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�¨¨â ï  ¯¯à®ªá¨¬¨àã¥¬®áâì
¥ª®â®àëå HNN-à áè¨à¥¨© £àã¯¯

�®â æ¨ï
�®«ãç¥ ªà¨â¥à¨© ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ HNN -à áè¨-

à¥¨ï ¢ á«ãç ¥, ª®£¤  á¢ï§ ë¥ ¯®¤£àã¯¯ë «¥¦ â ¢ æ¥âà¥ ¡ §®¢®©
£àã¯¯ë ¨ ã¤®¢«¥â¢®àïîâ ¥ª®â®àë¬ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬ ä¨-
¨â®© ®â¤¥«¨¬®áâ¨. � ¥£® ¯®¬®éìî ãáâ ®¢«¥®, ¢ ç áâ®áâ¨, çâ®
¥á«¨ HNN -à áè¨à¥¨¥ ¯®çâ¨ ¯®«¨æ¨ª«¨ç¥áª®© £àã¯¯ë á á®¡áâ¢¥-
ë¬¨ æ¥âà «ìë¬¨ á¢ï§ ë¬¨ ¯®¤£àã¯¯ ¬¨ ï¢«ï¥âáï ä¨¨â®  ¯-
¯à®ªá¨¬¨àã¥¬®© £àã¯¯®©, â® ¢á¥ æ¨ª«¨ç¥áª¨¥ ¯®¤£àã¯¯ë íâ®© £àã¯¯ë
ä¨¨â® ®â¤¥«¨¬ë.

Abstract
The criterion of residual �niteness of the HNN-extension is obtained

in the case when associated subgroups are situated in the center of base
group and satisfy some further conditions of �nite separability. By means
of this result it is proved that if the HNN-extension of polycyclic-by-�nite
group with proper central associated subgroups is residually �nite then
all cyclic subgroups of it are �nitely separable.

§ 1. �¢¥¤¥¨¥. �®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢
�â ¤ àâ ï ¬¥â®¤¨ª  ¯®«ãç¥¨ï à¥§ã«ìâ â®¢ ® ä¨¨â®©  ¯¯à®ª-

á¨¬¨àã¥¬®áâ¨ HNN -à áè¨à¥¨© £àã¯¯ ®á®¢     ¨á¯®«ì§®¢ ¨¨
¯®ïâ¨ï á®¢¬¥áâ¨¬®© ¯®¤£àã¯¯ë, ª®â®à®¥   «®£¨ç® ¯®ïâ¨î ¯ àë
á®¢¬¥áâ¨¬ëå ¯®¤£àã¯¯ á¢®¡®¤ëå á®¬®¦¨â¥«¥© á¢®¡®¤®£® ¯à®¨§-
¢¥¤¥¨ï ¤¢ãå £àã¯¯ á ®¡ê¥¤¨¥ë¬¨ ¯®¤£àã¯¯ ¬¨ (á¬. [4]). �á«¨ G
| ¥ª®â®à ï £àã¯¯ , A ¨ B | ¨§®¬®àäë¥ ¯®¤£àã¯¯ë £àã¯¯ë G,
ϕ : A → B | ä¨ªá¨à®¢ ë© ¨§®¬®àä¨§¬ ¨

G∗ = (G, t; t−1At = B, ϕ)

| HNN -à áè¨à¥¨¥ (¡ §®¢®©) £àã¯¯ë G á ¯à®å®¤®© ¡ãª¢®© t ¨ á¢ï-
§ ë¬¨ (®â®á¨â¥«ì® ϕ) ¯®¤£àã¯¯ ¬¨ A ¨ B, â® ãá«®¢¨ï ä¨¨â®©
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 ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G∗ ¬®£ãâ ¡ëâì ¢ëà ¦¥ë ª ª ¥ª®â®-
àë¥ á¢®©áâ¢  á¥¬¥©áâ¢  ¢á¥å (A,B, ϕ)-á®¢¬¥áâ¨¬ëå ®à¬ «ìëå ¯®¤-
£àã¯¯ ª®¥ç®£® ¨¤¥ªá  ¡ §®¢®© £àã¯¯ë G (â®çë¥ ®¯à¥¤¥«¥¨ï ¨
ä®à¬ã«¨à®¢ª¨ á¬. ¨¦¥ ¢ § 2). �¥á¬®âàï   ¢¥áì¬  ®¡é¨© å à ª-
â¥à íâ¨å ãá«®¢¨©,   â ª¦¥  «¨ç¨¥ áãé¥áâ¢¥®£® ¯à®¡¥«  ¬¥¦¤ã
¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®çë¬¨ ãá«®¢¨ï¬¨, ¢ àï¤¥ á«ãç ¥¢ ®¨ ¯®§¢®-
«ïîâ ¯®«ãç âì ª®ªà¥âë¥ ªà¨â¥à¨¨ ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨
£àã¯¯ë G∗. � ª, ¢ á«ãç ¥, ª®£¤  G ï¢«ï¥âáï  ¡¥«¥¢®© £àã¯¯®© á ª®-
¥çë¬ ç¨á«®¬ ¯®à®¦¤ îé¨å, á®®â¢¥âáâ¢ãîé¨© ªà¨â¥à¨© ãª §  ¢
à ¡®â¥ [2]. �á®¢ë¬ à¥§ã«ìâ â®¬ ¤ ®© áâ âì¨ ï¢«ï¥âáï ¯®«ãç¥¨¥
ªà¨â¥à¨ï ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G∗ ¯à¨ ¡®«¥¥ á« -
¡ëå ¯à¥¤¯®«®¦¥¨ïå ®â®á¨â¥«ì® ¡ §®¢®© £àã¯¯ë G,   ¨¬¥® §¤¥áì
¡ã¤¥â ¤®ª §   á«¥¤ãîé ï

�¥®à¥¬  1. �ãáâì A ¨ B | ª®¥ç® ¯®à®¦¤¥ë¥ æ¥âà «ìë¥
¯®¤£àã¯¯ë £àã¯¯ë G, ¯à¨ç¥¬ A 6= G ¨ B 6= G. �à¥¤¯®«®¦¨¬ â ª¦¥,
çâ® ¢ £àã¯¯¥ G ¢á¥ ¯®¤£àã¯¯ë, «¥¦ é¨¥ ¢ ¯®¤£àã¯¯¥ AB ¨ ¨¬¥îé¨¥
¢ ¥© ª®¥çë© ¨¤¥ªá, ä¨¨â® ®â¤¥«¨¬ë. �®áâà®¨¬ ¤¢¥ ¯®á«¥¤®-
¢ â¥«ì®áâ¨ Uk ¨ Vk ¯®¤£àã¯¯ £àã¯¯ë G, ¯®« £ ï U0 = A, V0 = B ¨
Uk+1 = Uk ∩ Vk, Vk+1 = Uk+1ϕ.

�àã¯¯  G∗ = (G, t; t−1At = B, ϕ) ï¢«ï¥âáï ä¨¨â®  ¯¯à®ªá¨-
¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¥ª®â®à®£® n > 0 ¨¬¥¥â
¬¥áâ® à ¢¥áâ¢® Un = Vn.

� ¬¥â¨¬ ¤ «¥¥, çâ® ä¨¨â ï  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G∗ ¯®-
çâ¨ ®¡¥á¯¥ç¨¢ ¥âáï á«¥¤ãîé¨¬ á¢®©áâ¢®¬ ¡ §®¢®© £àã¯¯ë G:

ª ¦¤ ï ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá  á®¤¥à¦¨â ¥ª®-
â®àãî (A,B,ϕ)-á®¢¬¥áâ¨¬ãî ®à¬ «ìãî ¯®¤£àã¯¯ã ª®¥ç®£® ¨-
¤¥ªá .

�¥©áâ¢¨â¥«ì®, ¥á«¨ ¯à¨ íâ®¬ ¯®¤£àã¯¯ë A ¨ B £àã¯¯ë G ï¢«ï-
îâáï ä¨¨â® ®â¤¥«¨¬ë¬¨, â® ¡ã¤¥â ¢ë¯®«ïâìáï ã¯®¬ïãâ®¥ ¢ëè¥
®¡é¥¥ ¤®áâ â®ç®¥ ãá«®¢¨¥ ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë
G∗ (á¬. ¯à¥¤«®¦¥¨¥ 1 ¨§ § 2). �ª §ë¢ ¥âáï, çâ® ¯à¨ ®£à ¨ç¥¨ïå,
 ª« ¤ë¢ ¥¬ëå ¢ â¥®à¥¬¥ 1   £àã¯¯ã G ¨ ¥¥ ¯®¤£àã¯¯ë A ¨ B, íâ®
ãá«®¢¨¥ ï¢«ï¥âáï ¨ ¥®¡å®¤¨¬ë¬ ¤«ï ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨
£àã¯¯ë G∗:

�¥®à¥¬  2. �ãáâì £àã¯¯  G ¨ ¥¥ ¯®¤£àã¯¯ë A ¨ B ã¤®¢«¥â¢®-
àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1. �á«¨ £àã¯¯  G∗ ä¨¨â®  ¯¯à®ªá¨¬¨àã-
¥¬ , â® ¢ ª ¦¤®© ®à¬ «ì®© ¯®¤£àã¯¯¥ ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë
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G á®¤¥à¦¨âáï ¥ª®â®à ï (A,B, ϕ)-á®¢¬¥áâ¨¬ ï ®à¬ «ì ï ¯®¤-
£àã¯¯ , ¨¬¥îé ï ¢ G ª®¥çë© ¨¤¥ªá.

� ¯®¬¨¬, çâ® £àã¯¯  G  §ë¢ ¥âáï πc-£àã¯¯®©, ¥á«¨ ¢á¥ ¥¥ æ¨ª«¨-
ç¥áª¨¥ ¯®¤£àã¯¯ë ä¨¨â® ®â¤¥«¨¬ë. �ç¥¢¨¤®, çâ® ¯à®¨§¢®«ì ï
πc-£àã¯¯  ï¢«ï¥âáï ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬®©. �¡à â®¥, ¢®®¡é¥
£®¢®àï, ¥ ¨¬¥¥â ¬¥áâ ; ¯à®áâ¥©è¨¬ ª®âà¯à¨¬¥à®¬, ª ª ¨§¢¥áâ®,
ï¢«ï¥âáï £àã¯¯  � ã¬á« £  { �®«¨âíà  ¢¨¤  〈a, t; t−1at = ak〉, £¤¥
|k| > 1. �â  £àã¯¯  ï¢«ï¥âáï HNN -à áè¨à¥¨¥¬ ¡¥áª®¥ç®© æ¨ª«¨-
ç¥áª®© £àã¯¯ë, ¨ ¥¤¨áâ¢¥®¥ ãá«®¢¨¥ ¨§ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë 1,
ª®â®à®¬ã ®  ¥ ã¤®¢«¥â¢®àï¥â, á®áâ®¨â ¢ á®¢¯ ¤¥¨¨ á ¡ §®¢®© £àã¯-
¯®© ®¤®© ¨§ á¢ï§ ëå ¯®¤£àã¯¯. � ¤àã£®© áâ®à®ë, «¥£ª® ¯®ª § âì
(á¬.,  ¯à., [6]), çâ® ¥á«¨ £àã¯¯  G ï¢«ï¥âáï πc-£àã¯¯®©, ¯®¤£àã¯¯ë
A ¨ B ä¨¨â® ®â¤¥«¨¬ë ¨ ª ¦¤ ï ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç-
®£® ¨¤¥ªá  £àã¯¯ë G á®¤¥à¦¨â ¥ª®â®àãî (A,B, ϕ)-á®¢¬¥áâ¨¬ãî
®à¬ «ìãî ¯®¤£àã¯¯ã ª®¥ç®£® ¨¤¥ªá , â® £àã¯¯  G∗ ï¢«ï¥âáï
πc-£àã¯¯®©. �®íâ®¬ã ¨§ â¥®à¥¬ë 2 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 1. �ãáâì £àã¯¯  G ¨ ¥¥ ¯®¤£àã¯¯ë A ¨ B ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1, ¨ ¯ãáâì, ªà®¬¥ â®£®, G ï¢«ï¥âáï
πc-£àã¯¯®©. �àã¯¯  G∗ ï¢«ï¥âáï πc-£àã¯¯®© â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®  ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ .

� á ¬®¬ ¤¥«¥, ¥á«¨ £àã¯¯  G∗ ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ , â® ¯®-
áª®«ìªã A 6= G ¨ B 6= G, ¨§ ¯à¥¤«®¦¥¨ï 1 (¨¦¥) á«¥¤ã¥â, çâ®
¯®¤£àã¯¯ë A ¨ B ä¨¨â® ®â¤¥«¨¬ë.

�ª ¦¥¬   ¡®«¥¥ ª®ªà¥â®¥ ¯à¨¬¥¥¨¥ ¯®«ãç¥ëå à¥§ã«ìâ â®¢.
�§ â¥®à¥¬ë 6 à ¡®âë [1] á«¥¤ã¥â, çâ® ¢ ¯à®¨§¢®«ì®© ¯®«¨æ¨ª«¨ç¥-
áª®© £àã¯¯¥ ¢á¥ ¯®¤£àã¯¯ë ï¢«ïîâáï ä¨¨â® ®â¤¥«¨¬ë¬¨. � ª ª ª
á¢®©áâ¢® ä¨¨â®© ®â¤¥«¨¬®áâ¨ ¢á¥å ¯®¤£àã¯¯ á®åà ï¥âáï ¯à¨ ª®-
¥çëå à áè¨à¥¨ïå, ¨¬¥¥¬

�«¥¤áâ¢¨¥ 2. �ãáâì £àã¯¯  G ï¢«ï¥âáï ª®¥çë¬ à áè¨à¥¨¥¬
¯®«¨æ¨ª«¨ç¥áª®© £àã¯¯ë ¨ A ¨ B | á®¡áâ¢¥ë¥ æ¥âà «ìë¥ ¯®¤-
£àã¯¯ë £àã¯¯ë G. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâ¨ Uk ¨ Vk ¯®¤£àã¯¯
£àã¯¯ë G ®¯à¥¤¥«¥ë ª ª ¢ â¥®à¥¬¥ 1. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï à ¢-
®á¨«ìë:

(1) ¤«ï ¥ª®â®à®£® n > 0 ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® Un = Vn;
(2) £àã¯¯  G∗ = (G, t; t−1At = B, ϕ) ï¢«ï¥âáï ä¨¨â®  ¯¯à®ª-

á¨¬¨àã¥¬®©;
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(3) £àã¯¯  G∗ ï¢«ï¥âáï πc-£àã¯¯®©.

� â®¬ á«ãç ¥, ª®£¤  £àã¯¯  G ï¢«ï¥âáï ª®¥ç® ¯®à®¦¤¥®©  ¡¥-
«¥¢®©, à ¢®á¨«ì®áâì ãâ¢¥à¦¤¥¨© (2) ¨ (3) ¢ëâ¥ª ¥â ¨§ à¥§ã«ìâ â®¢
à ¡®â [2] ¨ [7]. � ¢®á¨«ì®áâì ãâ¢¥à¦¤¥¨© (1) ¨ (2) ¤ ¥â ¢ íâ®¬ á«ã-
ç ¥ ªà¨â¥à¨© ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ HNN -à áè¨à¥¨ï, ®â-
«¨çë© ®â ã¯®¬ïãâ®£® ¢ëè¥ ªà¨â¥à¨ï ¨§ à ¡®âë [2]. �®¦® ¯à¥¤¯®-
«®¦¨âì, çâ® ¢ àï¤¥ á«ãç ¥¢ ¯à¨¬¥¥¨¥ ªà¨â¥à¨ï, ãª § ®£® §¤¥áì,
®ª §ë¢ ¥âáï ¡®«¥¥ ¯à¥¤¯®çâ¨â¥«ìë¬.

� ¯à¨¬¥à, ¯ãáâì G | á¢®¡®¤ ï  ¡¥«¥¢  £àã¯¯  á ¡ §®©
a1, a2, . . . , an, ¥¥ ¯®¤£àã¯¯ë A ¨ B ¯®à®¦¤ îâáï á¨áâ¥¬ ¬¨ í«¥¬¥â®¢

ap1
1 , ap2

2 , . . . apr
r ¨ aq1

1 , aq2
2 , . . . aqr

r

á®®â¢¥âáâ¢¥®, £¤¥ pi ¨ qi | ¥ã«¥¢ë¥ æ¥«ë¥ ç¨á«  ¨ r 6 n, ¨
¨§®¬®àä¨§¬ ϕ ¯®¤£àã¯¯ë A   ¯®¤£àã¯¯ã B ®¯à¥¤¥«ï¥âáï ®â®¡à -
¦¥¨¥¬ api

i 7→ aqi

i (i = 1, 2, . . . , r). �à¥¤¯®«®¦¨¬ ¥é¥, çâ® A 6= G ¨
B 6= G (â. ¥. ¯à¨ r = n ¤«ï ¥ª®â®àëå i ¨ j ¢ë¯®«¥ë ¥à ¢¥áâ¢ 
|pi| > 1 ¨ |qj | > 1). �«¥¤áâ¢¨¥ 3 ¨§ à ¡®âë [2] ãâ¢¥à¦¤ ¥â, çâ® £àã¯¯ 
G∗ ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¢á¥å
i = 1, 2, . . . , r |pi| = |qi|.

�«ï ¢ë¢®¤  íâ®£® à¥§ã«ìâ â  ¨§ ãª § ®£® §¤¥áì ªà¨â¥à¨ï § ¯¨-
è¥¬ ç¨á«  pi ¨ qi ¢ ¢¨¤¥ pi = uidi ¨ qi = vidi, £¤¥ di |  ¨¡®«ìè¨©
®¡é¨© ¤¥«¨â¥«ì ç¨á¥« pi ¨ qi (i = 1, 2, . . . , r). �¥¯®áà¥¤áâ¢¥ ï ¨-
¤ãªæ¨ï ¯®ª §ë¢ ¥â, çâ® ¤«ï «î¡®£® k > 0 ¯®¤£àã¯¯ë Uk ¨ Vk ¯®à®¦-
¤ îâáï á¨áâ¥¬ ¬¨ í«¥¬¥â®¢

a
u1vk

1 d1
1 , a

u2vk
2 d2

2 , . . . a
urvk

r dr
r ¨ a

vk+1
1 d1

1 , a
vk+1
2 d2

2 , . . . a
vk+1

r dr
r

á®®â¢¥âáâ¢¥®. �®íâ®¬ã à ¢¥áâ¢® Un = Vn à ¢®á¨«ì® á¨áâ¥¬¥ à -
¢¥áâ¢ |uiv

n
i di| = |vn+1

i di| (i = 1, 2, . . . , r), çâ® ¨ ¤ ¥â âà¥¡ã¥¬®¥ ãâ¢¥à-
¦¤¥¨¥.

�®ª § â¥«ìáâ¢  â¥®à¥¬ 1 ¨ 2 ®á®¢ ë   ¯à¥¤« £ ¥¬®¬ §¤¥áì ¬¥-
â®¤¥, ª®â®àë© ¬®¦®  §¢ âì ¬¥â®¤®¬ á¯ãáª  ¨ ¯®¤ê¥¬  á®¢¬¥áâ¨-
¬ëå ¯®¤£àã¯¯. �ãâì íâ®£® ¬¥â®¤  á®áâ®¨â ¢ â®¬, çâ® ¥á«¨ G | ¥ª®-
â®à ï £àã¯¯  á ¯®¤£àã¯¯ ¬¨ A ¨ B ¨ ¨§®¬®àä¨§¬®¬ ϕ : A → B ¨
¥á«¨ U = A ∩ B ¨ V = Uϕ, â® ¨â¥à¥áãîé¨¥  á á¢®©áâ¢  á¥¬¥©-
áâ¢  ¢á¥å (A, B,ϕ)-á®¢¬¥áâ¨¬ëå ®à¬ «ìëå ¯®¤£àã¯¯ ª®¥ç®£® ¨-
¤¥ªá  £àã¯¯ë G  á«¥¤ãîâáï á¥¬¥©áâ¢®¬ ¢á¥å (U, V, ϕ)-á®¢¬¥áâ¨¬ëå
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®à¬ «ìëå ¯®¤£àã¯¯ ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë B,   ¯à¨ ¥ª®â®-
àëå ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®¦¥¨ïå ¬®¦® ¤®ª § âì ¨ ®¡à â®¥.
�¥â «¨ ¨§«®¦¥ë ¢ § 3.

§ 2. �à¥¤¢ à¨â¥«ìë¥ § ¬¥ç ¨ï
� íâ®¬ ¯ à £à ä¥  ¯®¬¨ îâáï ®á®¢ë¥ ¯®ïâ¨ï, «¥¦ é¨¥ ¢

®á®¢¥ ¬¥â®¤¨ª¨, ã¯®¬¨ ¢è¥©áï ¢ § 1, ¨ ¯à¨¢®¤ïâáï ¥ª®â®àë¥ ¯à¥¤-
¢ à¨â¥«ìë¥ à¥§ã«ìâ âë.

�ãáâì G | ¥ª®â®à ï £àã¯¯ , A ¨ B | ¨§®¬®àäë¥ ¯®¤£àã¯¯ë
£àã¯¯ë G ¨ ϕ : A → B | ¨§®¬®àä¨§¬. �®¤£àã¯¯  H £àã¯¯ë G  §ë-
¢ ¥âáï (A, B,ϕ)-á®¢¬¥áâ¨¬®©, ¥á«¨ (A ∩H)ϕ = B ∩H. �¥£ª® ¢¨¤¥âì,
çâ® ¥á«¨ H | ®à¬ «ì ï (A, B,ϕ)-á®¢¬¥áâ¨¬ ï ¯®¤£àã¯¯  £àã¯¯ë
G, â® ®â®¡à ¦¥¨¥ ϕ

H
: AH/H → BH/H, (ª®àà¥ªâ®) ®¯à¥¤¥«ï¥-

¬®¥ ¯à ¢¨«®¬ (aH)ϕ
H

= (aϕ)H (£¤¥ a ∈ A), ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬
¯®¤£àã¯¯ë AH/H ä ªâ®à-£àã¯¯ë G/H   ¥¥ ¯®¤£àã¯¯ã BH/H. �®-
íâ®¬ã  àï¤ã á HNN -à áè¨à¥¨¥¬ G∗ = (G, t; t−1At = B, ϕ) £àã¯¯ë
G ¬®¦® ¯®áâà®¨âì HNN -à áè¨à¥¨¥

G∗H = (G/H, t; t−1AH/H t = BH/H, ϕ
H

)
£àã¯¯ë G/H. �ç¥¢¨¤®, çâ® ¥áâ¥áâ¢¥ë© £®¬®¬®àä¨§¬ £àã¯¯ë G
  ä ªâ®à-£àã¯¯ã G/H ¬®¦¥â ¡ëâì ¯à®¤®«¦¥ ¤® £®¬®¬®àä¨§¬  ρH

£àã¯¯ë G∗   £àã¯¯ã G∗H (¯¥à¥¢®¤ïé¥£® t ¢ t).
� ¯®¬¨¬ ¥é¥, çâ® á¥¬¥©áâ¢® N ®à¬ «ìëå ¯®¤£àã¯¯ ¥ª®â®-

à®© £àã¯¯ë G  §ë¢ ¥âáï ä¨«ìâà æ¨¥©, ¥á«¨ ¯¥à¥á¥ç¥¨¥ ¢á¥å ¯®¤-
£àã¯¯ íâ®£® á¥¬¥©áâ¢  á®¢¯ ¤ ¥â á ¥¤¨¨ç®© ¯®¤£àã¯¯®©. �á«¨ A
| ¯®¤£àã¯¯  £àã¯¯ë G, â® ä¨«ìâà æ¨ï N  §ë¢ ¥âáï A-ä¨«ìâà -
æ¨¥©, ¥á«¨ ¤«ï «î¡®£® í«¥¬¥â  g ∈ G, ¥ ¯à¨ ¤«¥¦ é¥£® ¯®¤-
£àã¯¯¥ A,  ©¤¥âáï ¯®¤£àã¯¯  N ∈ N â ª ï, çâ® g /∈ AN . �á«¨ A
¨ B | ¤¢¥ ¯®¤£àã¯¯ë £àã¯¯ë G, â® ä¨«ìâà æ¨î N ¡ã¤¥¬  §ë¢ âì
(A,B)-ä¨«ìâà æ¨¥©, ¥á«¨ ®  ®¤®¢à¥¬¥® ï¢«ï¥âáï ¨ A-ä¨«ìâà -
æ¨¥©, ¨ B-ä¨«ìâà æ¨¥©.

�ãáâì FG(A,B, ϕ) ®¡®§ ç ¥â á¥¬¥©áâ¢® ¢á¥å (A, B,ϕ)-á®¢¬¥áâ¨-
¬ëå ®à¬ «ìëå ¯®¤£àã¯¯ ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë G. �«¥¤ãîé¥¥
ãâ¢¥à¦¤¥¨¥ å®à®è® ¨§¢¥áâ® (á¬.,  ¯à., [3, 5]):

�à¥¤«®¦¥¨¥ 1. �ãáâì G | ¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤-
£àã¯¯ë £àã¯¯ë G ¨ ϕ : A → B | ¨§®¬®àä¨§¬. �ãáâì

G∗ = (G, t; t−1At = B, ϕ)
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| HNN -à áè¨à¥¨¥ £àã¯¯ë G. �®£¤ 
(1) ¥á«¨ £àã¯¯  G∗ ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ , â® á¥¬¥©áâ¢®

FG(A,B, ϕ) ï¢«ï¥âáï ä¨«ìâà æ¨¥©;
(2) ¥á«¨ á¥¬¥©áâ¢® FG(A,B, ϕ) ï¢«ï¥âáï (A, B)-ä¨«ìâà æ¨¥©,

â® £àã¯¯  G∗ ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ ;
(3) ¥á«¨ A ¨ B | á®¡áâ¢¥ë¥ æ¥âà «ìë¥ ¯®¤£àã¯¯ë £àã¯-

¯ë G, â® £àã¯¯  G∗ ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬  â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  á¥¬¥©áâ¢® FG(A,B, ϕ) ï¢«ï¥âáï
(A,B)-ä¨«ìâà æ¨¥©.

� ¬ ¯® ¤®¡ïâáï ¥é¥ ¤¢  ãâ¢¥à¦¤¥¨ï, á¢ï§ ë¥ á® á¢®©áâ¢ ¬¨
á¥¬¥©áâ¢  FG(A,B, ϕ).

�à¥¤«®¦¥¨¥ 2. �ãáâì G | ¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤-
£àã¯¯ë £àã¯¯ë G ¨ ϕ : A → B | ¨§®¬®àä¨§¬. �á«¨ ¯®¤£àã¯¯  A
á®¤¥à¦¨âáï ¢ ¯®¤£àã¯¯¥ B ¨ á¥¬¥©áâ¢® FG(A,B, ϕ) ï¢«ï¥âáï A-
ä¨«ìâà æ¨¥©, â® A = B.

� á ¬®¬ ¤¥«¥, à ááã¦¤ ï ®â ¯à®â¨¢®£®, ¯à¥¤¯®«®¦¨¬ áãé¥áâ¢®-
¢ ¨¥ í«¥¬¥â  b ∈ B, ¥ ¯à¨ ¤«¥¦ é¥£® ¯®¤£àã¯¯¥ A. �® ãá«®¢¨î
 ©¤¥âáï â ª ï ¯®¤£àã¯¯  H ∈ FG(A, B,ϕ), çâ® b /∈ AH, ¨ ¯®â®¬ã
í«¥¬¥â bH ä ªâ®à-£àã¯¯ë G/H ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ BH/H ¨
¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ AH/H. � ¤àã£®© áâ®à®ë, ¯®áª®«ìªã ¯®¤-
£àã¯¯ë AH/H ¨ BH/H ª®¥çë ¨ ¨§®¬®àäë ¨ AH/H 6 BH/H, ¬ë
¤®«¦ë ¨¬¥âì AH/H = BH/H.

�á«¨ ¯®¯à¥¦¥¬ã A ¨ B | ¯®¤£àã¯¯ë ¥ª®â®à®© £àã¯¯ë G ¨ ϕ
| ¨§®¬®àä¨§¬ ¬¥¦¤ã ¨¬¨, á¨¬¢®«®¬ HG(A,B, ϕ) ¡ã¤¥¬ ®¡®§ ç âì
 ¨¡®«ìèãî ¨§ ¯®¤£àã¯¯ H £àã¯¯ë G â ª¨å, çâ® Hϕ = H. (�ãé¥-
áâ¢®¢ ¨¥ â ª®© ¯®¤£àã¯¯ë á«¥¤ã¥â ¨§ «¥¬¬ë �®à , ® ¬®¦¥â ¡ëâì
ãáâ ®¢«¥® (á¬. [2]) ¨ ¥¯®áà¥¤áâ¢¥ë¬ ¯®áâà®¥¨¥¬.)

�à¥¤«®¦¥¨¥ 3. �ãáâì G | ¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤-
£àã¯¯ë £àã¯¯ë G ¨ ϕ : A → B | ¨§®¬®àä¨§¬. �á«¨ ®¡¥ ¯®¤£àã¯¯ë
A ¨ B ¨¬¥îâ ª®¥çë© ¨¤¥ªá ¢ £àã¯¯¥ G ¨ á¥¬¥©áâ¢® FG(A,B, ϕ)
ï¢«ï¥âáï (A,B)-ä¨«ìâà æ¨¥©, â® ¨¤¥ªá ¯®¤£àã¯¯ë HG(A,B, ϕ) ¢
£àã¯¯¥ G â ª¦¥ ª®¥ç¥.

�¥©áâ¢¨â¥«ì®, ¯® ãá«®¢¨î ¤«ï «î¡®£® í«¥¬¥â  g ∈ G, ¥ ¯à¨-
 ¤«¥¦ é¥£® ¯®¤£àã¯¯¥ A ¨«¨ ¯®¤£àã¯¯¥ B,  ©¤¥âáï ¯®¤£àã¯¯ 
M ∈ FG(A,B, ϕ) â ª ï, çâ® g /∈ AM ¨«¨ g /∈ BM á®®â¢¥âáâ¢¥®.
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�â® ®§ ç ¥â, çâ® á¬¥¦ë© ª« áá gA ¨«¨ á¬¥¦ë© ª« áá gB ¥
¨¬¥¥â ®¡é¨å í«¥¬¥â®¢ á ¯®¤£àã¯¯®© M . �®áª®«ìªã ¯®¤£àã¯¯ë A
¨ B ¨¬¥îâ ª®¥çë© ¨¤¥ªá ¢ £àã¯¯¥ G ¨ á¥¬¥©áâ¢® FG(A,B, ϕ)
§ ¬ªãâ® ®â®á¨â¥«ì® ª®¥çëå ¯¥à¥á¥ç¥¨©, ®âáî¤  á«¥¤ã¥â áã-
é¥áâ¢®¢ ¨¥ â ª®© ¯®¤£àã¯¯ë M ∈ FG(A,B, ϕ), ª®â®à ï ¥ ¨¬¥¥â
®¡é¨å í«¥¬¥â®¢ á ª ¦¤ë¬ á¬¥¦ë¬ ª« áá®¬ ¯® ¯®¤£àã¯¯¥ A, ®â-
«¨çë¬ ®â A, ¨ á ª ¦¤ë¬ á¬¥¦ë¬ ª« áá®¬ ¯® ¯®¤£àã¯¯¥ B, ®â-
«¨çë¬ ®â B, ¨ ¯®â®¬ã «¥¦¨â ¢ ¯¥à¥á¥ç¥¨¨ A ∩ B. �«¥¤®¢ â¥«ì®,
Mϕ = (A∩M)ϕ = B∩M = M , â ª çâ® ¯®¤£àã¯¯  HG(A, B,ϕ) á®¤¥à-
¦¨â M ¨ ¯®â®¬ã ¨¬¥¥â ª®¥çë© ¨¤¥ªá ¢ £àã¯¯¥ G.

§ 3. �¯ãáª ¨ ¯®¤ê¥¬ á®¢¬¥áâ¨¬ëå ¯®¤£àã¯¯

�ãáâì, ª ª ¨ ¢ëè¥, G | ¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤£àã¯¯ë
£àã¯¯ë G ¨ ϕ : A → B | ¨§®¬®àä¨§¬. �ãáâì U = A ∩ B ¨ V = Uϕ.
� ª¨¬ ®¡à §®¬, U ¨ V | ¯®¤£àã¯¯ë £àã¯¯ë B, ¨ ϕ | ¨§®¬®àä¨§¬
¯®¤£àã¯¯ë U   ¯®¤£àã¯¯ã V (§¤¥áì ¨ ¨¦¥ ®£à ¨ç¥¨¥ ®â®¡à ¦¥-
¨ï ϕ   ¯à®¨§¢®«ìãî ¯®¤£àã¯¯ã £àã¯¯ë A ®¡®§ ç ¥âáï â¥¬ ¦¥
á¨¬¢®«®¬ ϕ). � íâ®¬ ¯ à £à ä¥ ¡ã¤¥â ¯®ª § ®, çâ® ¯à¨ ®¯à¥¤¥«¥-
ëå ®£à ¨ç¥¨ïå á¥¬¥©áâ¢  FG(A,B,ϕ) ¨ FB(U, V, ϕ) ¥ª®â®àë¬¨
á¢®©áâ¢ ¬¨ ®¡« ¤ îâ ®¤®¢à¥¬¥®. � á ¬®¬ ®¡é¥¬ á«ãç ¥ ¨¬¥¥â
¬¥áâ®

�à¥¤«®¦¥¨¥ 4. �«ï «î¡®© ¯®¤£àã¯¯ë H ∈ FG(A, B,ϕ) ¯®¤-
£àã¯¯  D = B ∩H ¯à¨ ¤«¥¦¨â á¥¬¥©áâ¢ã FB(U, V, ϕ).

�á«¨ á¥¬¥©áâ¢® FG(A, B,ϕ) ï¢«ï¥âáï ä¨«ìâà æ¨¥© ((A,B)-ä¨«ì-
âà æ¨¥©), â® á¥¬¥©áâ¢® FB(U, V, ϕ) â ª¦¥ ï¢«ï¥âáï ä¨«ìâà æ¨¥©
(á®®â¢¥âáâ¢¥®, (U, V )-ä¨«ìâà æ¨¥©).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ á ç « , çâ® ¥á«¨ ¯®¤£àã¯¯  H £àã¯-
¯ë G ¯à¨ ¤«¥¦¨â á¥¬¥©áâ¢ã FG(A,B, ϕ), â® ¯®¤£àã¯¯  D = B ∩H
«¥¦¨â ¢ á¥¬¥©áâ¢¥ FB(U, V, ϕ). �¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã

U ∩D = U ∩ (B ∩H) = U ∩H = U ∩ (A ∩H),

â® ¨á¯®«ì§ãï ¨ê¥ªâ¨¢®áâì ®â®¡à ¦¥¨ï ϕ ¨ à ¢¥áâ¢® (A ∩H)ϕ =
B ∩H, ¯®«ãç ¥¬

(U ∩D)ϕ = (U ∩ (A ∩H))ϕ = Uϕ ∩ (A ∩H)ϕ = V ∩ (B ∩H) = V ∩D.
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�á«¨ á¥¬¥©áâ¢® FG(A,B,ϕ) ï¢«ï¥âáï ä¨«ìâà æ¨¥©, â® ¤«ï «î¡®£®
í«¥¬¥â  b ∈ B, ®â«¨ç®£® ®â 1,  ©¤¥âáï ¯®¤£àã¯¯  H ∈ FG(A,B, ϕ),
¥ á®¤¥à¦ é ï íâ®£® í«¥¬¥â . �®£¤  í«¥¬¥â b ¥ ¢å®¤¨â ¨ ¢ ¯®¤-
£àã¯¯ã D = B ∩ H, ¯à¨ ¤«¥¦ éãî á¥¬¥©áâ¢ã FB(U, V, ϕ), â ª çâ®
íâ® á¥¬¥©áâ¢® â ª¦¥ ï¢«ï¥âáï ä¨«ìâà æ¨¥©.

�ãáâì,  ª®¥æ, á¥¬¥©áâ¢® FG(A,B, ϕ) ï¢«ï¥âáï (A,B)-ä¨«ìâà -
æ¨¥© ¨ í«¥¬¥â b ∈ B ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ U . �®£¤  í«¥¬¥â
b ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã A, ¨ ¯®â®¬ã ¤«ï ¯®¤å®¤ïé¥© ¯®¤£àã¯¯ë
H ∈ FG(A,B,ϕ) ¯®¤£àã¯¯  AH ¥ á®¤¥à¦¨â b. �á«¨ á®¢  D = B∩H,
â® b ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã UD, ¯®áª®«ìªã UD 6 AH. �á«¨ í«¥¬¥â b
¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ V ¨ b = aϕ, £¤¥ a ∈ A, â® a /∈ U ¨ ¯®â®¬ã
a /∈ B. �ë¡¥à¥¬ ¯®¤£àã¯¯ã H ∈ FG(A, B,ϕ) â ª, çâ®¡ë a /∈ BH. � ª
ª ª ¤«ï D = B ∩H ¨¬¥¥¬

(V D)ϕ−1 = V ϕ−1 · (B ∩H)ϕ−1 = U · (A ∩H) ⊆ BH,

¬ë ¢¨¤¨¬, çâ® b /∈ V D. � ª¨¬ ®¡à §®¬, á¥¬¥©áâ¢® FB(U, V, ϕ) ï¢«ï-
¥âáï (U, V )-ä¨«ìâà æ¨¥©, ¨ ¯à¥¤«®¦¥¨¥ 4 ¤®ª § ®.

�®ª ¦¥¬ ¤ «¥¥, çâ® ¯à¨ ®¯à¥¤¥«¥ëå ®£à ¨ç¥¨ïå   £àã¯¯ã G
¨ ¥¥ ¯®¤£àã¯¯ë A ¨ B á¯à ¢¥¤«¨¢® ¨ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥. �¤¥áì
ã¤®¡® ¢¢¥áâ¨ á«¥¤ãîé¥¥ ¯®ïâ¨¥.

�®¤£àã¯¯ã H £àã¯¯ë G ¡ã¤¥¬  §ë¢ âì ¯®¤ê¥¬®¬ ¯®¤£àã¯¯ë D ∈
FB(U, V, ϕ), ¥á«¨ H ¢å®¤¨â ¢ á¥¬¥©áâ¢® FG(A,B, ϕ) ¨ B ∩H = D.

�à¥¤«®¦¥¨¥ 5. �ãáâì ¯®¤£àã¯¯ë A ¨ B «¥¦ â ¢ æ¥âà¥
£àã¯¯ë G ¨ ¯ãáâì ¢á¥ ¯®¤£àã¯¯ë £àã¯¯ë G, ¯à¨ ¤«¥¦ é¨¥ ¯®¤-
£àã¯¯¥ K = AB ¨ ¨¬¥îé¨¥ ¢ K ª®¥çë© ¨¤¥ªá, ä¨¨â® ®â¤¥-
«¨¬ë ¢ G. �®£¤ 

(1) ¤«ï «î¡®© ¯®¤£àã¯¯ë ¨§ á¥¬¥©áâ¢  FB(U, V, ϕ) áãé¥áâ¢ã¥â
¯®¤ê¥¬;

(2) ¥á«¨ ª ¦¤ ï ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë
B á®¤¥à¦¨â ¥ª®â®àãî ¯®¤£àã¯¯ã ¨§ á¥¬¥©áâ¢  FB(U, V, ϕ),
â® ¨ ª ¦¤ ï ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë
G á®¤¥à¦¨â ¥ª®â®àãî ¯®¤£àã¯¯ã ¨§ á¥¬¥©áâ¢  FG(A,B,ϕ).

�®ª § â¥«ìáâ¢®. �ãáâì D | ¯à®¨§¢®«ì ï ¯®¤£àã¯¯  £àã¯¯ë B,
¯à¨ ¤«¥¦ é ï á¥¬¥©áâ¢ã FB(U, V, ϕ); â ª¨¬ ®¡à §®¬, D ¨¬¥¥â ª®-
¥çë© ¨¤¥ªá ¢ B ¨ (U ∩ D)ϕ = V ∩D. �®£¤  C = Dϕ−1 ï¢«ï¥âáï
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¯®¤£àã¯¯®© ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë A, ¨ ¯®â®¬ã, ª ª «¥£ª® ¢¨¤¥âì,
¯®¤£àã¯¯  CD ¨¬¥¥â ª®¥çë© ¨¤¥ªá ¢ £àã¯¯¥ K = AB. �â¢¥à¦¤ -
¥âáï, çâ®

A ∩ CD = C ¨ B ∩ CD = D.

�¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã ¯®¤£àã¯¯ë U ¨ C «¥¦ â ¢ ¯®¤£àã¯¯¥
A, ¨¬¥¥¬ (U ∩ C)ϕ = Uϕ ∩ Cϕ = V ∩ D = (U ∩ D)ϕ, ®âªã¤  ¢¢¨¤ã
¨ê¥ªâ¨¢®áâ¨ ϕ á«¥¤ã¥â, çâ® U ∩ C = U ∩ D. �á«¨ â¥¯¥àì í«¥¬¥â
g £àã¯¯ë G ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ A ∩ CD, â® g = xy, £¤¥ x ∈ C,
y ∈ D. � ª ª ª í«¥¬¥âë g ¨ x «¥¦ â ¢ ¯®¤£àã¯¯¥ A, â® í«¥¬¥â y
¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥

A ∩D = A ∩B ∩D = U ∩D = U ∩ C,

¨ ¯®â®¬ã g ∈ C, â ª çâ® A ∩ CD ⊆ C. �ª«îç¥¨¥ B ∩ CD ⊆ D
¤®ª §ë¢ ¥âáï   «®£¨ç®, ¨ â ª ª ª ¯à®â¨¢®¯®«®¦ë¥ ¢ª«îç¥¨ï
®ç¥¢¨¤ë, âà¥¡ã¥¬ë¥ à ¢¥áâ¢  ¤®ª § ë.

� ª ª ª ¯® ¯à¥¤¯®«®¦¥¨î ¯®¤£àã¯¯  CD ä¨¨â® ®â¤¥«¨¬  ¢
£àã¯¯¥ G, ä ªâ®à-£àã¯¯  G/CD ï¢«ï¥âáï ä¨¨â®  ¯¯à®ªá¨¬¨àã¥-
¬®©. �¥ ¯®¤£àã¯¯  K/CD ª®¥ç , ¨ ¯®â®¬ã ¢ £àã¯¯¥ G/CD áãé¥-
áâ¢ã¥â ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá  H/CD, ¯¥à¥á¥ç¥¨¥
ª®â®à®© á ¯®¤£àã¯¯®© K/CD âà¨¢¨ «ì®. �«¥¤®¢ â¥«ì®, H | â ª ï
¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë G, çâ® H∩K = CD. �®áª®«ìªã
â®£¤  A∩H = A∩K∩H = A∩CD = C, B∩H = B∩K∩H = B∩CD =
D ¨ Cϕ = D, ¯®¤£àã¯¯  H ¢å®¤¨â ¢ á¥¬¥©áâ¢® FG(A, B,ϕ) ¨, â ª¨¬
®¡à §®¬, ï¢«ï¥âáï ¨áª®¬ë¬ ¯®¤ê¥¬®¬ ¯®¤£àã¯¯ë D.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¯à®¨§¢®«ì ï ®à¬ «ì ï ¯®¤£àã¯¯ 
ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë B á®¤¥à¦¨â å®âï ¡ë ®¤ã ¯®¤£àã¯¯ã ¨§
á¥¬¥©áâ¢  FB(U, V, ϕ). �ãáâì M | ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£®
¨¤¥ªá  £àã¯¯ë G. �®« £ ¥¬ R = A∩M , S = B∩M ¨ T = S∩Rϕ. �®-
£¤  R | ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë A, S ¨ T |
®à¬ «ìë¥ ¯®¤£àã¯¯ë ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë B. �® ¯à¥¤¯®«®-
¦¥¨î  ©¤¥âáï ¯®¤£àã¯¯  D ∈ FB(U, V, ϕ) â ª ï, çâ® D 6 T . �®£¤ 
¯®¤£àã¯¯  C = Dϕ−1 á®¤¥à¦¨âáï ¢ ¯®¤£àã¯¯¥ R ¨ ¯®â®¬ã CD 6 M .
� ç¨â ä ªâ®à-£àã¯¯  G/CD á®¤¥à¦¨â ®à¬ «ìãî ¯®¤£àã¯¯ã ª®-
¥ç®£® ¨¤¥ªá  M/CD. �ç¥¢¨¤® ¯®íâ®¬ã, çâ® ¯®¤£àã¯¯ã H/CD
ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë G/CD, ¯¥à¥á¥ç¥¨¥ ª®â®à®© á ¯®¤£àã¯¯®©
K/CD âà¨¢¨ «ì®, ¬®¦® ¢ë¡à âì â ª, çâ®¡ë H/CD 6 M/CD. �«¥-
¤®¢ â¥«ì®, ¯®¤ê¥¬ H ¯®¤£àã¯¯ë D á®¤¥à¦¨âáï ¢ M , ¨ ¯à¥¤«®¦¥¨¥
¯®«®áâìî ¤®ª § ®.
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�®ª ¦¥¬ â¥¯¥àì ç áâ¨ç®¥ ®¡à é¥¨¥ ¢â®à®£® ãâ¢¥à¦¤¥¨ï ¯à¥¤-
«®¦¥¨ï 4.

�à¥¤«®¦¥¨¥ 6. �ãáâì ¯®¤£àã¯¯ë A ¨ B «¥¦ â ¢ æ¥-
âà¥ £àã¯¯ë G ¨ ¯ãáâì ¢á¥ ¯®¤£àã¯¯ë £àã¯¯ë G, ¯à¨ ¤«¥¦ -
é¨¥ ¯®¤£àã¯¯¥ K = AB ¨ ¨¬¥îé¨¥ ¢ K ª®¥çë© ¨¤¥ªá, ä¨-
¨â® ®â¤¥«¨¬ë ¢ G. �®£¤  ¥á«¨ á¥¬¥©áâ¢® FB(U, V, ϕ) ï¢«ï¥âáï
(U, V )-ä¨«ìâà æ¨¥©, â® á¥¬¥©áâ¢® FG(A, B,ϕ) ï¢«ï¥âáï (A,B)-
ä¨«ìâà æ¨¥©.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® á¥¬¥©áâ¢® FB(U, V, ϕ) ï¢«ï-
¥âáï (U, V )-ä¨«ìâà æ¨¥©. �«ï ¤®ª § â¥«ìáâ¢  áä®à¬ã«¨à®¢ ®£®
ãâ¢¥à¦¤¥¨ï ¤®áâ â®ç® ¯®ª § âì, çâ® ¤«ï «î¡®£® ¥¥¤¨¨ç®£® í«¥-
¬¥â  g ∈ G ¬®¦®  ©â¨ ¯®¤£àã¯¯ã D ¨§ á¥¬¥©áâ¢  FB(U, V, ϕ) ¨
â ª®© ¥¥ ¯®¤ê¥¬ H ∈ FG(A,B, ϕ), çâ® g /∈ H,   ¥á«¨ í«¥¬¥â g ¥
¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ A ¨«¨ ¯®¤£àã¯¯¥ B, â® ¯®¤£àã¯¯ã D ¨ ¥¥
¯®¤ê¥¬ H ¬®¦® ¢ë¡à âì â ª, çâ®¡ë g ¥ ¢å®¤¨« ¢ ¯®¤£àã¯¯ã AH
¨«¨ ¢ ¯®¤£àã¯¯ã BH á®®â¢¥âáâ¢¥®. � áá¬®âà¨¬ ¤«ï íâ®£® á«¥¤ãî-
é¨¥ á«ãç ¨.

�«ãç © 1. �«¥¬¥â g ®â«¨ç¥ ®â 1 ¨ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ U . �®-
áª®«ìªã á¥¬¥©áâ¢® FB(U, V, ϕ) ï¢«ï¥âáï ä¨«ìâà æ¨¥©, ¢ ¥¬  ©¤¥âáï
¥ á®¤¥à¦ é ï íâ®£® í«¥¬¥â  ¯®¤£àã¯¯  D. �ç¥¢¨¤®, çâ® ¯à®¨§-
¢®«ìë© ¯®¤ê¥¬ H íâ®© ¯®¤£àã¯¯ë â ª¦¥ ¥ á®¤¥à¦¨â í«¥¬¥â  g.

�«ãç © 2. �«¥¬¥â g ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ B ¨ ¥ ¢å®¤¨â ¢ ¯®¤-
£àã¯¯ã A. �®£¤  g /∈ U , ¨ ¯®«ì§ãïáì â¥¬, çâ® á¥¬¥©áâ¢® FB(U, V, ϕ)
ï¢«ï¥âáï U -ä¨«ìâà æ¨¥©, ¢ë¡¥à¥¬ ¯®¤£àã¯¯ã D â ª, çâ®¡ë g /∈ UD.
�®ª ¦¥¬, çâ® ¥á«¨ H | ¯®áâà®¥ë© ¢ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥¨ï
5 ¯®¤ê¥¬ ¯®¤£àã¯¯ë D, â® g /∈ AH (¨ â¥¬ ¡®«¥¥, g /∈ H). �¥©áâ¢¨-
â¥«ì®, ¥á«¨ g = ax, £¤¥ a ∈ A ¨ x ∈ H, â® í«¥¬¥â x = a−1g ¯à¨ ¤-
«¥¦¨â ¯®¤£àã¯¯¥ K,   ¯®â®¬ã ¨ ¯®¤£àã¯¯¥ H ∩K = CD (£¤¥, ª ª ¨
¢ëè¥, C = Dϕ−1). �«¥¤®¢ â¥«ì®, x = cd, £¤¥ c ∈ C ¨ d ∈ D, ®âªã¤ 
gd−1 = ac ∈ A, ¨ â ª ª ª gd−1 ∈ B, ¯®«ãç ¥¬ gd−1 ∈ U ¨ g ∈ UD, çâ®
¯à®â¨¢®à¥ç¨â ¢ë¡®àã ¯®¤£àã¯¯ë D.

�«ãç © 3. �«¥¬¥â g ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ A ¨ ¥ ¢å®¤¨â ¢
¯®¤£àã¯¯ã B. � íâ®¬ á«ãç ¥ á®¢  g /∈ U , ¨ ¯®â®¬ã í«¥¬¥â gϕ
£àã¯¯ë B ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã V . �®á¯®«ì§®¢ ¢è¨áì â¥¬, çâ® á¥-
¬¥©áâ¢® FB(U, V, ϕ) ï¢«ï¥âáï V -ä¨«ìâà æ¨¥©, ¢ë¡¥à¥¬ ¯®¤£àã¯¯ã D
â ª, çâ®¡ë gϕ /∈ V D,   ¯®â®¬ã g /∈ UC (£¤¥ ®¯ïâì C = Dϕ−1). �®£¤ 
¤«ï ¯®áâà®¥®£® ¢ ¯à¥¤«®¦¥¨¨ 5 ¯®¤ê¥¬  H ¯®¤£àã¯¯ë D ¡ã¤¥¬
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¨¬¥âì g /∈ BH. �¥©áâ¢¨â¥«ì®, ¥á«¨ g = bx, £¤¥ b ∈ B ¨ x ∈ H, â®
í«¥¬¥â x = gb−1 ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ K,   ¯®â®¬ã ¨ ¯®¤£àã¯¯¥
CD. �«¥¤®¢ â¥«ì®, x = cd, £¤¥ c ∈ C ¨ d ∈ D, ®âªã¤  gc−1 = bd ∈ U
¨ g = (bd)c ∈ UC, | ¯à®â¨¢®à¥ç¨¥.

�«ãç © 4. �«¥¬¥â g ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ K = AB, ® ¥ ¢å®-
¤¨â ¨ ¢ ¯®¤£àã¯¯ã A, ¨ ¢ ¯®¤£àã¯¯ã B. �®£¤  g = ab, £¤¥ a ∈ A,
b ∈ B ¨ ®¡  íâ¨ í«¥¬¥â  ¥ ¯à¨ ¤«¥¦ â ¯®¤£àã¯¯¥ U . �®áª®«ìªã
â®£¤  ¢ £àã¯¯¥ B í«¥¬¥â aϕ ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã V , ¨ ¯®áª®«ìªã
á¥¬¥©áâ¢® FB(U, V, ϕ) § ¬ªãâ® ®â®á¨â¥«ì® ª®¥çëå ¯¥à¥á¥ç¥¨©,
¯®¤£àã¯¯ã D ¨§ íâ®£® á¥¬¥©áâ¢  ¬®¦® ¢ë¡à âì â ª, çâ®¡ë b /∈ UD
¨ aϕ /∈ V D,   ¯®â®¬ã a /∈ UC (£¤¥ C = Dϕ−1). �®ª ¦¥¬, çâ® â®£¤ 
¤«ï ¯®áâà®¥®£® ¢ ¯à¥¤«®¦¥¨¨ 5 ¯®¤ê¥¬  H ¯®¤£àã¯¯ë D ¨ ®¤ 
¨§ ¯®¤£àã¯¯ AH ¨ BH ¥ á®¤¥à¦¨â í«¥¬¥â  g.

� á ¬®¬ ¤¥«¥, ¥á«¨ g = a1x, £¤¥ a1 ∈ A ¨ x ∈ H, â® ¨§ à ¢¥áâ¢ 
ab = a1x á«¥¤ã¥â, çâ® x ∈ K, ¨ ¯®â®¬ã x ∈ H ∩ K = CD. �®íâ®¬ã
x = cd, £¤¥ c ∈ C ¨ d ∈ D, ¨ ¨§ à ¢¥áâ¢  ab = a1cd ¯®«ãç ¥¬ bd−1 =
a−1a1c ∈ U , ®âªã¤  b = (a−1a1c)d ∈ UD, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã
¯®¤£àã¯¯ë D. � «®£¨ç®, ¥á«¨ g = b1x, £¤¥ b1 ∈ B ¨ x ∈ H, â® á®¢ 
¨¬¥¥¬ x ∈ K = CD, ¨ ¨á¯®«ì§ãï â¥ ¦¥ ®¡®§ ç¥¨ï, ¨§ à ¢¥áâ¢ 
ab = b1cd ¯®«ãç ¥¬ á−1a = b−1b1d ∈ U ¨ a = (b−1b1d)c ∈ UC.

�«ãç © 5. �«¥¬¥â g ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ K. �ë¡à ¢ ¯à®¨§-
¢®«ìãî ¯®¤£àã¯¯ã D ¨§ á¥¬¥©áâ¢  FB(U, V, ϕ), à áá¬®âà¨¬ ä ªâ®à-
£àã¯¯ã G/CD, £¤¥ á®¢  C = Dϕ−1. �«¥¬¥â g(CD) íâ®© ä ªâ®à-
£àã¯¯ë ¥ ¯à¨ ¤«¥¦¨â ¥¥ ª®¥ç®© ¯®¤£àã¯¯¥ K/CD, ¨ â ª ª ª
£àã¯¯  G/CD ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ , ®  ®¡« ¤ ¥â ®à¬ «ì®©
¯®¤£àã¯¯®© ª®¥ç®£® ¨¤¥ªá  H/CD, ª®â®à ï âà¨¢¨ «ì® ¯¥à¥á¥ª -
¥âáï á ¯®¤£àã¯¯®© K/CD ¨ ¯® ¬®¤ã«î ª®â®à®© í«¥¬¥â g(CD) ®â«¨-
ç¥ ®â ¢á¥å í«¥¬¥â®¢ íâ®© ¯®¤£àã¯¯ë. �®£¤  H ï¢«ï¥âáï ¯®¤ê¥¬®¬
¯®¤£àã¯¯ë D ¨ í«¥¬¥â g ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ KH,   ¯®â®¬ã
¨ ª ¦¤®© ¨§ ¯®¤£àã¯¯ AH ¨ BH.

�ç¥¢¨¤®, çâ® ãâ¢¥à¦¤¥¨¥, áä®à¬ã«¨à®¢ ®¥ ¢  ç «¥ ¤®ª § -
â¥«ìáâ¢ , á«¥¤ã¥â ¨§ à áá¬®âà¥ëå á«ãç ¥¢, ¨ ¯à¥¤«®¦¥¨¥ 6 ¤®ª -
§ ®.

�áâ¥áâ¢¥ë© ¢®¯à®á ® ¢®§¬®¦®áâ¨ ¯®¤ê¥¬  ä¨«ìâà æ¨¨ ¤ ¦¥
¯à¨ ®£à ¨ç¥¨ïå,  ª« ¤ë¢ ¥¬ëå   £àã¯¯ã G ¨ ¥¥ ¯®¤£àã¯¯ë A ¨
B ãá«®¢¨¥¬ ¯à¥¤«®¦¥¨ï 6, à¥è ¥âáï ®âà¨æ â¥«ì®, ª ª ¯®ª §ë¢ ¥â
á«¥¤ãîé¨© ¯à¨¬¥à.
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�ãáâì A ¨ B | á¢®¡®¤ë¥  ¡¥«¥¢ë £àã¯¯ë á® áç¥âë¬¨ ¡ § ¬¨
a1, a2, . . . ¨ b1, b2, . . . á®®â¢¥âáâ¢¥®, ¨ ¯ãáâì ϕ | ¨§®¬®àä¨§¬ £àã¯¯ë
A   £àã¯¯ã B â ª®©, çâ® aiϕ = bi (i = 1, 2, . . . ). �ãáâì U | ¯®¤£àã¯¯ 
£àã¯¯ë A, ¯®à®¦¤¥ ï í«¥¬¥â ¬¨ a1ak

k, £¤¥ k = 2, 3, . . . , ¨ V |
¯®¤£àã¯¯  £àã¯¯ë B, ¯®à®¦¤¥ ï í«¥¬¥â ¬¨ b1bk

k, £¤¥ k = 2, 3, . . . .
�¡®§ ç¨¬ ç¥à¥§ G ®¡®¡é¥®¥ ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥ £àã¯¯ A ¨ B á
¯®¤£àã¯¯ ¬¨ U ¨ V , ®â®¦¤¥áâ¢«ï¥¬ë¬¨ ®â®á¨â¥«ì® ¨§®¬®àä¨§¬ 
ϕ. � ç¥ £®¢®àï, £àã¯¯  G ï¢«ï¥âáï ä ªâ®à-£àã¯¯®© ¯àï¬®£® ¯à®¨§-
¢¥¤¥¨ï A×B ¯® ¯®¤£àã¯¯¥ N = {u(uϕ)−1|u ∈ U}.

�àã¯¯ë A ¨ B ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢«®¦¨¬ë ¢ £àã¯¯ã G, ¨ ¬ë
¬®¦¥¬ áç¨â âì ¨å ¯®¤£àã¯¯ ¬¨ íâ®© £àã¯¯ë. �à¨ íâ®¬ G = AB ¨
A ∩ B = U = V . �®áª®«ìªã ¢ ¯à®¨§¢®«ì®© £àã¯¯¥ ¢á¥ ¯®¤£àã¯¯ë
ª®¥ç®£® ¨¤¥ªá  ä¨¨â® ®â¤¥«¨¬ë, ¤«ï £àã¯¯ë G ¨ ¥¥ ¯®¤£àã¯¯
A ¨ B á ¨§®¬®àä¨§¬®¬ ϕ ¬¥¦¤ã ¨¬¨ ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï ¯à¥¤-
«®¦¥¨ï 6.

� ª ª ª ¨§®¬®àä¨§¬ ϕ ¤¥©áâ¢ã¥â â®¦¤¥áâ¢¥®   ¯®¤£àã¯¯¥ U =
A∩B, ª ¦¤ ï ¯®¤£àã¯¯  £àã¯¯ë B ï¢«ï¥âáï (U, V, ϕ)-á®¢¬¥áâ¨¬®©, ¨
¨§ ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë B á«¥¤ã¥â, çâ® á¥¬¥©áâ¢®
FB(U, V, ϕ) ï¢«ï¥âáï ä¨«ìâà æ¨¥©. � ¤àã£®© áâ®à®ë, ¨ ®¤® á¥¬¥©-
áâ¢® ¯®¤£àã¯¯ ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë G ¥ ¬®¦¥â ¡ëâì ä¨«ìâà -
æ¨¥©, â ª ª ª íâ  £àã¯¯  ¥ ï¢«ï¥âáï ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬®©. �
á ¬®¬ ¤¥«¥, ¤«ï «î¡®£® ç¨á«  k > 2 ¢ £àã¯¯¥ G ¢ë¯®«¥® à ¢¥áâ¢®
a1ak

k = b1bk
k. � ç¨â ¨§ í«¥¬¥â  g = a1b

−1
1 (®â«¨ç®£® ®â 1, â ª ª ª

a1 ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã U) ¨§¢«¥ª îâáï ª®à¨ «î¡®© áâ¥¯¥¨, â ª
çâ® íâ®â í«¥¬¥â ¯à¨ ¤«¥¦¨â ª ¦¤®© ¯®¤£àã¯¯¥ ª®¥ç®£® ¨¤¥ªá 
£àã¯¯ë G.

§ 4. �®ª § â¥«ìáâ¢® â¥®à¥¬

�ãáâì á®¢  G | ¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤£àã¯¯ë £àã¯¯ë
G ¨ ϕ : A → B | ¨§®¬®àä¨§¬. �®« £ ¥¬ U0 = A, V0 = B, ¨ ¥á«¨
¤«ï ¥ª®â®à®£® k > 0 ¯®¤£àã¯¯ë Uk ¨ Vk ã¦¥ ®¯à¥¤¥«¥ë, ¯®« £ ¥¬
Uk+1 = Uk ∩ Vk ¨ Vk+1 = Uk+1ϕ.

� áâì \â®«ìª® â®£¤ "¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â ¨§ ¯à¥¤-
«®¦¥¨ï 1 ¨ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï:

�à¥¤«®¦¥¨¥ 7. �ãáâì ¯®¤£àã¯¯ë A ¨ B ï¢«ïîâáï ª®¥ç®
¯®à®¦¤¥ë¬¨  ¡¥«¥¢ë¬¨. �á«¨ á¥¬¥©áâ¢® FG(A,B, ϕ) ï¢«ï¥âáï
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(A,B)-ä¨«ìâà æ¨¥©, â® ¤«ï ¥ª®â®à®£® n > 0 ¨¬¥¥â ¬¥áâ® à ¢¥-
áâ¢® Un = Vn.

�®ª § â¥«ìáâ¢®. �ãáâì á¥¬¥©áâ¢® FG(A, B,ϕ) ï¢«ï¥âáï (A,B)-
ä¨«ìâà æ¨¥©. �§ ¯à¥¤«®¦¥¨ï 4 ®ç¥¢¨¤®© ¨¤ãªæ¨¥© á«¥¤ã¥â, çâ®
â®£¤  ¤«ï «î¡®£® k > 0 á¥¬¥©áâ¢® FVk

(Uk+1, Vk+1, ϕ) ï¢«ï¥âáï
(Uk+1, Vk+1)-ä¨«ìâà æ¨¥©.

�®£®¢®à¨¬áï ç¥à¥§ r(X) ®¡®§ ç âì ®¡ëçë© à £  ¡¥«¥¢®© £àã¯-
¯ë X. � ¬¥â¨¬, çâ® ¥á«¨ Y | ¯®¤£àã¯¯  ª®¥ç® ¯®à®¦¤¥®©  ¡¥-
«¥¢®© £àã¯¯ë X, â® r(Y ) 6 r(X) ¨ r(Y ) = r(X) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ¨¤¥ªá ¯®¤£àã¯¯ë Y ¢ £àã¯¯¥ X ª®¥ç¥.

�®áª®«ìªã ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤£àã¯¯ U0, U1, . . . ª®¥ç® ¯®-
à®¦¤¥®©  ¡¥«¥¢®© £àã¯¯ë A ï¢«ï¥âáï ã¡ë¢ îé¥©, â® ¤«ï ¥ª®-
â®à®£® ®¬¥à  m ¤®«¦® ¢ë¯®«ïâìáï à ¢¥áâ¢® r(Um+1) = r(Um).
� ª ª ª ¤«ï ¢á¥å k > 0 ¨¬¥¥¬ Vk = Ukϕ, ®âáî¤  á«¥¤ã¥â, çâ®
r(Um+1) = r(Vm) ¨ r(Vm+1) = r(Vm), â ª çâ® ¯®¤£àã¯¯ë Um+1 ¨
Vm+1 ¨¬¥îâ ª®¥çë© ¨¤¥ªá ¢ £àã¯¯¥ Vm.

�ãáâì H = HG(A,B, ϕ) |  ¨¡®«ìè ï ¯®¤£àã¯¯  £àã¯¯ë G â ª ï,
çâ® Hϕ = H. �¥£ª® ¢¨¤¥âì, çâ® ¤«ï ª ¦¤®£® k > 0 ¨¬¥îâ ¬¥áâ®
¢ª«îç¥¨ï H 6 Uk ¨ H 6 Vk, ¨ ¯®â®¬ã ¯®¤£àã¯¯  HVk

(Uk+1, Vk+1, ϕ)
á®¢¯ ¤ ¥â á H. �§ ¯à¥¤«®¦¥¨ï 3 â¥¯¥àì á«¥¤ã¥â, çâ® ¯®¤£àã¯¯  H
¨¬¥¥â ª®¥çë© ¨¤¥ªá ¢ £àã¯¯¥ Vm,   ¯®â®¬ã ¨ ¢ £àã¯¯¥ Um. � ª
ª ª ¤«ï ¢á¥å k > m á¯à ¢¥¤«¨¢ë ¢ª«îç¥¨ï H 6 Uk 6 Um, ®âáî¤ 
á«¥¤ã¥â, çâ® ¤«ï ¥ª®â®à®£® n > m ¤®«¦® ¢ë¯®«ïâìáï à ¢¥áâ¢®
Un+1 = Un. �®áª®«ìªã Un+1 = Un ∩ Vn, íâ® ®§ ç ¥â, çâ® Un 6 Vn, ¨
¨§ ¯à¥¤«®¦¥¨ï 2 â¥¯¥àì á«¥¤ã¥â, çâ® Un = Vn.

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¤®áâ â®ç® ¤®ª § âì
�à¥¤«®¦¥¨¥ 8. �ãáâì A ¨ B | ª®¥ç® ¯®à®¦¤¥ë¥ æ¥-

âà «ìë¥ ¯®¤£àã¯¯ë £àã¯¯ë G. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® ¢ £àã¯¯¥
G ¢á¥ ¯®¤£àã¯¯ë, «¥¦ é¨¥ ¢ ¯®¤£àã¯¯¥ AB ¨ ¨¬¥îé¨¥ ¢ ¥© ª®-
¥çë© ¨¤¥ªá, ä¨¨â® ®â¤¥«¨¬ë. �á«¨ ¤«ï ¥ª®â®à®£® n > 0
¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® Un = Vn, â® á¥¬¥©áâ¢® FG(A, B,ϕ) ï¢«ï-
¥âáï (A, B)-ä¨«ìâà æ¨¥©.

�¥©áâ¢¨â¥«ì®, ¨§ à ¢¥áâ¢  Un = Vn á«¥¤ã¥â à ¢¥áâ¢® Un+1 =
Vn+1 = Vn, â ª çâ® ®â®¡à ¦¥¨¥ ϕ ï¢«ï¥âáï  ¢â®¬®àä¨§¬®¬ £àã¯¯ë
Vn,   á¥¬¥©áâ¢® FVn(Un+1, Vn+1, ϕ) á®¢¯ ¤ ¥â á á¥¬¥©áâ¢®¬ ¢á¥å ¯®¤-
£àã¯¯ ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë Vn, ¨¢ à¨ âëå ®â®á¨â¥«ì® ϕ.
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� ª ª ª £àã¯¯  Vn ï¢«ï¥âáï  ¡¥«¥¢®© á ª®¥çë¬ ç¨á«®¬ ¯®à®¦¤ î-
é¨å, ®  ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬  ¨ ¢ ª ¦¤®© ¥¥ ¯®¤£àã¯¯¥ ª®¥ç-
®£® ¨¤¥ªá  á®¤¥à¦¨âáï å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  ª®¥ç®£®
¨¤¥ªá . �®íâ®¬ã á¥¬¥©áâ¢® FVn

(Un+1, Vn+1, ϕ) ï¢«ï¥âáï ä¨«ìâà -
æ¨¥© ¨, ®ç¥¢¨¤®, | (Un+1, Vn+1)-ä¨«ìâà æ¨¥©. �áâ ¥âáï § ¬¥â¨âì,
çâ® ¥á«¨ ¤«ï ¥ª®â®à®£® k, 0 6 k 6 n, á¥¬¥©áâ¢® FVk

(Uk+1, Vk+1, ϕ)
ï¢«ï¥âáï (Uk+1, Vk+1)-ä¨«ìâà æ¨¥©, â® ¯®áª®«ìªã ¯à¨ k > 1 £àã¯¯ 
Vk−1  ¡¥«¥¢  á ª®¥çë¬ ç¨á«®¬ ¯®à®¦¤ îé¨å, ¢ á¨«ã ¯à¥¤«®¦¥¨ï
6 á¥¬¥©áâ¢® FVk−1(Uk, Vk, ϕ) (£¤¥ V−1 = G) ï¢«ï¥âáï (Uk, Vk)-ä¨«ìâà -
æ¨¥©.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¯à®¨áå®¤¨â ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¤®-
ª § â¥«ìáâ¢® ¯à¥¤«®¦¥¨ï 8. � á¨«ã â¥®à¥¬ë 1 ä¨¨â ï  ¯¯à®ª-
á¨¬¨àã¥¬®áâì £àã¯¯ë G∗ ®§ ç ¥â, çâ® ¤«ï ¥ª®â®à®£® n > 0 ¨¬¥¥â
¬¥áâ® à ¢¥áâ¢® Un = Vn. � ª â®«ìª® çâ® ¡ë«® ®â¬¥ç¥®, â®£¤  ª ¦-
¤ ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë Vn á®¤¥à¦¨â ¥ª®â®àãî
(Un+1, Vn+1, ϕ)-á®¢¬¥áâ¨¬ãî ¯®¤£àã¯¯ã ª®¥ç®£® ¨¤¥ªá . �áâ ¥âáï
¢®á¯®«ì§®¢ âìáï ¢â®àë¬ ãâ¢¥à¦¤¥¨¥¬ ¯à¥¤«®¦¥¨ï 5.
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