(A) =
n⊕

k=0

Bk(A)
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Ïðèìåð: �ïðàâèëî 3/8�

Ðàññìîòðèì ìàòðèöó

A =


0 0 0 0 0

1/3 0 0 0 0
−1/3 1 0 0 0

1 −1 1 0 0
1/8 3/8 3/8 1/8 0

 .

Ïîëó÷àåì:

L0 :


1
1
1
1
1

 , L1 :


0

1/3
2/3

1
1

 , L2 :


0 0
0 1/9

1/3 4/9
1/3 1
1/2 1

 ,

16 / 30
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Ïðèìåð: �ïðàâèëî 3/8�

M0 :


1
1
1
1
1

 , M1 :


1 0
1 1/3
1 2/3
1 1
1 1

 , M2 :


1 0 0 0
1 1/3 0 1/9
1 2/3 1/3 4/9
1 1 1/3 1
1 1 1/2 1

 ,

M3 = R5. So:

B0 = M0, dim = 1, B0 =< e > ,
B1 = M1/M0, dim = 1, B1 =< Ae > ,
B2 = M2/M1, dim = 2, B2 =< A2e,Ae ∗ Ae > ,
B3 = M3/M2, dim = 1, B3 =< R = Ae ∗ Ae ∗ Ae > ,

A2e ∗ Ae = 3/2R, A3e = 15/4R, A(Ae ∗ Ae) = 0.
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Ïîäïðîñòðàíñòâà L′k
Óðàâíåíèÿ Áóò÷åðà íåîäíîðîäíû. Äàâàéòå ðàçäåëèì èç íà
îäíîðîäíóþ è íåîäíîðîäíóþ ÷àñòè.
Îïðåäåëåíèå. Äëÿ ïðîèçâîëüíîãî äåðåâà t îáîçíà÷èì ÷åðåç
Φ′(t)(A) âåêòîð

Φ′t(A) = δ(t)Φt(A)− Ae ∗ · · · ∗ Ae︸ ︷︷ ︸
k

,

ãäå k = ρ(t) � âåñ äåðåâà.
Îïðåäåëåíèå. Äëÿ ìàòðèöû A ðàññìîòðèì ïîäïðîñòðàíñòâà
L′k , k = 0, 1, . . . ïîðîæäåííûå âåêòîðàìè Φ′t(A) äëÿ âñåõ
äåðåâüåâ t âåñà k .

L′0 = L′1 = 0 ,

L′2 =< 2A2e − Ae∗Ae > ,

L′3 =< 6A3e − Ae∗Ae∗Ae, 3A(Ae∗Ae)− Ae∗Ae∗Ae,
2A2e∗Ae − Ae∗Ae∗Ae >
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Óñëîâèÿ ïîðÿäêà ÷åðåç L′k

Òåîðåìà. Ìàòðèöà A çàäàåò ìåòîä ÐÊ ïîðÿäêà p ⇔

(d ,Av) =
(d , v)

k + 1

äëÿ âñåõ v ∈ Lk(A) è äëÿ k = 0, . . . p − 1.
Òåîðåìà. Ìàòðèöà A çàäàåò ìåòîä ÐÊ ïîðÿäêà p ⇔

1) (d ,Ae)) = 1 ,
2) ∀v ∈ L′k : (d , v) = 0, for k = 0, . . . , p .

Óðàâíåíèå (1) èìååò âèä:

cs+1 = 1

à óðàâíåíèÿ (2) îäíîðîäíû.
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Ðåêóððåíòíàÿ ôîðìóëà äëÿ L′k

Îïðåäåëåíèå. Äëÿ k ≥ 2 îáîçíà÷èì ÷åðåç wk âåêòîð

wk = kA(Ae ∗ · · · ∗ Ae︸ ︷︷ ︸
k−1

)− Ae ∗ · · · ∗ Ae︸ ︷︷ ︸
k

∈ L′k .

Òî åñòü
w2 = 2A2e − Ae ∗ Ae,
w3 = 3A(Ae ∗ Ae)− Ae ∗ Ae ∗ Ae,

. . . ,

Òåïåðü ïðîñòðàíñòâà L′k ìîæíî îïðåäåëèòü ðåêóððåíòíûì
ñïîñîáîì:

L′k =
(
Ae ∗ L′k−1

)
+ A(L′k−1) + (wk) +

∑
i+j=k

L′i ∗ L′j .
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Ïîäïðîñòðàíñòâà M ′k

Äëÿ ìàòðèöû A ðàññìîòðèì ôèëüòðàöèþ 0 ⊂ M ′2 ⊂ M ′3 . . . :

M ′2 = L′2 ,
M ′3 = L′2 + L′3 ,
M ′4 = L′2 + L′3 + L′4 ,
. . .

Ýòà ôèëüòðàöèÿ ñîâìåñòèìà ñ óìíîæåíèåì:

M ′i ∗M ′j ⊂ M ′i+j , A(M ′i ) ⊂ M ′i+1 .
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Ââåäåíèå Óñëîâèÿ ïîðÿäêà Àëãåáðû Áóò÷åðà Çàêëþ÷åíèå

Àëãåáðà B ′

Îïðåäåëåíèå. Ãðàäóèðîâàííóþ àëãåáðó, ïðèñîåäèíåííóþ ê
ôèëüòðàöèè 0 ⊂ M ′2 ⊂ M ′3 ⊂ . . . :

B ′(A) =
n⊕

k=0

B ′k(A) =
n⊕

k=0

M ′k/M
′
k−1

íàçîâåì íèæíåé àëãåáðîé Áóò÷åðà ìàòðèöû A.

Çàìå÷àíèå. Âñå ïðèâåäåííûå âûøå êîíñòðóêöèè (Lk ,Mk ,Bk ,
L′k ,M

′
k ,B

′
k) ìîãóò ïðèìåíÿòñÿ ê ïðîèçâîëüíîé êâàäðàòíîé

ìàòðèöå A.
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Ðàçìåðíîñòè ïîäïðîñòðàíñòâ

Äëÿ ñëó÷àéíî âûáðàííîé ìàòðèöû A ðàçìåðíîñòè ïðîñòðàíñòâ
Mk(A) ðàñòóò ìàêñèìàëüíî áûñòðî, òî åñòü

dimM0 = 1, dimM1 = 2 dimM2 = 4, dimM3 = 8,

dimM4 = 17, dimM5 = 37, . . .

Åñëè A � ìàòðèöà ìåòîäà ÐÊ ïîðÿäêà p, òî èç óñëîâèé ïîðÿäêà
ñëåäóåò:

dimMp−2 = n, dimMp−3 < n

dimM ′p < n − 1
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Ðàçìåðíîñòè ïîäïðîñòðàíñòâ

Ïóñòü, íàïðèìåð, A � ìàòðèöà 9-ñòàäèéíîãî ìåòîäà ïîðÿäêà 7.
Òîãäà ðàçìåðíîñòè îïèñàííûõ âûøå ïîäïðîñòðàíñòâ áóäóò
òàêîâû:

k: 0 1 2 3 4 5 6 7 8

dim Lk : 1 1 2 3 5 7 − − −
dimMk : 1 2 4 6 9 10 10 10 10
dimBk : 1 1 2 2 3 1 0 0 0
dim L′k : 0 0 1 2 3 5 7 8 9
dimM ′k : 0 0 1 2 4 6 7 8 9
dimB ′k : 0 0 1 1 2 2 1 1 1

Â öåëîì, dimMp−3 ≤ s, dimM ′p ≤ s − 1.
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Ðàçìåðíîñòè B ′k

Âûïèøåì ðàçìåðíîñòè B ′k äëÿ ìåòîäîâ ÐÊ ðàçëè÷íîãî òèïà:

Method, k: 0 1 2 3 4 5 6 7 8

RK (p = 3, s = 3) : 0 0 1 1 − − − − −
RK (p = 4, s = 4) : 0 0 1 1 1 − − − −
RK (p = 5, s = 6) : 0 0 1 2 1 1 − − −
RK (p = 6, s = 7) : 0 0 1 1 2 1 1 − −
RK (p = 7, s = 9) : 0 0 1 1 2 2 1 1 −
RK (p = 8, s = 11) : 0 0 1 1 2 2 2 1 1
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×òî ñäåëàíî

1. Ïîëó÷åíî ïîëíîå îïèñàíèå ìàòðèö A, äëÿ êîòîðûõ
dimB ′3 = 1.
2. Ïîëó÷åíî ïîëíîå (ïî÷òè) îïèñàíèå ìàòðèö A, äëÿ êîòîðûõ
dimB ′3 = 1 è dimB ′4 = 2.
3. Áëèçêî ê ïîëó÷åíèþ îïèñàíèå ìàòðèö A, äëÿ êîòîðûõ
dimB ′3 = 1, dimB ′4 = 2 è dimB ′5 = 2.

Õîòåëîñü áû:

1. Ïîëó÷èòü ïîëíîå îïèñàíèå ìàòðèö A äëÿ êîòîðûõ

dimM ′p < n − 1.

2. Ïîëó÷èòü ïîëíîå îïèñàíèå ìàòðèö A äëÿ êîòîðûõ

dimMp−3 < n.
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×èñëåííîå ðåøåíèå

Óðàâíåíèÿ Áóò÷åðà ìîæíî ïîïûòàòüñÿ ðåøàòü ÷èñëåííî.
Íàïðèìåð, äëÿ 13-ñòàäèéíûõ ìåòîäîâ ïîðÿäêà 9 ìû ïîëó÷èì
ñèñòåìó èç 486 óðàâíåíèé îò 91 ïåðåìåííîé. ß èõ ðåøàþ
ìåòîäîì Íüþòîíà ñî ñëó÷àéíûì íà÷àëüíûì ïðèáëèæåíèåì.
Äî ýòîé ãðàíèöû (ïîðÿäîê ≤ 8) ÷èñëåííûå ðåøåíèÿ íàõîäÿòñÿ
ñðàâíèòåëüíî ëåãêî. Íàïðèìåð, çà íåñêîëüêî ÷àñîâ ìîæíî
íàéòè 10 000 ìåòîäîâ RK (7, 9) èëè 100 ìåòîäîâ RK (8, 11).
Íî ìåòîä RK (9, 13) ÿ äî ñèõ ïîð íàøåë òîëüêî îäèí.
Çàìå÷àíèå. Äî ñèõ ïîð áûëî íåèçâåñòíî äàæå, ñóùåñòâóþò ëè
ìåòîäû RK (9, 13). Áûëî èçâåñòíî, ÷òî äëÿ ïîëó÷åíèÿ ìåòîäîâ
ïîðÿäêà 9 äîñòàòî÷íî 17 ñòàäèé.
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Ëîêàëüíàÿ ðàçìåðíîñòü ìíîãîîáðàçèÿ ðåøåíèé
Ïóñòü v � ÷èñëåííî íàéäåííîå ðåøåíèå ñèñòåìû óðàâíåíèé.

v → (v + ñëó÷àéíûé ñäâèã)→ v + vi

Ïîëó÷àåì íàáîð âåêòîðîâ v1, . . . , vN ãäå N ïîðÿäêà ñîòåí.
Ðàññìîòðèì íåîòðèöàòåëüíóþ êâàäðàòè÷íóþ ôîðìó

f (x) =
∑

(x , vi )
2,

ãäå (x , y) - ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ. Åñëè âåêòîðà vi
ñîäåðæàòñÿ â k-ìåðíîì ïîäïðîñòðàíñòâå, òî ðàíã êâàäðàòè÷íîé
ôîðìû f íå ïðåâûøàåò k .
Ïóñòü µ1 = 1 ≥ µ2 · · · ≥ µs - ïîñëåäîâàòåëüíîñòü ñîáñòâåííûõ
çíà÷åíèé êâàäðàòè÷íîé ôîðìû f (x) â íîðìàëèçîâàííîì âèäå.
Åñëè, íàïðèìåð, ýòà ïîñëåäîâàòåëüíîñòü èìååò âèä

1, 0.62, 8 · 10−13, . . . ,

òî ëîêàëüíàÿ ðàçìåðíîñòü ìíîãîîáðàçèÿ ðàâíà 2.
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Çàêëþ÷åíèå

1. Ïðåäëîæåí àëãåáðàè÷åñêèé ïîäõîä ê ðåøåíèþ óðàâíåíèé
Áóò÷åðà.

2. Ñ åãî ïîìîùüþ óäàëîñü ÷èñëåííî íàéòè ìåòîä ïîðÿäêà 13.

3.

4. Íàéäåí ìåòîä RK (5, 6) ñ ëîêàëüíîé ïîãðåøíîñòüþ
îêîëî7% îò ïîãðåøíîñòè ñòàíäàðòíîãî ìåòîäà.

5. Íàéäåíû ôîðìóëû äëÿ îöåíêè ëîêàëüíîé ïîãðåøíîñòè äëÿ
ìåòîäîâ RK (4, 4).

Thank you!!!!
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