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�®«ãç¥­ ªà¨â¥à¨©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ HNN -à á-
è¨à¥­¨ï, ¡ §®¢ ï £àã¯¯  ª®â®à®£® ï¢«ï¥âáï ª®­¥ç­®© p-£àã¯¯®©, ¨ ¤®ª § ­® ®á­®-
¢ ­­®¥ ­  íâ®¬ ªà¨â¥à¨¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨ ¯à®¨§¢®«ì­ëå HNN -à áè¨à¥­¨©. � ¯®¬®éìî íâ¨å à¥§ã«ìâ â®¢ ¯®-
«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ p-
£àã¯¯ ¬¨ ¤«ï £àã¯¯, ¢å®¤ïé¨å ¢ ¤¢  ¨§¢¥áâ­ëå ª« áá  £àã¯¯ á ®¤­¨¬ ®¯à¥¤¥«ïî-
é¨¬ á®®â­®è¥­¨¥¬.

1. �¢¥¤¥­¨¥. �®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢

�à ªâ¨ç¥áª¨ ¢á¥ ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë ® ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ á¢®-
¡®¤­ëå ¯à®¨§¢¥¤¥­¨© £àã¯¯ á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ ¯®«ãç¥­ë á ¯®¬®éìî
¯à¥¤«®¦¥­­®© �. � ã¬á« £®¬ ¢ à ¡®â¥ [5] ¬¥â®¤¨ª¨, ®á­®¢ ­­®© ­  ¤®ª § ­­®© ¢
íâ®© à ¡®â¥ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï á ®¡ê¥¤¨­¥­-
­®© ¯®¤£àã¯¯®© ¤¢ãå ª®­¥ç­ëå £àã¯¯ ¨ ¨á¯®«ì§ãîé¥© ¢¢¥¤¥­­®¥ â ¬ ¦¥ ¯®­ï-
â¨¥ á®¢¬¥áâ¨¬ëå ¯®¤£àã¯¯. � â¥¬ íâ  ¬¥â®¤¨ª  ¡ë«  ¯¥à¥­¥á¥­  ­  ª®­áâàãªæ¨î
HNN -à áè¨à¥­¨© £àã¯¯: ä¨­¨â­ ï  ¯¯à®ªá¨¬¨àã¥¬®áâì HNN -à áè¨à¥­¨ï ª®-
­¥ç­®© £àã¯¯ë ãáâ ­®¢«¥­  ­¥§ ¢¨á¨¬® ¢ à ¡®â å [4] ¨ [8] , ¯à¨ç¥¬ ¢ à ¡®â¥ [4] ¯à¨-
¢¥¤¥­® ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ HNN -à áè¨à¥­¨ï
¡¥áª®­¥ç­®© £àã¯¯ë,  ­ «®£¨ç­®¥ á®®â¢¥âáâ¢ãîé¥¬ã ãá«®¢¨î ¨§ [5]. �à¨â¥à¨©  ¯-
¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï á ®¡ê¥¤¨­¥­-
­®© ¯®¤£àã¯¯®© ¤¢ãå ª®­¥ç­ëå p-£àã¯¯ ¡ë« ¯®«ãç¥­ �. �¨£¬¥­®¬ [9], ¨ ®á­®¢ ­-
­ ï ­  íâ®¬ ªà¨â¥à¨¨ ®¯à¥¤¥«¥­­ ï ¬®¤¨ä¨ª æ¨ï ¯®­ïâ¨ï á®¢¬¥áâ¨¬ëå ¯®¤£àã¯¯
¯à¨¢®¤¨â ª  ­ «®£¨ç­®© ¬¥â®¤¨ª¥ ¨áá«¥¤®¢ ­¨ï  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨ á¢®¡®¤­ëå ¯à®¨§¢¥¤¥­¨© á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© ¯à®¨§¢®«ì­ëå
£àã¯¯ (á¬. [2]).

�á­®¢­®© æ¥«ìî ¤ ­­®© áâ âì¨ ï¢«ï¥âáï ¯®«ãç¥­¨¥ ªà¨â¥à¨ï  ¯¯à®ªá¨¬¨àã-
¥¬®áâ¨ ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ HNN -à áè¨à¥­¨ï, ¡ §®¢ ï £àã¯¯  ª®â®à®£® ï¢«ï-
¥âáï ª®­¥ç­®© p-£àã¯¯®© (â¥®à¥¬  1), ¨ ¤®ª § â¥«ìáâ¢® ®á­®¢ ­­®£® ­  íâ®¬ ªà¨-
â¥à¨¨ ¤®áâ â®ç­®£® ãá«®¢¨ï  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ HNN -
à áè¨à¥­¨© á ¡¥áª®­¥ç­®© ¡ §®¢®© £àã¯¯®© (â¥®à¥¬  2). � ª ç¥áâ¢¥ ¨««îáâà æ¨¨
¯à¨¬¥­¥­¨ï íâ¨å à¥§ã«ìâ â®¢ ¯®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï  ¯-
¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ ¤«ï £àã¯¯, ¢å®¤ïé¨å ¢ ¤¢  ¨§¢¥áâ­ëå
ª« áá  £àã¯¯ á ®¤­¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â­®è¥­¨¥¬ (â¥®à¥¬ë 3 ¨ 4).

�¥áâ­¨ª �¢ ­®¢áª®£® £®áã­¨¢¥àá¨â¥â . �¢��, 2000. �ë¯. 3. �. 129-140.
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�ä®à¬ã«¨àã¥¬ à¥§ã«ìâ âë à ¡®âë ¡®«¥¥ ¯®¤à®¡­®. � ¯®¬­¨¬, çâ® £« ¢­ë¬
àï¤®¬ ­¥ª®â®à®© £àã¯¯ë G ­ §ë¢ ¥âáï ¥¥ ­®à¬ «ì­ë© àï¤, ­¥ ¤®¯ãáª îé¨© ­¥âà¨-
¢¨ «ì­ëå ­®à¬ «ì­ëå ã¯«®â­¥­¨©. �¥âàã¤­® ¢¨¤¥âì, çâ® ­®à¬ «ì­ë© àï¤ ª®­¥ç-
­®© p-£àã¯¯ë ï¢«ï¥âáï £« ¢­ë¬ ¢ â®ç­®áâ¨ â®£¤ , ª®£¤  ¢á¥ ¥£® ä ªâ®àë ¨¬¥îâ
¯®àï¤®ª p.

�¥®à¥¬  1. �ãáâì G | ª®­¥ç­ ï p-£àã¯¯ , A ¨ B | ¯®¤£àã¯¯ë £àã¯¯ë
G ¨ ϕ : A → B | ¨§®¬®àä¨§¬. �®®â¢¥âáâ¢ãîé¥¥ HNN -à áè¨à¥­¨¥ G∗ =
(G, t; t−1At = B,ϕ) ï¢«ï¥âáï £àã¯¯®©,  ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨,
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â £« ¢­ë© àï¤

1 = G0 6 G1 6 · · · 6 Gn−1 6 Gn = G

£àã¯¯ë G, ã¤®¢«¥â¢®àïîé¨© á«¥¤ãîé¨¬ ¤¢ã¬ ãá«®¢¨ï¬:
(1) (A ∩Gi)ϕ = B ∩Gi (i = 0, 1, . . . , n);
(2) ¤«ï «î¡®£® i = 0, 1, . . . , n−1 ¨ ¤«ï ª ¦¤®£® í«¥¬¥­â  a ∈ A∩Gi+1 í«¥¬¥­âë

aϕ ¨ a áà ¢­¨¬ë ¯® ¬®¤ã«î ¯®¤£àã¯¯ë Gi.

�â  â¥®à¥¬  ¡ë«   ­®­á¨à®¢ ­  ¢ [3]. �«¥¤ã¥â ®â¬¥â¨âì, çâ® ªà¨â¥à¨©  ¯-
¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ HNN -à áè¨à¥­¨ï ª®­¥ç­®© p-£àã¯¯ë,
áä®à¬ã«¨à®¢ ­­ë© ¢ ¤àã£¨å â¥à¬¨­ å, ¡ë« ¯®«ãç¥­ â ª¦¥ ¢ à ¡®â¥ [12]. �¥¬ ­¥
¬¥­¥¥ ªà¨â¥à¨©, á®¤¥à¦ é¨©áï ¢ â¥®à¥¬¥ 1, ï¢«ï¥âáï, ­  ­ è ¢§£«ï¤, ¡®«¥¥ ã¤®¡-
­ë¬ ¤«ï ¨§ãç¥­¨ï  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ HNN -à áè¨à¥­¨©
á ¡¥áª®­¥ç­®© ¡ §®¢®© £àã¯¯®©. � ¬¥â¨¬ ¥é¥, çâ® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ï¢-
«ï¥âáï á®¢¥àè¥­­® í«¥¬¥­â à­ë¬ ¢ â®¬ á¬ëá«¥, çâ® ¢ ­¥¬ ¨á¯®«ì§ãîâáï «¨èì
®¡ëç­ë¥ á¢®©áâ¢  ª®­áâàãªæ¨¨ HNN -à áè¨à¥­¨ï. � ¯®¬®éìî  ­ «®£¨ç­ëå à á-
áã¦¤¥­¨© ¬®¦­® ¤®ª § âì ¨ ã¯®¬ï­ãâãî ¢ëè¥ â¥®à¥¬ã �. �¨£¬¥­ . �¤¥áì ã¬¥áâ­®
­ ¯®¬­¨âì, çâ® ®à¨£¨­ «ì­®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �. �¨£¬¥­ , ª ª ¨ á®®â¢¥â-
áâ¢ãîé¥£® à¥§ã«ìâ â  ¨§ [12], ¨á¯®«ì§ã¥â ª®­áâàãªæ¨î á¯«¥â¥­¨ï £àã¯¯.

�§ â¥®à¥¬ë �. �¨£¬¥­  á«¥¤ã¥â, ¢ ç áâ­®áâ¨, çâ® á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ á
®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ ¤¢ãå ª®­¥ç­ëå p-£àã¯¯ ¢á¥£¤  ¡ã¤¥â £àã¯¯®©,  ¯-
¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, ¥á«¨ ®¡ê¥¤¨­ï¥¬ë¥ ¯®¤£àã¯¯ë ï¢«ïîâáï
æ¨ª«¨ç¥áª¨¬¨. �«¥¤ãîé¨© ¯à®áâ®© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ®, ¢ ®â«¨ç¨¥ ®â íâ®£®,
æ¨ª«¨ç­®áâì ¯®¤£àã¯¯ A ¨ B ­¥ £ à ­â¨àã¥â  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G∗ =
(G, t; t−1A t = B,ϕ) ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

� áá¬®âà¨¬ HNN -à áè¨à¥­¨¥ H∗ = (H, t; t−1a t = bp) £àã¯¯ë

H = 〈a, b; a−1ba = b1+p, ap = 1, bp2 = 1〉

¯®àï¤ª  p3, £¤¥ á¢ï§ ­­ë¥ ¯®¤£àã¯¯ë A ¨ B ¯®à®¦¤¥­ë í«¥¬¥­â ¬¨ a ¨ bp á®-
®â¢¥âáâ¢¥­­®. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® £àã¯¯  H∗  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨, â® ¯¥à¥á¥ç¥­¨¥ ¢á¥å ç«¥­®¢ γn(H∗) ¥¥ ­¨¦­¥£® æ¥­âà «ì­®£® àï¤ 
¤®«¦­® á®¢¯ ¤ âì á ¥¤¨­¨ç­®© ¯®¤£àã¯¯®©, ¨ ¯®â®¬ã ¬®¦­® ¢ë¡à âì ­®¬¥à n
â ª, çâ®¡ë a ∈ γn(H∗) \ γn+1(H∗). �® â®£¤  ¨¬¥îâ ¬¥áâ® áà ¢­¥­¨ï b ≡ b1+p

(mod γn+1(H∗)) ¨ a ≡ bp (mod γn+1(H∗)), ¨§ ª®â®àëå á«¥¤ã¥â, çâ® a ∈ γn+1(H∗).
(�á«®¢¨ï ¨§ â¥®à¥¬ë 1 §¤¥áì ­¥ ¢ë¯®«­ïîâáï, â. ª. A∩B = 1,   ¯¥à¢ë© ­¥¥¤¨­¨ç­ë©
ç«¥­ «î¡®£® £« ¢­®£® àï¤  £àã¯¯ë H ¤®«¦¥­ á®¢¯ ¤ âì á ¥¥ æ¥­âà®¬ B.)
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�¬¥áâ­® ®¦¨¤ âì, çâ® ¢ á«ãç ¥, ª®£¤  ¯®¤£àã¯¯ë A ¨ B ï¢«ïîâáï æ¨ª«¨ç¥-
áª¨¬¨, áãé¥áâ¢ã¥â ¡®«¥¥ ¯à®áâ®© ªà¨â¥à¨©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G∗ ª®­¥ç-
­ë¬¨ p-£àã¯¯ ¬¨. � ª, ¥á«¨ ¯®¤£àã¯¯ë A ¨ B á®¢¯ ¤ îâ, ¨¬¥¥¬

�«¥¤áâ¢¨¥. �ãáâì G | ª®­¥ç­ ï p-£àã¯¯ , A | ­¥¥¤¨­¨ç­ ï æ¨ª«¨ç¥áª ï
¯®¤£àã¯¯  £àã¯¯ë G, ¯®à®¦¤¥­­ ï í«¥¬¥­â®¬ a, ¨ ϕ |  ¢â®¬®àä¨§¬ £àã¯¯ë A
â ª®©, çâ® aϕ = ak ¤«ï ­¥ª®â®à®£® æ¥«®£® ç¨á«  k (¢§ ¨¬­® ¯à®áâ®£® á p). �àã¯¯ 
G∗ = (G, t; t−1a t = ak) ï¢«ï¥âáï  ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  k ≡ 1 (mod p).

� á ¬®¬ ¤¥«¥, ¥á«¨ 1 = G0 6 G1 6 · · · 6 Gn−1 6 Gn = G | ¯à®¨§¢®«ì­ë©
£« ¢­ë© àï¤ £àã¯¯ë G, â® à §«¨ç­ë¥ ç«¥­ë ¯®á«¥¤®¢ â¥«ì­®áâ¨ (A ∩ Gi) (i =
0, 1, . . . , n) á®áâ ¢«ïîâ ¥¤¨­áâ¢¥­­ë© £« ¢­ë© àï¤ £àã¯¯ë A. �âáî¤  (A ∩ Gi)ϕ =
A ∩ Gi ¤«ï ¢á¥å i = 0, 1, . . . , n. �á«¨ a ∈ (A ∩ Gi+1) \ Gi, â® ¯®áª®«ìªã ¯®àï¤®ª
í«¥¬¥­â  aGi ä ªâ®à-£àã¯¯ë G/Gi à ¢¥­ p, ¨§ à ¢¥­áâ¢  (aϕ)Gi = aGi á«¥¤ã¥â,
çâ® k ≡ 1 (mod p). �¡à â­®, ¥á«¨ k ≡ 1 (mod p), â® ®ç¥¢¨¤­®, çâ® ¯à®¨§¢®«ì­ë©
£« ¢­ë© àï¤ £àã¯¯ë G ã¤®¢«¥â¢®àï¥â ¨ ãá«®¢¨î (2) â¥®à¥¬ë 1.

�«ï ¤ «ì­¥©è¥£® ­¥®¡å®¤¨¬® ­ ¯®¬­¨âì àï¤ ¯®­ïâ¨© ¨ à¥§ã«ìâ â®¢, ¢®áå®-
¤ïé¨å ª à ¡®â¥ [5] ¨ ¨á¯®«ì§ã¥¬ëå ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ¯à ªâ¨ç¥áª¨ ¢® ¢á¥å ¨áá«¥-
¤®¢ ­¨ïå  ¯¯à®ªá¨¬ æ¨®­­ëå á¢®©áâ¢ HNN -à áè¨à¥­¨©.

�¥¬¥©áâ¢® (Nλ)λ∈� ­®à¬ «ì­ëå ¯®¤£àã¯¯ ­¥ª®â®à®© £àã¯¯ë G ­ §ë¢ -
¥âáï ä¨«ìâà æ¨¥©, ¥á«¨

⋂
λ∈� Nλ = 1. �ãáâì H | ¯®¤£àã¯¯  £àã¯¯ë G.

�á«¨
⋂

λ∈� HNλ = H, â® ä¨«ìâà æ¨ï (Nλ)λ∈� ­ §ë¢ ¥âáï H-ä¨«ìâà æ¨¥©.
�á«¨ H ¨ K | ¤¢¥ ¯®¤£àã¯¯ë £àã¯¯ë G, â® íâã ä¨«ìâà æ¨î ¡ã¤¥¬ ­ §ë-
¢ âì (H, K)-ä¨«ìâà æ¨¥©, ¥á«¨ ®­  ®¤­®¢à¥¬¥­­® ï¢«ï¥âáï ¨ H-ä¨«ìâà æ¨¥©, ¨
K-ä¨«ìâà æ¨¥©.

�ãáâì â¥¯¥àì G | ­¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤£àã¯¯ë £àã¯¯ë G ¨
ϕ : A → B | ¨§®¬®àä¨§¬. �®¤£àã¯¯  H £àã¯¯ë G ­ §ë¢ ¥âáï (A,B, ϕ)-á®¢¬¥áâ¨-
¬®©, ¥á«¨ (A ∩ H)ϕ = B ∩ H. (� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ (1) ¢ ä®à¬ã«¨à®¢ª¥ â¥®-
à¥¬ë 1 ®§­ ç ¥â (A, B,ϕ)-á®¢¬¥áâ¨¬®áâì ¢á¥å ¯®¤£àã¯¯ Gi.) �¥£ª® ¢¨¤¥âì, çâ®
¥á«¨ H | ­®à¬ «ì­ ï (A,B, ϕ)-á®¢¬¥áâ¨¬ ï ¯®¤£àã¯¯  £àã¯¯ë G, â® ®â®¡à ¦¥-
­¨¥ ϕH : AH/H → BH/H, (ª®àà¥ªâ­®) ®¯à¥¤¥«ï¥¬®¥ ¯à ¢¨«®¬ (aH)ϕH = (aϕ)H
(£¤¥ a ∈ A), ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯®¤£àã¯¯ë AH/H ä ªâ®à-£àã¯¯ë G/H ­  ¥¥
¯®¤£àã¯¯ã BH/H. �à®¬¥ â®£®, ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ £àã¯¯ë G ­  ä ªâ®à-
£àã¯¯ã G/H ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­ ¤® £®¬®¬®àä¨§¬  ρ

H
HNN -à áè¨à¥­¨ï

G∗ = (G, t; t−1At = B,ϕ) ­  HNN -à áè¨à¥­¨¥

G∗H = (G/H, t; t−1AH/H t = BH/H, ϕ
H

).

�ãáâì FG(A,B, ϕ) ®¡®§­ ç ¥â á¥¬¥©áâ¢® ¢á¥å (A,B, ϕ)-á®¢¬¥áâ¨¬ëå ­®à¬ «ì-
­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G. �¯®¬ï­ãâ®¥ ¢ëè¥ ¤®áâ â®ç­®¥ ãá«®-
¢¨¥ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ HNN -à áè¨à¥­¨ï G∗ £àã¯¯ë G á®áâ®¨â ¢
âà¥¡®¢ ­¨¨, çâ®¡ë á¥¬¥©áâ¢® FG(A,B, ϕ) ï¢«ï«®áì (A,B)-ä¨«ìâà æ¨¥©. �«ï ä®à-
¬ã«¨à®¢ª¨  ­ «®£¨ç­®£® ãá«®¢¨ï  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ HNN -à áè¨à¥­¨© ª®­¥ç-
­ë¬¨ p-£àã¯¯ ¬¨ ¯à¨¢¥¤¥¬ á®®â¢¥âáâ¢ãîéãî ¬®¤¨ä¨ª æ¨î ¯®­ïâ¨ï (A,B, ϕ)-á®¢-
¬¥áâ¨¬®áâ¨, ®á­®¢ ­­ãî ­  â¥®à¥¬¥ 1.
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�ãáâì ¯®-¯à¥¦­¥¬ã G | ­¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤£àã¯¯ë £àã¯¯ë G
¨ ϕ : A → B | ¨§®¬®àä¨§¬. �ãáâì p | ¯à®áâ®¥ ç¨á«®. �®¤£àã¯¯ã H £àã¯¯ë G
¡ã¤¥¬ ­ §ë¢ âì (A,B, ϕ, p)-á®¢¬¥áâ¨¬®©, ¥á«¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì

H = G0 6 G1 6 · · · 6 Gn−1 6 Gn = G

¯®¤£àã¯¯ £àã¯¯ë G â ª ï, çâ®
1) ¤«ï «î¡®£® i = 0, 1, . . . , n Gi ï¢«ï¥âáï ­®à¬ «ì­®© (A,B, ϕ)-á®¢¬¥áâ¨¬®©

¯®¤£àã¯¯®© £àã¯¯ë G ¨
2) ¤«ï ª ¦¤®£® i = 0, 1, . . . , n − 1 ¯®àï¤®ª ä ªâ®à-£àã¯¯ë Gi+1/Gi à ¢¥­ p ¨

¤«ï ¯à®¨§¢®«ì­®£® í«¥¬¥­â  a ∈ A ∩ Gi+1 í«¥¬¥­âë aϕ ¨ a áà ¢­¨¬ë ¯® ¬®¤ã«î
¯®¤£àã¯¯ë Gi.

�ãáâì Fp
G(A,B,ϕ) ®¡®§­ ç ¥â á¥¬¥©áâ¢® ¢á¥å (A,B, ϕ, p)-á®¢¬¥áâ¨¬ëå ¯®¤-

£àã¯¯ £àã¯¯ë G. �¥®à¥¬  1 ä ªâ¨ç¥áª¨ ãâ¢¥à¦¤ ¥â, çâ® ¥á«¨ G | ª®­¥ç­ ï
p-£àã¯¯ , â® HNN -à áè¨à¥­¨¥ G∗ = (G, t; t−1At = B, ϕ) ï¢«ï¥âáï £àã¯¯®©,  ¯-
¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¥¬¥©áâ¢®
Fp

G(A,B, ϕ) á®¤¥à¦¨â ¥¤¨­¨ç­ãî ¯®¤£àã¯¯ã.
�«¥¤ãîéãî â¥®à¥¬ã, á®¤¥à¦ éãî ¤®áâ â®ç­®¥ ãá«®¢¨¥  ¯¯à®ªá¨¬¨àã¥¬®-

áâ¨ HNN -à áè¨à¥­¨© ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, ¬®¦­® à áá¬ âà¨¢ âì ¨ ª ª ¯®¤-
â¢¥à¦¤¥­¨¥ â®£®, çâ® ¯®­ïâ¨¥ (A,B, ϕ, p)-á®¢¬¥áâ¨¬®áâ¨ ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï
p- ­ «®£®¬ ¯®­ïâ¨ï (A,B, ϕ)-á®¢¬¥áâ¨¬®áâ¨.

�¥®à¥¬  2. �ãáâì G | ­¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤£àã¯¯ë £àã¯¯ë G ¨
ϕ : A → B | ¨§®¬®àä¨§¬. �ãáâì G∗ = (G, t; t−1At = B, ϕ) | HNN -à áè¨à¥­¨¥
£àã¯¯ë G. �®£¤ 

(1) ¥á«¨ £àã¯¯  G∗  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, â® á¥¬¥©áâ¢®
Fp

G(A,B, ϕ) ï¢«ï¥âáï ä¨«ìâà æ¨¥©;
(2) ¥á«¨ á¥¬¥©áâ¢® Fp

G(A, B,ϕ) ï¢«ï¥âáï (A, B)-ä¨«ìâà æ¨¥©, â® £àã¯¯  G∗

 ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

� â®¬ á«ãç ¥, ª®£¤  £àã¯¯  G  ¡¥«¥¢ ,   A ¨ B ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨ ¯®¤-
£àã¯¯ ¬¨ £àã¯¯ë G, ¬®¦­® ãâ¢¥à¦¤ âì ­¥áª®«ìª® ¡®«ìè¥¥. �ãáâì g ∈ G \ A ¨
h ∈ G \B. �®£¤  ª®¬¬ãâ â®à u = [t−1gt, h] ¨¬¥¥â ¢ £àã¯¯¥ G∗ ¯à¨¢¥¤¥­­ãî § ¯¨áì
¢¨¤  u = t−1g−1t h−1 t−1gt h ¨, á«¥¤®¢ â¥«ì­®, ®â«¨ç¥­ ®â ¥¤¨­¨æë. �á«¨ £àã¯¯ 
G∗  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, â® ­¥ª®â®à ï ­®à¬ «ì­ ï ¯®¤£àã¯¯ 
N ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G∗ ­¥ á®¤¥à¦¨â í«¥¬¥­â  u. � ª ª ª ä ªâ®à-£àã¯¯ 
G/M  ¡¥«¥¢ , ®âáî¤  á«¥¤ã¥â, çâ® g /∈ AM , £¤¥ M = G ∩N . �®áª®«ìªã ¯®¤£àã¯¯ 
M ï¢«ï¥âáï (A,B, ϕ, p)-á®¢¬¥áâ¨¬®© (á¬. «¥¬¬ã 2.3 ­¨¦¥), ¨¬¥¥â ¬¥áâ®

�«¥¤áâ¢¨¥. �á«¨ £àã¯¯  G  ¡¥«¥¢ ,   A ¨ B | á®¡áâ¢¥­­ë¥ ¯®¤£àã¯¯ë
£àã¯¯ë G, â® £àã¯¯  G∗  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  á¥¬¥©áâ¢® Fp

G(A, B,ϕ) ï¢«ï¥âáï (A, B)-ä¨«ìâà æ¨¥©.
� áá¬®âà¨¬ â¥¯¥àì ¤¢  ª« áá  £àã¯¯ á ®¤­¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â­®è¥­¨¥¬.

�¥à¢ë© ¨§ ­¨å | ª« áá £àã¯¯ � ã¬á« £  { �®«¨âíà , â. ¥. £àã¯¯ ¢¨¤  G(l, m) =
〈a, b; b−1alb = am〉, £¤¥ ¡¥§ ¯®â¥à¨ ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® |m| > l > 0. �®-
à®è® ¨§¢¥áâ­® (á¬. [6, 11]), çâ® £àã¯¯  G(l,m) ï¢«ï¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®©
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  l = 1 ¨«¨ |m| = l.
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�â®à®© ª« áá á®áâ®¨â ¨§ ­¥ª®â®àëå HNN -à áè¨à¥­¨© £àã¯¯ � ã¬á« £  {
�®«¨âíà ,   ¨¬¥­­® ¨§ £àã¯¯ ¢¨¤ 

H(l, m; k) = 〈a, t; t−1a−kt al t−1akt = am〉 = 〈a, b, t; b−1al b = am, t−1ak t = b〉,

£¤¥ (á­®¢  ¡¥§ ¯®â¥à¨ ®¡é­®áâ¨) ¬ë ¯à¥¤¯®« £ ¥¬, çâ® |m| > l > 0 ¨ k > 0. �¥ª®â®-
àë¥ á¢®©áâ¢  £àã¯¯ íâ®£® ¨­â¥à¥á­®£® ª« áá  ¡ë«¨ ãáâ ­®¢«¥­ë �. �. �àã­­¥à®¬
[7] (á¬. â ª¦¥ [1]). �®ª § ­®, ¢ ç áâ­®áâ¨, çâ® £àã¯¯  H(l,m; k) ï¢«ï¥âáï ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  |m| = l.

� ¯®¬®éìî â¥®à¥¬ë 2 §¤¥áì ¡ã¤ãâ ¤®ª § ­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:
�¥®à¥¬  3. �àã¯¯  G(l,m) = 〈a, b; b−1alb = am〉 (£¤¥ |m| > l > 0)  ¯¯à®ªá¨-

¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨«¨ l = 1 ¨ m ≡ 1
(mod p), ¨«¨ |m| = l = pr ¤«ï ­¥ª®â®à®£® r > 0, ¯à¨ç¥¬ ¥á«¨ m = −l, â® p = 2.

�¥®à¥¬  4. �àã¯¯  H(l, m; k) = 〈a, t; t−1a−kt al t−1akt = am〉 (£¤¥ |m| > l > 0
and k > 0)  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
|m| = l = pr ¨ k = ps ¤«ï ­¥ª®â®àëå æ¥«ëå ç¨á¥« r > 0 ¨ s > 0, ¯à¨ç¥¬ ¥á«¨
m = −l, â® p = 2 ¨ s 6 r.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ 1 ¨ 2
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ­ ç­¥¬ á ¯à®áâ®£® ¨ å®à®è® ¨§¢¥áâ­®£® (á¬., ­ ¯à.,

[12]; ¯à¥¤«®¦¥­¨¥ 1) § ¬¥ç ­¨ï:
�¥¬¬  2.1. �ãáâì G | ­¥ª®â®à ï ª®­¥ç­ ï p-£àã¯¯ , A,B 6 G ¨ ϕ : A → B

| ¨§®¬®àä¨§¬. �àã¯¯  G∗ = (G, t; t−1At = B, ϕ)  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-
£àã¯¯ ¬¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ρ £àã¯¯ë G∗ ­ 
­¥ª®â®àãî ª®­¥ç­ãî p-£àã¯¯ã X â ª®©, çâ® Ker ρ ∩G = 1.

� á ¬®¬ ¤¥«¥, ç áâì "â®«ìª® â®£¤ " ä®à¬ã«¨à®¢ª¨ «¥¬¬ë ®ç¥¢¨¤­  ¢¢¨¤ã
ª®­¥ç­®áâ¨ £àã¯¯ë G. �¡à â­®, ¥á«¨ Ker ρ ∩ G = 1, â® (á¬. [10]) ¯®¤£àã¯¯  Ker ρ
á¢®¡®¤­ . �«¥¤®¢ â¥«ì­®, £àã¯¯  G∗ ï¢«ï¥âáï à áè¨à¥­¨¥¬ á¢®¡®¤­®© £àã¯¯ë ¯à¨
¯®¬®é¨ ª®­¥ç­®© p-£àã¯¯ë ¨ ¯®â®¬ã  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® HNN -à áè¨à¥­¨¥ G∗ = (G, t; t−1A t = B, ϕ) ª®-
­¥ç­®© p-£àã¯¯ë G ï¢«ï¥âáï £àã¯¯®©,  ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.
�®£¤  ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 2.1 ¬ë ¬®¦¥¬ áç¨â âì £àã¯¯ã G ¯®¤£àã¯¯®© ­¥ª®-
â®à®© ª®­¥ç­®© p-£àã¯¯ë X, ®¡« ¤ îé¥© â ª¨¬ í«¥¬¥­â®¬ x, çâ® x−1ax = aϕ ¤«ï
¢á¥å a ∈ A. �ãáâì

1 = X0 6 X1 6 · · · 6 Xn−1 6 Xn = X

| ­¥ª®â®àë© £« ¢­ë© àï¤ £àã¯¯ë X ¨ Gi = G∩Xi (i = 0, 1, . . . , n). �®£¤  à §«¨ç­ë¥
ç«¥­ë ¯®á«¥¤®¢ â¥«ì­®áâ¨ G0, G1, . . . , Gn−1, Gn á®áâ ¢«ïîâ £« ¢­ë© àï¤ £àã¯¯ë
G. � ª ª ª A ∩Gi = A ∩Xi ¨ B ∩Gi = B ∩Xi, â®

(A ∩Gi)ϕ = (A ∩Xi)ϕ = (A ∩Xi)x = Ax ∩Xi = B ∩Xi = B ∩Gi.

�ãáâì ψ | ¢«®¦¥­¨¥ ä ªâ®à-£àã¯¯ë G/Gi ¢ ä ªâ®à-£àã¯¯ã X/Xi, ¯¥à¥¢®-
¤ïé¥¥ á¬¥¦­ë© ª« áá gGi ¢ á¬¥¦­ë© ª« áá gXi. � ª ª ª ¯®¤£àã¯¯  (Gi+1/Gi)ψ
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á®¤¥à¦¨âáï ¢ æ¥­âà «ì­®© ¯®¤£àã¯¯¥ Xi+1/Xi £àã¯¯ë X/Xi, â® ¤«ï «î¡®£® í«¥-
¬¥­â  a ∈ A ∩Gi+1 ¨¬¥¥¬

(aGi)ψ = aXi = axXi = (aϕ)Xi = ((aϕ)Gi)ψ.

�®áª®«ìªã ®â®¡à ¦¥­¨¥ ψ ¨­ê¥ªâ¨¢­®, ®âáî¤  á«¥¤ã¥â, çâ® (aϕ)Gi = aGi. � ª¨¬
®¡à §®¬, ¯®áâà®¥­­ë© £« ¢­ë© àï¤ £àã¯¯ë G ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (1) ¨ (2)
â¥®à¥¬ë 1.

�¡à â­®, ¯à¥¤¯®«®¦¨¬, çâ® ­¥ª®â®àë© £« ¢­ë© àï¤

1 = G0 6 G1 6 · · · 6 Gn−1 6 Gn = G

£àã¯¯ë G ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (1) ¨ (2) ¨§ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë 1. �®ª -
¦¥¬ ¨­¤ãªæ¨¥© ¯® n, çâ® áãé¥áâ¢ã¥â â ª®© £®¬®¬®àä¨§¬ £àã¯¯ë G∗ ­  ­¥ª®â®-
àãî ª®­¥ç­ãî p-£àã¯¯ã X, ¤¥©áâ¢¨¥ ª®â®à®£® ­  ¯®¤£àã¯¯¥ G ¨­ê¥ªâ¨¢­® (çâ®
¢¢¨¤ã «¥¬¬ë 2.1 ¨ ¡ã¤¥â ®§­ ç âì  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G∗ ª®­¥ç­ë¬¨ p-
£àã¯¯ ¬¨).

�¥£ª® ¢¨¤¥âì, çâ® ¯à¨ n = 1 ¢ ª ç¥áâ¢¥ £àã¯¯ë X ¬®¦­® ¢§ïâì ¯àï¬®¥ ¯à®¨§-
¢¥¤¥­¨¥ £àã¯¯ë G ¨ æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  p á ¯®à®¦¤ îé¨¬ x; âà¥¡ã¥¬®¥
®â®¡à ¦¥­¨¥ ¤¥©áâ¢ã¥â â®¦¤¥áâ¢¥­­® ­  £àã¯¯¥ G ¨ ¯¥à¥¢®¤¨â í«¥¬¥­â t ¢ í«¥¬¥­â
x.

�ãáâì n > 1. � ª ª ª (A ∩ G1)ϕ = B ∩ G1 ¨ ¯®àï¤®ª ¯®¤£àã¯¯ë G1 à ¢¥­ p,
¨¬¥îâáï «¨èì á«¥¤ãîé¨¥ ¤¢¥ ¢®§¬®¦­®áâ¨:
a) G1 6 A ¨ G1 6 B;
b) A ∩G1 = B ∩G1 = 1.

� á«ãç ¥ a) ¯®« £ ¥¬ G = G/G1, Gi = Gi/G1 (i = 1, 2, . . . , n), A = A/G1 ¨
B = B/G1. �®£¤  1 = G1 6 G2 6 · · · 6 Gn−1 6 Gn = G | £« ¢­ë© àï¤ £àã¯¯ë G.
� ª ª ª ¯®¤£àã¯¯  G1 (A, B,ϕ)-á®¢¬¥áâ¨¬ , ®â®¡à ¦¥­¨¥ ϕ = ϕG1

ï¢«ï¥âáï ¨§®-
¬®àä¨§¬®¬ ¯®¤£àã¯¯ë A ­  ¯®¤£àã¯¯ã B. �à®¬¥ â®£®, â ª ª ª A∩Gi = (A∩Gi)/G1
¨ B ∩ Gi = (B ∩ Gi)/G1, ¨¬¥¥¬ (A ∩ Gi)ϕ = B ∩ Gi. �¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï
â ª¦¥, çâ® ¤«ï ª ¦¤®£® i = 1, 2, . . . , n−1 ¨ «î¡®£® í«¥¬¥­â  aG1 ∈ A∩Gi+1 á¬¥¦­ë¥
ª« ááë aG1 ¨ (aG1)ϕ áà ¢­¨¬ë ¯® ¯®¤£àã¯¯¥ Gi. �«¥¤®¢ â¥«ì­®, ¯® ¨­¤ãªâ¨¢­®¬ã
¯à¥¤¯®«®¦¥­¨î áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ σ £àã¯¯ë G

∗ = (G, t; t−1At = B, ϕ) ­ 
­¥ª®â®àãî ª®­¥ç­ãî p-group X â ª®©, çâ® Ker σ ∩G = 1.

�ãáâì ρ = ρG1
| £®¬®¬®àä¨§¬ £àã¯¯ë G∗ ­  £àã¯¯ã G

∗, ¯à®¤®«¦ îé¨© ¥áâ¥-
áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ £àã¯¯ë G ­  ä ªâ®à-£àã¯¯ã G, ¨ ¯ãáâì L = Ker (ρσ). �®£¤ 
Ker ρ = G1, G∗/L ' X ¨ G∩L = G1. �à®¬¥ â®£®, ¯®áª®«ìªã L/G1 ' Ker σ ¨ £àã¯¯ 
Ker σ á¢®¡®¤­ , áãé¥áâ¢ã¥â á¢®¡®¤­ ï ¯®¤£àã¯¯  F £àã¯¯ë L â ª ï, çâ® L = FG1
¨ F ∩ G1 = 1. � ª ª ª ¨§ ãá«®¢¨ï (2) á«¥¤ã¥â, çâ® ¯®¤£àã¯¯  G1 «¥¦¨â ¢ æ¥­âà¥
£àã¯¯ë G∗, ¨¬¥¥¬ L = F ×G1. �ãáâì N ®¡®§­ ç ¥â ¯¥à¥á¥ç¥­¨¥ ¢á¥å ­®à¬ «ì­ëå
¯®¤£àã¯¯ ¨­¤¥ªá  p £àã¯¯ë L. �®£¤  N á®¤¥à¦¨âáï ¢ F ¨ ï¢«ï¥âáï ­®à¬ «ì­®©
¯®¤£àã¯¯®© £àã¯¯ë G, ¯®áª®«ìªã ®­  å à ªâ¥à¨áâ¨ç­  ¢ L. �à®¬¥ â®£®, ä ªâ®à-
£àã¯¯  L/N ï¢«ï¥âáï ª®­¥ç­®© p-£àã¯¯®©, ¯®áª®«ìªã £àã¯¯  L, ¡ã¤ãç¨ ¯®¤£àã¯¯®©
ª®­¥ç­®£® ¨­¤¥ªá  ª®­¥ç­® ¯®à®¦¤¥­­®© £àã¯¯ë G∗, ï¢«ï¥âáï ª®­¥ç­® ¯®à®¦¤¥­-
­®©. � ª®­¥æ, N ∩ G = N ∩ L ∩ G = N ∩ G1 = N ∩ F ∩ G1 = 1. � ª¨¬ ®¡à §®¬,
¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ £àã¯¯ë G∗ ­  ä ªâ®à-£àã¯¯ã G∗/N ï¢«ï¥âáï ¨áª®¬ë¬.
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� á«ãç ¥ b) ¯®«®¦¨¬ A1 = AG1 ¨ B1 = BG1. � ª ª ª G1 ï¢«ï¥âáï æ¥­âà «ì­®©
¯®¤£àã¯¯®© £àã¯¯ë G, â® A1 = A × G1 ¨ B1 = B × G1. �®íâ®¬ã ®â®¡à ¦¥­¨¥
ϕ1 : A1 → B1, ª®â®à®¥ ¯¥à¥¢®¤¨â í«¥¬¥­â g ∈ A1, g = ax, £¤¥ a ∈ A ¨ x ∈ G1, ¢
í«¥¬¥­â (aϕ)x, ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬. �®áª®«ìªã A1∩Gi = (A∩Gi)G1 ¨ B1∩Gi =
(B ∩ Gi)G1, ®ç¥¢¨¤­® ¨¬¥¥¬ (A1 ∩ Gi)ϕ1 = B1 ∩ Gi. �à®¬¥ â®£®, ¥á«¨ í«¥¬¥­â
g = ax (£¤¥ a ∈ A ¨ x ∈ G1) ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ A1 ∩ Gi+1 = (A ∩ Gi+1)G1,
â® a ∈ A ∩ Gi+1, ¨ ¯®â®¬ã (gϕ1)Gi = (aϕ)xGi = (aϕ)Gi · xGi = aGi · xGi = gGi.
�®íâ®¬ã ¢¢¨¤ã à áá¬®âà¥­­®£® á«ãç ï a) áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ σ £àã¯¯ë

G∗1 = (G, t; t−1A1t = B1, ϕ1)
­  ­¥ª®â®àãî ª®­¥ç­ãî p-£àã¯¯ã X, ¤¥©áâ¢ãîé¨© ¨­ê¥ªâ¨¢­® ­  ¯®¤£àã¯¯¥ G.
� ª ª ª ¨§®¬®ä¨§¬ ϕ á®¢¯ ¤ ¥â á ®£à ­¨ç¥­¨¥¬ ­  ¯®¤£àã¯¯ã A ¨§®¬®àä¨§¬  ϕ1,
â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ £àã¯¯ë G ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­® ¤® £®¬®¬®àä¨§¬ 
ρ : G∗ → G∗1. �®£¤  £®¬®¬®àä¨§¬ ρσ ®â®¡à ¦ ¥â £àã¯¯ã G∗ ­  £àã¯¯ã X ¨ ¨­ê¥ª-
â¨¢¥­ ­  G. �¥¬ á ¬ë¬ § ¢¥àè¥­ ¨­¤ãªâ¨¢­ë© è £, ¨ â¥®à¥¬  1 ¤®ª § ­ .

�¥à¥©¤¥¬ â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2. �ãáâì G | ­¥ª®â®à ï £àã¯¯ ,
A ¨ B | ¯®¤£àã¯¯ë £àã¯¯ë G ¨ ϕ : A → B | ¨§®¬®àä¨§¬.

�¥¬¬  2.2.  ) �à®¨§¢®«ì­ ï ­®à¬ «ì­ ï (A,B, ϕ)-á®¢¬¥áâ¨¬ ï ¯®¤£àã¯¯ 
H £àã¯¯ë G ¯à¨­ ¤«¥¦¨â á¥¬¥©áâ¢ã Fp

G(A,B, ϕ) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
£àã¯¯  G∗H  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

¡) �ãáâì N | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G∗ =
(G, t; t−1At = B, ϕ) ¨ M = G ∩N . �®£¤  M ∈ Fp

G(A,B, ϕ).
¢) �¥¬¥©áâ¢® Fp

G(A,B, ϕ) § ¬ª­ãâ® ®â­®á¨â¥«ì­® ª®­¥ç­ëå ¯¥à¥á¥ç¥­¨©.
�®ª § â¥«ìáâ¢® ¢á¥å ãâ¢¥à¦¤¥­¨© «¥¬¬ë 2.2 ­¥ ¢ë§ë¢ ¥â ®á®¡ëå § âàã¤­¥-

­¨©. �¯à ¢¥¤«¨¢®áâì ¯ã­ªâ   ) ¢ëâ¥ª ¥â ¨§ à áá¬®âà¥­¨ï á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ¯®-
á«¥¤®¢ â¥«ì­®áâï¬¨ ¯®¤£àã¯¯ £àã¯¯ë G ¢ ®¯à¥¤¥«¥­¨¨ (A,B, ϕ, p)-á®¢¬¥áâ¨¬®áâ¨
¨ £« ¢­ë¬¨ àï¤ ¬¨ ä ªâ®à-£àã¯¯ë G/H. �ã­ªâ ¡) ï¢«ï¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬
á«¥¤áâ¢¨¥¬ ¯ã­ªâ   ) ¨ «¥¬¬ë 2.1. �«ï ¤®ª § â¥«ìáâ¢  ¯ã­ªâ  ¢) ¤®áâ â®ç­® § ¬¥-
â¨âì, çâ® ¥á«¨ ¯®¤£àã¯¯ë H ¨ K ¯à¨­ ¤«¥¦ â á¥¬¥©áâ¢ã Fp

G(A,B, ϕ) ¨ L = H ∩K,
â® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ρ £àã¯¯ë G∗L ¢ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ G∗H × G∗K , ¨­ê-
¥ªâ¨¢­ë© ­  ¯®¤£àã¯¯¥ G/L.

�â¢¥à¦¤¥­¨¥ (1) â¥®à¥¬ë 2 ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â ¨§ ¯ã­ªâ  ¡) «¥¬¬ë
2.2. �®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ (2). �¢¨¤ã ¯ã­ªâ   ) «¥¬¬ë 2.2 ­ ¬ ¤®áâ â®ç­® ¯®-
ª § âì, çâ® ¤«ï «î¡®£® ­¥¥¤¨­¨ç­®£® í«¥¬¥­â  w £àã¯¯ë G∗ ­ ©¤¥âáï ¯®¤-
£àã¯¯  H ∈ Fp

G(A,B, ϕ) â ª ï, çâ® wρH 6= 1. �á«¨ í«¥¬¥­â w ¯à¨­ ¤«¥¦¨â
¯®¤£àã¯¯¥ G, â® áãé¥áâ¢®¢ ­¨¥ ¯®¤£àã¯¯ë H ®¡¥á¯¥ç¨¢ ¥âáï â¥¬, çâ® á¥¬¥©-
áâ¢® Fp

G(A, B,ϕ) ï¢«ï¥âáï ä¨«ìâà æ¨¥©. �ãáâì ¯à¨¢¥¤¥­­ ï § ¯¨áì í«¥¬¥­â  w
¨¬¥¥â ¢¨¤ w = g0tε1g1tε2g2 · · · tεngn, £¤¥ n > 1. �â® ®§­ ç ¥â, çâ® ¤«ï «î¡®£®
i = 1, 2, . . . , n − 1 ¨§ â®£®, çâ® εi + εi+1 = 0, á«¥¤ã¥â, çâ® ¯à¨ εi = −1 gi /∈ A,
  ¯à¨ εi = 1 gi /∈ B. �§ ¯à¥¤¯®«®¦¥­¨ï ® â®¬, çâ® á¥¬¥©áâ¢® Fp

G(A,B, ϕ) ï¢-
«ï¥âáï (A,B)-ä¨«ìâà æ¨¥©, ¨ ¯ã­ªâ  ¢) «¥¬¬ë 2.4 «¥£ª® á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥
â ª®© ¯®¤£àã¯¯ë H ∈ Fp

G(A,B, ϕ), çâ® ¤«ï «î¡®£® í«¥¬¥­â  gi (i = 1, 2, . . . , n − 1)
gi /∈ AH, ¥á«¨ gi /∈ A, ¨ gi /∈ BH, ¥á«¨ gi /∈ B. �â® ®§­ ç ¥â, çâ® § ¯¨áì
(g0H)tε1(g1H)tε2(g2H) · · · tεn(gnH) í«¥¬¥­â  wρ

H
ï¢«ï¥âáï ¯à¨¢¥¤¥­­®©, ¨ ¯®â®¬ã

wρ
H

®â«¨ç¥­ ®â ¥¤¨­¨æë. �¥®à¥¬  2 ¤®ª § ­ .
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3. �®ª § â¥«ìáâ¢® â¥®à¥¬ 3 ¨ 4
�àã¯¯  G(l,m) = 〈a, b; b−1alb = am〉 ï¢«ï¥âáï HNN -à áè¨à¥­¨¥¬ ¡¥áª®­¥ç-

­®© æ¨ª«¨ç¥áª®© £àã¯¯ë A, ¯®à®¦¤¥­­®© í«¥¬¥­â®¬ a, á ¯à®å®¤­®© ¡ãª¢®© b, á¢ï-
§ ­­ë¬¨ ¯®¤£àã¯¯ ¬¨ Al ¨ Am ¨ ¨§®¬®àä¨§¬®¬ ϕ, ¯¥à¥¢®¤ïé¨¬ í«¥¬¥­â al ¢ í«¥-
¬¥­â am. �á«¨ íâ  £àã¯¯  ï¢«ï¥âáï  ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, â®
®­  ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  ¨ ¯®â®¬ã, ª ª ®â¬¥ç¥­® ¢ëè¥, l = 1 ¨«¨ |m| = l
(­ ¯®¬­¨¬, çâ® ¬ë ¯à¥¤¯®« £ ¥¬ ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢ |m| > l > 0).

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® l = 1 ¨ áãé¥áâ¢ã¥â â ª®© £®¬®¬®àä¨§¬ ρ £àã¯¯ë
G(1, m) ­  ª®­¥ç­ãî p-£àã¯¯ã X, çâ® aρ 6= 1. � ª ª ª ρ ¯à®å®¤¨â ç¥à¥§ £àã¯¯ã

Gs(1,m) = 〈a, b; b−1ab = am, aps = 1〉,

£¤¥ ps ¥áâì ¯®àï¤®ª í«¥¬¥­â  aρ £àã¯¯ë X, â® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ HNN -à á-
è¨à¥­¨ï Gs(1,m) æ¨ª«¨ç¥áª®© £àã¯¯ë A/Aps ¯®àï¤ª  ps ­  ª®­¥ç­ãî p-£àã¯¯ã X,
¤¥©áâ¢ãîé¨© ­  ¡ §®¢®© £àã¯¯¥ ¨­ê¥ªâ¨¢­®. �® «¥¬¬¥ 2.1 £àã¯¯  Gs(1,m)  ¯¯à®ª-
á¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, ¨ ¯®â®¬ã ¢¢¨¤ã á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 1 ¤®«¦­®
¢ë¯®«­ïâìáï áà ¢­¥­¨¥ m ≡ 1 (mod p).

�¡à â­®, ¥á«¨ áà ¢­¥­¨¥ m ≡ 1 (mod p) ¨¬¥¥â ¬¥áâ® ¨ ¯®â®¬ã (¢¢¨¤ã â®£®
¦¥ á«¥¤áâ¢¨ï) ¯à®¨§¢®«ì­ ï £àã¯¯  ¢¨¤  Gs(1,m)  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨, â® ¨ £àã¯¯  G(1,m)  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, ¯®-
áª®«ìªã ®­ , ª ª «¥£ª® ¢¨¤¥âì,  ¯¯à®ªá¨¬¨àã¥¬  á¥¬¥©áâ¢®¬ £àã¯¯ Gs(1, m) (s =
1, 2, . . . ).

�á«¨ l > 1 (¨ |m| = l), â® ª £àã¯¯¥ G(l,m) ¯à¨¬¥­¨¬® á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 2, ¢
á®®â¢¥âáâ¢¨¨ á ª®â®àë¬ íâ  £àã¯¯   ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  á¥¬¥©áâ¢® Fp

A(Al, Am, ϕ) ï¢«ï¥âáï (Al, Am)-ä¨«ìâà æ¨¥©.
� ¯¨è¥¬ ç¨á«® l ¢ ¢¨¤¥ l = l1pr, £¤¥ r > 0 ¨ (l1, p) = 1). �ç¥¢¨¤­®,

çâ® ¥á«¨ ¯®¤£àã¯¯  Ak £àã¯¯ë A ï¢«ï¥âáï (Al, Am, p)-á®¢¬¥áâ¨¬®©, â® k ¤®«¦­®
¡ëâì p-ç¨á«®¬. �¥£ª® â ª¦¥ ¢¨¤¥âì, çâ® ¯à¨ m = l ¯à®¨§¢®«ì­ ï ¯®¤£àã¯¯ 
¢¨¤  Aps (Al, Am, p)-á®¢¬¥áâ¨¬ ,   ¯à¨ m = −l ¨ s > r ¯®¤£àã¯¯  Aps ï¢«ï-
¥âáï (Al, Am, p)-á®¢¬¥áâ¨¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  p = 2. � ¬¥â¨¬ ¥é¥,
çâ® ¥á«¨ æ¥«ë¥ ç¨á«  x ¨ y â ª®¢ë, çâ® l1x + psy = 1, â® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®
apr = (al)x · (aps)pry, ®§­ ç îé¥¥, çâ® apr ∈ Al · Aps . � ª¨¬ ®¡à §®¬, á¥¬¥©áâ¢®
Fp

A(Al, Am, ϕ) ï¢«ï¥âáï (Al, Am)-ä¨«ìâà æ¨¥© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  l = pr

¤«ï ­¥ª®â®à®£® r > 0, ¯à¨ç¥¬ ¥á«¨ m = −l, â® p = 2. �¥®à¥¬  3 ¤®ª § ­ .
�¥à¥å®¤ï ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4, ¯à¥¤¯®«®¦¨¬ á­ ç « , çâ® £àã¯¯ 

H(l, m; k) = 〈a, b, t; b−1alb = am, t−1akt = b〉, £¤¥ |m| > l > 0 ¨ k > 0,  ¯¯à®ªá¨¬¨-
àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨. �®£¤  (á¬. [10]) |m| = l, ¨ â ª ª ª £àã¯¯  H(l, m; k)
á®¤¥à¦¨â ¯®¤£àã¯¯ã G(l, m), ¨§ â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® |m| = l = pr ¤«ï ­¥ª®â®à®£®
r > 0, ¯à¨ç¥¬ ¥á«¨ m = −l, â® p = 2.

� ¯¨è¥¬ ç¨á«® k ¢ ¢¨¤¥ k = psk1, £¤¥ s > 0 ¨ (k1, p) = 1. �á«¨ k1 > 1,
â® t-¯à¨¢¥¤¥­­ ï § ¯¨áì í«¥¬¥­â  w = [t−1a−ps

t alt−1aps

t, a] £àã¯¯ë H(l, m; k)
¨¬¥¥â ¤«¨­ã 8, ¨ ¯®â®¬ã w 6= 1. � ¤àã£®© áâ®à®­ë, ¯ãáâì N | â ª ï ­®à¬ «ì-
­ ï ¯®¤£àã¯¯  £àã¯¯ë H(l, m; k), çâ® apn ∈ N ¤«ï ­¥ª®â®à®£® n > 0. �®£¤ 
aps ≡ akc (mod N), £¤¥ c | æ¥«®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ áà ¢­¥­¨î k1c ≡ 1
(mod pn). �âáî¤  (ãç¨âë¢ ï, çâ® (m = εl, ε = ±1) ¨¬¥¥¬ t−1aps

t ≡ bc (mod N) ¨
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t−1a−ps

t apr

t−1aps

t ≡ aεcpr (mod N), ¨ ¯®â®¬ã w ∈ N . �«¥¤®¢ â¥«ì­®, w «¥¦¨â ¢
ª ¦¤®© ­®à¬ «ì­®© ¯®¤£àã¯¯¥ ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë H(l, m; k), çâ® ¯à®â¨-
¢®à¥ç¨â ¥¥  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨. � ª¨¬ ®¡à §®¬, k = ps.

�ãáâì σ | â ª®© £®¬®¬®àä¨§¬ £àã¯¯ë H(2r,−2r; 2s) ­  ª®­¥ç­ãî p-£àã¯¯ã
X, çâ® bσ 6= 1, 1 = X0 6 X1 6 · · · 6 Xn = X | ­¥ª®â®àë© £« ¢­ë© àï¤ £àã¯¯ë
X ¨ bσ ∈ Xi+1 \ Xi. � ª ª ª ¯®¤£àã¯¯  Xi+1/Xi «¥¦¨â ¢ æ¥­âà¥ ä ªâ®à-£àã¯¯ë
X/Xi, ¨¬¥¥¬ (aσ)2r ≡ (aσ)−2r (mod Xi) ¨ (aσ)2s ≡ bσ (mod Xi). �®íâ®¬ã í«¥¬¥­â
(aσ)2r+1 ¯à¨­ ¤«¥¦¨â,   í«¥¬¥­â (aσ)2s ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ Xi, ®âªã¤  ¨
á«¥¤ã¥â ­¥à ¢¥­áâ¢® s 6 r.

�¡à â­®, ¯®ª ¦¥¬, çâ® ¤«ï «î¡®£® ¯à®áâ®£® ç¨á«  p ¨ ¯à®¨§¢®«ì­ëå æ¥«ëå
ç¨á¥« r > 0 ¨ s > 0 £àã¯¯  H(pr, εpr; ps) (£¤¥ ε = ±1 ¨ ¥á«¨ ε = −1, â® p = 2 ¨
s 6 r)  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

�ãáâì G | £àã¯¯  ¢¨¤  〈a, b; b−1apr

b = aεpr 〉. �ãáâì â ª¦¥ A ¨ B | ¯®¤-
£àã¯¯ë £àã¯¯ë G, ¯®à®¦¤ ¥¬ë¥ í«¥¬¥­â ¬¨ a ¨ b á®®â¢¥âáâ¢¥­­®, ¨ A1 = Aps .
�®£¤  £àã¯¯  H(pr, εpr; ps) ï¢«ï¥âáï HNN -à áè¨à¥­¨¥¬ (G, t; t−1A1t = B, ϕ), £¤¥
¨§®¬®àä¨§¬ ϕ ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ aps

ϕ = b.
�¢¨¤ã â¥®à¥¬ë 2 ¤®áâ â®ç­® ¯®ª § âì, çâ® á¥¬¥©áâ¢® Fp

G(A1, B, ϕ) ï¢«ï¥âáï
(A1, B)-ä¨«ìâà æ¨¥©. �¥¬ ­¥ ¬¥­¥¥ ¬ë ­ ç­¥¬ á ¤®ª § â¥«ìáâ¢  ­¥áª®«ìª® ¡®«¥¥
á« ¡®£® ãâ¢¥à¦¤¥­¨ï:

�¥¬¬  3.1. �¥¬¥©áâ¢® ¢á¥å ­®à¬ «ì­ëå (A1, B)-á®¢¬¥áâ¨¬ëå ¯®¤£àã¯¯ ª®-
­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G ï¢«ï¥âáï (A1, B)-ä¨«ìâà æ¨¥©.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, çâ® £àã¯¯  G à áª« ¤ë¢ ¥âáï ¢ á¢®¡®¤­®¥ ¯à®-
¨§¢¥¤¥­¨¥ á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®©, G = (A ∗ K; apr = c), £àã¯¯ A ¨ K =
〈b, c; b−1cb = cε〉. �«ï ¯à®¨§¢®«ì­®£® æ¥«®£® ç¨á«  n > max (r, s) ®¡®§­ ç¨¬ ç¥à¥§
Ln ¯®¤£àã¯¯ã £àã¯¯ë K, ¯®à®¦¤¥­­ãî í«¥¬¥­â ¬¨ bpn−s ¨ cpn−r . � ª ª ª ¯à¨ ε =
−1 p = 2, ¢ «î¡®¬ á«ãç ¥ Ln ï¢«ï¥âáï ­®à¬ «ì­®© ¯®¤£àã¯¯®© £àã¯¯ë K. �ç¥¢¨¤­®
â ª¦¥, çâ® ¯®àï¤®ª ä ªâ®à-£àã¯¯ë K/Ln à ¢¥­ p2n−r−s,   ¥¥ í«¥¬¥­âë bLn ¨ cLn

¨¬¥îâ ¯®àï¤ª¨ pn−s ¨ pn−r á®®â¢¥âáâ¢¥­­®. �®íâ®¬ã ¬®¦­® ¯®áâà®¨âì á¢®¡®¤­®¥
¯à®¨§¢¥¤¥­¨¥ á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© Gn = (A/Apn ∗K/Ln; (aApn)pr = cLn).

�ãáâì ρn | £®¬®¬®àä¨§¬ £àã¯¯ë G ­  £àã¯¯ã Gn, ¯à®¤®«¦ îé¨© ¥áâ¥áâ¢¥­-
­ë¥ ®â®¡à ¦¥­¨ï A ­  A/Apn ¨ K ­  K/Ln. �«ï «î¡®£® í«¥¬¥­â  g ∈ G, â ª®£®,
çâ® ¨«¨ g 6= 1, ¨«¨ g /∈ A1, ¨«¨ g /∈ B, áãé¥áâ¢ã¥â ç¨á«® n, ¤«ï ª®â®à®£® ¨«¨
gρn 6= 1, ¨«¨ gρn /∈ A1ρn, ¨«¨ gρn /∈ Bρn á®®â¢¥âáâ¢¥­­®. �â® ®ç¥¢¨¤­®, ¥á«¨ g ∈ A
¨«¨ g ∈ K. �®«¥¥ â®£®, ¢ íâ¨å ¤¢ãå á«ãç ïå á¯à ¢¥¤«¨¢® ¨ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥:
¥á«¨ í«¥¬¥­â g ­¥ ¯à¨­ ¤«¥¦¨â ®¡ê¥¤¨­ï¥¬®© ¯®¤£àã¯¯¥ à §«®¦¥­¨ï £àã¯¯ë G, â®
¤«ï ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å n í«¥¬¥­â gρn ­¥ ¡ã¤¥â ¯à¨­ ¤«¥¦ âì ®¡ê¥¤¨­ï¥¬®©
¯®¤£àã¯¯¥ à §«®¦¥­¨ï £àã¯¯ë Gn. �âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ ­¥á®ªà â¨¬ ï § ¯¨áì
í«¥¬¥­â  g ¨¬¥¥â ¤«¨­ã > 1, â® ¤«ï ¯®¤å®¤ïé¥£® n âã ¦¥ ¤«¨­ã ¨¬¥¥â ¨ ­¥á®ªà -
â¨¬ ï § ¯¨áì í«¥¬¥­â  gρn. �®íâ®¬ã â ª®© í«¥¬¥­â ®â«¨ç¥­ ®â 1 ¨ ­¥ ¢å®¤¨â ­¨ ¢
¯®¤£àã¯¯ã A1ρn, ­¨ ¢ ¯®¤£àã¯¯ã Bρn.

�ãáâì g | ¯à®¨§¢®«ì­ë© ­¥¥¤¨­¨ç­ë© í«¥¬¥­â £àã¯¯ë G, ¨ ¯ãáâì æ¥«®¥ ç¨á«®
n ¢ë¡à ­® â ª, çâ® gρn 6= 1. �®áª®«ìªã ¢¢¨¤ã â¥®à¥¬ë �¨£¬¥­  £àã¯¯  Gn  ¯-
¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨,   ¯®¤£àã¯¯ë A/Apn ¨ K/Ln £àã¯¯ë Gn

ª®­¥ç­ë, áãé¥áâ¢ã¥â â ª ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  M ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë



10

Gn, çâ® gρn /∈ M ¨ A/Apn∩M = K/Ln∩M = 1. �ãáâì N = Mρ−1
n . �®£¤  N ­¥ á®¤¥à-

¦¨â í«¥¬¥­â  g ¨, ª ª «¥£ª® ¢¨¤¥âì, ï¢«ï¥âáï ­®à¬ «ì­®© (A1, B, ϕ)-á®¢¬¥áâ¨¬®©
¯®¤£àã¯¯®© ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G. � ááã¦¤ ï  ­ «®£¨ç­®, ¬®¦­® ¯®ª -
§ âì, çâ® ¥á«¨ í«¥¬¥­â g ­¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã A1 ¨«¨ ¢ ¯®¤£àã¯¯ã B, â® ¯®¤£àã¯¯ã
N ¬®¦­® ¢ë¡à âì â ª, çâ® í«¥¬¥­â g ­¥ ¡ã¤¥â ¯à¨­ ¤«¥¦ âì ¯®¤£àã¯¯¥ A1N ¨«¨
¯®¤£àã¯¯¥ BN á®®â¢¥âáâ¢¥­­®.

�¥¬¬  3.2. �«ï ¯à®¨§¢®«ì­®£® æ¥«®£® ç¨á«  n > s áãé¥áâ¢ã¥â ­®à¬ «ì­ ï
¯®¤£àã¯¯  N ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G â ª ï, çâ® A∩N = Apn , B∩N = Bpn−s

¨ apn−1 ≡ bpn−s−1 (mod N).
�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ á­ ç « , çâ® n > r. �®åà ­ïï ¢á¥ ®¡®§­ -

ç¥­¨ï ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 3.1, à áá¬®âà¨¬ ¥é¥ æ¨ª«¨ç¥áªãî ¯®¤£àã¯¯ã D

£àã¯¯ë K, ¯®à®¦¤ ¥¬ãî í«¥¬¥­â®¬ d = cpn−r−1
b−pn−s−1 . �á«¨ ¯à¨ ε = −1 ¯®âà¥-

¡®¢ âì ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢  n − s − 1 > 0, â® ¢ «î¡®¬ á«ãç ¥ DLn/Ln ¡ã¤¥â
æ¥­âà «ì­®© ¯®¤£àã¯¯®© ¯®àï¤ª  p £àã¯¯ë K/Ln,   í«¥¬¥­âë c(DLn) ¨ b(DLn)
ä ªâ®à-£àã¯¯ë K/DLn ¡ã¤ãâ ¨¬¥âì ¯®àï¤ª¨ pn−r ¨ pn−s á®®â¢¥âáâ¢¥­­®. � ª ª ª
£àã¯¯  G′n = (A/Apn ∗ K/DLn; (aApn)pr = c(DLn))  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨, â® ¢ ­¥© ­ ©¤¥âáï â ª ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  M ª®­¥ç­®£® p-¨­¤¥ªá ,
çâ® A/Apn ∩M = K/DLn ∩M = 1. �®£¤  ¯à®®¡à § N ¯®¤£àã¯¯ë M ®â­®á¨â¥«ì­®
®ç¥¢¨¤­®£® £®¬®¬®àä¨§¬  £àã¯¯ë G ­  £àã¯¯ã G′n ¡ã¤¥â ¨áª®¬®© ¯®¤£àã¯¯®©.

�á«¨ ¦¥ ε = −1 ¨ n − s − 1 = 0, â® ¢¢¨¤ã ­¥à ¢¥­áâ¢ n > r ¨ s 6 r ¨¬¥¥¬
s = r ¨ n = r + 1. � íâ®¬ á«ãç ¥ ¨áª®¬®© ¯®¤£àã¯¯®© N ¡ã¤¥â ï¤à® £®¬®¬®àä¨§¬ 
σ £àã¯¯ë G ­  æ¨ª«¨ç¥áªãî £àã¯¯ã X ¯®àï¤ª  2r+1, ¯®à®¦¤¥­­ãî í«¥¬¥­â®¬ x,
¯à¨ ª®â®à®¬ aσ = x ¨ bσ = x2r .

� ª®­¥æ, ¥á«¨ n 6 r, â® £àã¯¯  G £®¬®¬®àä­® ®â®¡à ¦ ¥âáï ­  £àã¯¯ã
T = 〈a, b; apn = 1, bpn−s = 1, apn−1 = bpn−s−1〉, â ª¦¥  ¯¯à®ªá¨¬¨àã¥¬ãî ª®-
­¥ç­ë¬¨ p-£àã¯¯ ¬¨, ¨ ¨áª®¬ ï ¯®¤£àã¯¯  N á­®¢  ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  ª ª
¯à®®¡à § ­®à¬ «ì­®© ¯®¤£àã¯¯ë ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë T , âà¨¢¨ «ì­® ¯¥à¥-
á¥ª îé¥©áï á® á¢®¡®¤­ë¬¨ ¬­®¦¨â¥«ï¬¨.

�¥¯¥àì ¬ë ¬®¦¥¬ ¤®ª § âì ãâ¢¥à¦¤¥­¨¥, ã¯®¬ï­ãâ®¥ ¢ëè¥, ¨ â¥¬ á ¬ë¬ § -
ª®­ç¨âì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.

�¥¬¬  3.3. �¥¬¥©áâ¢® Fp
G(A1, B, ϕ) ï¢«ï¥âáï (A1, B)-ä¨«ìâà æ¨¥©.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¯à®¨§¢®«ì­ ï (A1, B)-á®¢¬¥áâ¨¬ ï ¯®¤£àã¯-
¯  N ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î n > s, £¤¥ æ¥«®¥
ç¨á«® n ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ A ∩ N = Apn , á®¤¥à¦¨â ­¥ª®â®àãî ¯®¤£àã¯¯ã
M ¨§ á¥¬¥©áâ¢  Fp

G(A1, B, ϕ). �ç¥¢¨¤­®, çâ® â®£¤  âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥ ¡ã¤¥â
á«¥¤®¢ âì ¨§ «¥¬¬ë 3.1.

� ª ª ª ­¥à ¢¥­áâ¢  k < n − s ¨ n − k > s à ¢­®á¨«ì­ë, ¨§ «¥¬¬ë 3.2
á«¥¤ã¥â, çâ® ¤«ï «î¡®£® æ¥«®£® ç¨á«  k, 0 6 k < n − s, ¢ £àã¯¯¥ G ­ ©-
¤¥âáï â ª ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  Nk ª®­¥ç­®£® p-¨­¤¥ªá , çâ® A ∩ Nk = Apn−k ,
B∩Nk = Bpn−k−s ¨ apn−k−1 ≡ bpn−k−s−1 (mod Nk). �ç¨â ï â ª¦¥, çâ® Nn−s = G, ¤«ï
ª ¦¤®£® i = 0, 1, . . . , n − s ¯®« £ ¥¬ Mi =

⋂n−s
k=i Nk. �â¢¥à¦¤ ¥âáï, çâ® ¯®¤£àã¯¯ 

M = N ∩ M0 ï¢«ï¥âáï ¨áª®¬®©. � á ¬®¬ ¤¥«¥, ­¥¯®áà¥¤áâ¢¥­­ ï ¯à®¢¥àª  ¯®-
ª §ë¢ ¥â, çâ® ã¯«®â­¨¢ ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì ­®à¬ «ì­ëå ¯®¤£àã¯¯
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M , M0, M1, . . . , Mn−s−1, Mn−s = G ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G ¤® â ª®© ¯®-
á«¥¤®¢ â¥«ì­®áâ¨ ¥¥ ­®à¬ «ì­ëå ¯®¤£àã¯¯, ¢á¥ ä ªâ®àë ª®â®à®© ¨¬¥îâ ¯®àï¤®ª
p, ¯®«ãç¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì, ã¤®¢«¥â¢®àïîéãî ¢á¥¬ âà¥¡®¢ ­¨ï¬ ®¯à¥¤¥«¥­¨ï
(A1, B, ϕ, p)-á®¢¬¥áâ¨¬®© ¯®¤£àã¯¯ë.
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