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�§¢¥áâ®, çâ® £àã¯¯  Gk = 〈a, b; a−1ba = bk〉 (k 6= 0)  ¯-
¯à®ªá¨¬¨àã¥¬  ª®¥çë¬¨ p-£àã¯¯ ¬¨ ¢ â®ç®áâ¨ â®£¤ , ª®-
£¤  p ï¢«ï¥âáï ¤¥«¨â¥«¥¬ ç¨á«  k− 1. �¤¥áì ¤®ª § ®, çâ® ¯à¨
k 6= ±1 ¤«ï «î¡®£® ¯à®áâ®£® ç¨á«  p £àã¯¯  Gk ¥ ï¢«ï¥âáï
 ¯¯à®ªá¨¬¨àã¥¬®© ®â®á¨â¥«ì® á®¯àï¦¥®áâ¨ ª®¥çë¬¨ p-
£àã¯¯ ¬¨.

It is known that group Gk = 〈a, b; a−1ba = bk〉 (k 6= 0) is
residually a �nite p-group if and only if p divides the integer k− 1.
We prove here that if k 6= ±1 then for any prime p group Gk is not
conjugacy separable in the class of �nite p-groups.

� ¯®¬¨¬, çâ® ¥á«¨ K | ¥ª®â®àë© ª« áá £àã¯¯, â® £àã¯¯  G  -
§ë¢ ¥âáï K- ¯¯à®ªá¨¬¨àã¥¬®© (K- ¯¯à®ªá¨¬¨àã¥¬®© ®â®á¨â¥«ì®
á®¯àï¦¥®áâ¨), ¥á«¨ ¤«ï «î¡ëå à §«¨çëå (á®®â¢¥âáâ¢¥®, ¥á®-
¯àï¦¥ëå) ¥¥ í«¥¬¥â®¢ a ¨ b áãé¥áâ¢ã¥â â ª®© £®¬®¬®àä¨§¬
£àã¯¯ë G   ¥ª®â®àãî £àã¯¯ã X ¨§ ª« áá  K, çâ® ®¡à §ë íâ¨å í«¥-
¬¥â®¢ à §«¨çë (á®®â¢¥âáâ¢¥®, ¥ á®¯àï¦¥ë ¢ £àã¯¯¥ X). �ãáâì
F ®¡®§ ç ¥â ª« áá ¢á¥å ª®¥çëå £àã¯¯ ¨ ¤«ï ¯à®áâ®£® ç¨á«  p ¯ãáâì
Fp ®¡®§ ç ¥â ª« áá ¢á¥å ª®¥çëå p-£àã¯¯. �ç¥¢¨¤®, çâ® ¢áïª ï F-
¨«¨ Fp- ¯¯à®ªá¨¬¨àã¥¬ ï ®â®á¨â¥«ì® á®¯àï¦¥®áâ¨ £àã¯¯  ï¢-
«ï¥âáï á®®â¢¥âáâ¢¥® F- ¨«¨ Fp- ¯¯à®ªá¨¬¨àã¥¬®©. �§¢¥áâ®, çâ®
ª ¦¤®¥ ¨§ íâ¨å ãâ¢¥à¦¤¥¨© ¥®¡à â¨¬®, ¯à¨ç¥¬ àï¤ à¥§ã«ìâ â®¢
(á¬. [1, 3]) £®¢®à¨â ® â®¬, çâ® á¢®©áâ¢® Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ®â®-
á¨â¥«ì® á®¯àï¦¥®áâ¨ ï¢«ï¥âáï £®à §¤® ¡®«¥¥ ¦¥áâª¨¬ ®£à ¨ç¥-
¨¥¬, ç¥¬ á¢®©áâ¢® F- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ®â®á¨â¥«ì® á®¯àï¦¥-
®áâ¨. �á®¢®© à¥§ã«ìâ â ¤ ®© áâ âì¨ ¬®¦® à áá¬ âà¨¢ âì ª ª
¥é¥ ®¤® ¯®¤â¢¥à¦¤¥¨¥ íâ®£®.
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�«ï ¯à®¨§¢®«ì®£® æ¥«®£® ç¨á«  k 6= 0 á¨¬¢®«®¬ Gk ¡ã¤¥¬ ®¡®-
§ ç âì £àã¯¯ã, § ¤ ¢ ¥¬ãî ¯à¥¤áâ ¢«¥¨¥¬ ¢¨¤  〈a, b; a−1ba = bk〉.
�àã¯¯ë Gk ¢å®¤ïâ ¢ ¨§¢¥áâë© ª« áá £àã¯¯ � ã¬á« £  | �®«¨âíà , ¨
¬®£¨¥ ¨å á¢®©áâ¢  å®à®è® ¨§ãç¥ë. �§¢¥áâ®, ¢ ç áâ®áâ¨, çâ® ¯à®-
¨§¢®«ì ï £àã¯¯  Gk F- ¯¯à®ªá¨¬¨àã¥¬  ®â®á¨â¥«ì® á®¯àï¦¥®-
áâ¨ [6],   â ª¦¥ çâ® ¤«ï «î¡®£® ¯à®áâ®£® ç¨á«  p £àã¯¯  Gk ï¢«ï¥âáï
Fp- ¯¯à®ªá¨¬¨àã¥¬®© ¢ â®ç®áâ¨ â®£¤ , ª®£¤  p ï¢«ï¥âáï ¤¥«¨â¥«¥¬
ç¨á«  k − 1 [5]. �¥¬ ¥ ¬¥¥¥ §¤¥áì ¡ã¤¥â ¤®ª §  

�¥®à¥¬ . �á«¨ ç¨á«® k ®â«¨ç® ®â ±1, â® £àã¯¯  Gk ¥ ï¢«ï-
¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®© ®â®á¨â¥«ì® á®¯àï¦¥®áâ¨ ¨ ¤«ï
ª ª®£® ¯à®áâ®£® ç¨á«  p.

� ¬¥â¨¬, çâ® ¯à¨ k = 1 £àã¯¯  Gk ï¢«ï¥âáï á¢®¡®¤®©  ¡¥«¥¢®© ¨
¯®â®¬ã Fp- ¯¯à®ªá¨¬¨àã¥¬®© (¨, á«¥¤®¢ â¥«ì®, Fp- ¯¯à®ªá¨¬¨àã¥-
¬®© ®â®á¨â¥«ì® á®¯àï¦¥®áâ¨) ¤«ï «î¡®£® ¯à®áâ®£® p. �á«¨ ¦¥
k = −1, â®, ª ª ®â¬¥ç¥® ¢ëè¥, ¤«ï ¥ç¥âëå ¯à®áâëå p £àã¯¯ 
Gk ¥ ï¢«ï¥âáï ã¦¥ Fp- ¯¯à®ªá¨¬¨àã¥¬®© ¨ ¯®â®¬ã ¥ ï¢«ï¥âáï Fp-
 ¯¯à®ªá¨¬¨àã¥¬®© ®â®á¨â¥«ì® á®¯àï¦¥®áâ¨. � ¤àã£®© áâ®à®ë,
£àã¯¯  G−1 á¢¥àåà §à¥è¨¬  ¨ í«¥¬¥âë a2 ¨ b ¯®à®¦¤ îâ ¢ ¥©  ¡¥-
«¥¢ã ®à¬ «ìãî ¯®¤£àã¯¯ã ¡¥§ ªàãç¥¨ï ¨¤¥ªá  2. �«¥¤®¢ â¥«ì®,
¢ á¨«ã â¥®à¥¬ë 1 ¨§ à ¡®âë [1] £àã¯¯  G−1 F2- ¯¯à®ªá¨¬¨àã¥¬  ®â-
®á¨â¥«ì® á®¯àï¦¥®áâ¨.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë  ¬ ¯® ¤®¡ïâáï ãá«®¢¨ï á®¯àï¦¥-
®áâ¨ ¥ª®â®àëå í«¥¬¥â®¢ ¢ £àã¯¯ å Gk ¨ ¢ ª®¥çëå £®¬®¬®àäëå
®¡à § å íâ¨å £àã¯¯.

�à¥¤«®¦¥¨¥ 1. �«¥¬¥âë bm ¨ bn á®¯àï¦¥ë ¢ £àã¯¯¥ Gk â®-
£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨«¨ m = nkt, ¨«¨ n = mkt ¤«ï ¥ª®â®à®£®
t > 0. � ç áâ®áâ¨, ¥á«¨ m ¨ n | à §«¨çë¥ æ¥«ë¥ ç¨á« , ¥ ¤¥«ï-
é¨¥áï   k, â® í«¥¬¥âë bm ¨ bn ¥ á®¯àï¦¥ë ¢ £àã¯¯¥ Gk.

� á ¬®¬ ¤¥«¥, ¥á«¨, áª ¦¥¬, m = nkt, â® a−tbnat = bnkt = bm.
�¡à â®, ¯ãáâì g−1bmg = bn ¤«ï ¥ª®â®à®£® í«¥¬¥â  g ∈ Gk. �®à®è®
¨§¢¥áâ®, çâ® í«¥¬¥â g (ª ª ¨ «î¡®© í«¥¬¥â £àã¯¯ë Gk) ¬®¦¥â
¡ëâì § ¯¨á  ¢ ¢¨¤¥ g = arbqa−s ¤«ï ¯®¤å®¤ïé¨å æ¥«ëå ç¨á¥« r > 0,
s > 0 ¨ q. �¥à¥¯¨áë¢ ï à ¢¥áâ¢® g−1bmg = bn ¢ ¢¨¤¥ b−qa−rbmarbq =
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a−sbnas, ¯®«ãç ¥¬ bmkr = bnks , ®âªã¤  ¢¢¨¤ã ®âáãâáâ¢¨ï ªàãç¥¨ï ¢
£àã¯¯¥ Gk ¨¬¥¥¬ mkr = nks.

�«ï ¯à®¨§¢®«ìëå ¯®«®¦¨â¥«ìëå æ¥«ëå ç¨á¥« r ¨ s, ã¤®¢«¥â¢®-
àïîé¨å áà ¢¥¨î kr ≡ 1 (mod s), ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ £àã¯¯ã
Gk(r, s) = 〈a, b; a−1ba = bk, ar = bs = 1〉. �®à®è® ¨§¢¥áâ® (á¬.,
 ¯à., [4, á. 31]), çâ® £àã¯¯  Gk(r, s) ï¢«ï¥âáï ª®¥ç®© ¯®àï¤ª  rs,
¯®àï¤ª¨ ¥¥ í«¥¬¥â®¢ a ¨ b à ¢ë r ¨ s á®®â¢¥âáâ¢¥® ¨ ¯à®¨§¢®«ì-
ë© ¥¥ í«¥¬¥â ®¤®§ ç® ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ aibj , £¤¥ 0 6 i < r ¨
0 6 j < s. �àã¯¯  Gk(r, s) ï¢«ï¥âáï ä ªâ®à-£àã¯¯®© £àã¯¯ë Gk, ¨
«¥£ª® ¢¨¤¥âì, çâ® ¯à®¨§¢®«ìë© £®¬®¬®àä¨§¬ £àã¯¯ë Gk ¢ ª®¥ç-
ãî £àã¯¯ã ¯à®å®¤¨â ç¥à¥§ ¥áâ¥áâ¢¥ë© £®¬®¬®àä¨§¬ ε £àã¯¯ë Gk

  £àã¯¯ã Gk(r, s): ¥á«¨ ϕ | £®¬®¬®àä¨§¬ £àã¯¯ë Gk ¢ ¥ª®â®àãî
ª®¥çãî £àã¯¯ã X ¨ ç¨á«  r ¨ s ï¢«ïîâáï ¯®àï¤ª ¬¨ í«¥¬¥â®¢ aϕ
¨ bϕ á®®â¢¥âáâ¢¥®, â® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ψ £àã¯¯ë Gk(r, s)
¢ £àã¯¯ã X â ª®©, çâ® ϕ = εψ.

�à¥¤«®¦¥¨¥ 2. �«¥¬¥âë bm ¨ bn á®¯àï¦¥ë ¢ £àã¯¯¥ Gk(r, s)
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áà ¢¥¨¥ mkx ≡ n (mod s) (á ¥¨§-
¢¥áâ®© x) ¨¬¥¥â à¥è¥¨¥.

�à¥¤¯®«®¦¨¬, ¢ á ¬®¬ ¤¥«¥, çâ® g−1bmg = bn ¤«ï ¥ª®â®à®£®
í«¥¬¥â  g ∈ Gk(r, s). � ª ª ª í«¥¬¥â g ¨¬¥¥â ¢¨¤ g = aibj ¤«ï
¯®¤å®¤ïé¨å ¥®âà¨æ â¥«ìëå æ¥«ëå ç¨á¥« i ¨ j, íâ® à ¢¥áâ¢® ¬®-
¦¥â ¡ëâì ¯¥à¥¯¨á ® ¢ ¢¨¤¥ b−ja−ibmaibj = bn, ®âªã¤  ¯®«ãç ¥¬
bmki = bn, ¨ â. ª. ¯®àï¤®ª í«¥¬¥â  b £àã¯¯ë Gk(r, s) à ¢¥ s, ¨¬¥¥¬

mki ≡ n (mod s).

�¡à â®, ¥á«¨ mkt ≡ n (mod s) ¤«ï ¥ª®â®à®£® æ¥«®£® t > 0, â®
a−tbmat = bmkt = bn.

�à¨â¥à¨î á®¯àï¦¥®áâ¨ áâ¥¯¥¥© í«¥¬¥â  b £àã¯¯ë Gk(r, s), ¤®-
áâ ¢«ï¥¬®¬ã ¯à¥¤«®¦¥¨¥¬ 2, ã¤®¡® ¯à¨¤ âì â¥®à¥â¨ª®-£àã¯¯®¢ãî
ä®à¬ã«¨à®¢ªã. � áá¬®âà¨¬ ¤«ï íâ®£® ¬ã«ìâ¨¯«¨ª â¨¢ãî £àã¯¯ã Z∗s
ª®«ìæ  Zs ¢ëç¥â®¢ æ¥«ëå ç¨á¥« ¯® ¬®¤ã«î s. �«ï ¯à®¨§¢®«ì®£® æ¥-
«®£® ç¨á«  n í«¥¬¥â n + sZ ª®«ìæ  Zs ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ n,
¨, ¥á«¨ ç¨á«® n ¢§ ¨¬® ¯à®áâ® á s (¨ ¯®â®¬ã n ï¢«ï¥âáï í«¥¬¥â®¬
£àã¯¯ë Z∗s), N ¡ã¤¥â ®¡®§ ç âì æ¨ª«¨ç¥áªãî ¯®¤£àã¯¯ã £àã¯¯ë Z∗s,
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¯®à®¦¤ ¥¬ãî í«¥¬¥â®¬ n. �®àï¤®ª í«¥¬¥â  n £àã¯¯ë Z∗s  §ë¢ îâ
â ª¦¥ ¯®àï¤ª®¬ ç¨á«  n ¯® ¬®¤ã«î s. �ç¥¢¨¤®, çâ® ¨§ ¯à¥¤«®¦¥¨ï
2 á«¥¤ã¥â

�à¥¤«®¦¥¨¥ 3. �ãáâì ª ¦¤®¥ ¨§ ç¨á¥« m ¨ n ¢§ ¨¬® ¯à®áâ®
á ç¨á«®¬ s. �«¥¬¥âë bm ¨ bn á®¯àï¦¥ë ¢ £àã¯¯¥ Gk(r, s) â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  í«¥¬¥âë m ¨ n £àã¯¯ë Z∗s ¯à¨ ¤«¥¦ â
®¤®¬ã ¨ â®¬ã ¦¥ á¬¥¦®¬ã ª« ááã ¯® ¯®¤£àã¯¯¥ K, ¯®à®¦¤ ¥¬®©
í«¥¬¥â®¬ k.

�¤¥« ë¥ ¢ëè¥ § ¬¥ç ¨ï £®¢®àïâ ® â®¬, çâ® ¤«ï ¤®ª § â¥«ìáâ¢ 
ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë ¤®áâ â®ç® ®£à ¨ç¨âìáï à áá¬®âà¥¨¥¬ «¨èì
â¥å ¯à®áâëå ç¨á¥« p, ª®â®àë¥ ï¢«ïîâáï ¤¥«¨â¥«ï¬¨ ç¨á«  k − 1. �
íâ®¬ á«ãç ¥ ç¨á«® k ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ k = 1+pu, ¨  ¬ ¯® ¤®¡¨âáï
§¤¥áì á«¥¤ãîé¥¥ å®à®è® ¨§¢¥áâ®¥ ¨ «¥£ª® ¯à®¢¥àï¥¬®¥ ãâ¢¥à¦¤¥¨¥
(£¤¥, ª ª ®¡ëç®, (x, y) ®¡®§ ç ¥â  ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ç¨á¥«
x ¨ y):

�à¥¤«®¦¥¨¥ 4. �ãáâì p | ¯à®áâ®¥ ç¨á«® ¨ ¯ãáâì æ¥«®¥ ç¨á«®
k ¨¬¥¥â ¢¨¤ k = 1 + pru, £¤¥ r > 0 ¨ (u, p) = 1. �á«¨ p > 2 ¨«¨ r > 1,
â® ¤«ï «î¡®£® æ¥«®£® ç¨á«  t > 0 kpt = 1 + pr+tv ¤«ï ¯®¤å®¤ïé¥£®
æ¥«®£® v, ¢§ ¨¬® ¯à®áâ®£® á p. � ç áâ®áâ¨, ¯à¨ ãª § ëå ®£à -
¨ç¥¨ïå   p ¨ r ¤«ï «î¡®£® s > r ¯®àï¤®ª í«¥¬¥â  k £àã¯¯ë Z∗ps

à ¢¥ ps−r.
�¥è îéãî à®«ì ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ¨£à ¥â
�à¥¤«®¦¥¨¥ 5. �á«¨ ¯à®áâ®¥ ç¨á«® p ï¢«ï¥âáï ¤¥«¨â¥«¥¬

ç¨á«  k − 1, â® á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:
1) ¯ãáâì p > 2 ¨ k = 1 + pru, £¤¥ r > 0 ¨ (u, p) = 1. �á«¨ ç¨á«  m

¨ n ¥ ¤¥«ïâáï   p ¨ ã¤®¢«¥â¢®àïîâ áà ¢¥¨î m ≡ n (mod pr),
â® ¤«ï «î¡®£® s > 1 ¢ £àã¯¯¥ Z∗ps í«¥¬¥âë m ¨ n ¯à¨ ¤«¥¦ â
®¤®¬ã ¨ â®¬ã ¦¥ á¬¥¦®¬ã ª« ááã ¯® ¯®¤£àã¯¯¥ K, ¯®à®¦¤¥®©
í«¥¬¥â®¬ k;

2) ¯ãáâì p = 2 ¨ k 6= −1, â ª çâ® k2 = 1 + 2ru, £¤¥ r > 2 ¨ ç¨á«®
u ¥ç¥â®. �á«¨ ç¨á«  m ¨ n ¥ç¥âë ¨ ã¤®¢«¥â¢®àïîâ áà ¢¥¨î
m ≡ n (mod 2r), â® ¤«ï «î¡®£® s > 1 ¢ £àã¯¯¥ Z∗2s í«¥¬¥âë m ¨
n ¯à¨ ¤«¥¦ â ®¤®¬ã ¨ â®¬ã ¦¥ á¬¥¦®¬ã ª« ááã ¯® ¯®¤£àã¯¯¥
K, ¯®à®¦¤¥®© í«¥¬¥â®¬ k.
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� ¤®ª § â¥«ìáâ¢¥ íâ®£® ¯à¥¤«®¦¥¨ï ¨á¯®«ì§ã¥âáï å®à®è® ¨§¢¥áâ-
®¥ (á¬.,  ¯à., [2, § 4.1]) ®¯¨á ¨¥ áâà®¥¨ï £àã¯¯ë Z∗ps . �á«¨ p > 2,
â® ¤«ï «î¡®£® s > 1 £àã¯¯  Z∗ps ï¢«ï¥âáï æ¨ª«¨ç¥áª®©, ¯à¨ç¥¬ áãé¥-
áâ¢ã¥â â ª®¥ æ¥«®¥ ç¨á«® l, çâ® ¯à¨ «î¡®¬ s > 1 £àã¯¯  Z∗ps ¯®à®¦-
¤ ¥âáï í«¥¬¥â®¬ l. �á«¨ p = 2, â® ¯à¨ s > 3 £àã¯¯  Z∗2s ï¢«ï¥âáï
¯àï¬ë¬ ¯à®¨§¢¥¤¥¨¥¬ ¯®¤£àã¯¯ë A ¯®àï¤ª  2, ¯®à®¦¤¥®© í«¥-
¬¥â®¬ −1, ¨ æ¨ª«¨ç¥áª®© ¯®¤£àã¯¯ë B ¯®àï¤ª  2s−2, ¯®à®¦¤¥®©
í«¥¬¥â®¬ 5.

�®ª ¦¥¬ á ç «  ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ ¯à¥¤«®¦¥¨ï 5. � ª ª ª ¯à¨
s 6 r ®® ®ç¥¢¨¤®, ¡ã¤¥¬ áç¨â âì, çâ® s > r. �§ ¯à¥¤«®¦¥¨ï 4 â®-
£¤  á«¥¤ã¥â, çâ® ¯®àï¤®ª í«¥¬¥â  k £àã¯¯ë Z∗ps à ¢¥ ps−r. �®àï¤®ª
¯®à®¦¤ îé¥£® l £àã¯¯ë Z∗ps á®¢¯ ¤ ¥â á ¯®àï¤ª®¬ íâ®© £àã¯¯ë, â. ¥.
á ç¨á«®¬ ps−1(p−1). �®íâ®¬ã ¯®àï¤®ª í«¥¬¥â  l

pr−1(p−1) à ¢¥ ps−r,
¨ â. ª. ¢ ª®¥ç®© æ¨ª«¨ç¥áª®© £àã¯¯¥ í«¥¬¥âë ®¤¨ ª®¢®£® ¯®àï¤ª 
¯®à®¦¤ îâ ®¤ã ¨ âã ¦¥ ¯®¤£àã¯¯ã, ¯®¤£àã¯¯  K, ¯®à®¦¤ ¥¬ ï í«¥-
¬¥â®¬ k, ¯®à®¦¤ ¥âáï ¨ í«¥¬¥â®¬ l

pr−1(p−1).
�®áª®«ìªã ª« ááë m ¨ n ï¢«ïîâáï í«¥¬¥â ¬¨ £àã¯¯ë Z∗ps , ¤«ï

¯®¤å®¤ïé¨å ¥®âà¨æ â¥«ìëå ç¨á¥« α ¨ β ¤®«¦ë ¢ë¯®«ïâìáï áà ¢-
¥¨ï

m ≡ lα (mod ps) ¨ n ≡ lβ (mod ps).

� ª ª ª s > r, ®âáî¤  á«¥¤ã¥â, çâ®

m ≡ lα (mod pr) ¨ m ≡ lβ (mod pr),

®âªã¤  ¨ ¨§ ãá«®¢¨ï ¯à¥¤«®¦¥¨ï ¨¬¥¥¬ lα ≡ lβ (mod pr). � á¨«ã
¢ë¡®à  ç¨á«  l ¥£® ¯®àï¤®ª ¯® ¬®¤ã«î pr à ¢¥ pr−1(p− 1). �®íâ®¬ã

α ≡ β (mod pr−1(p− 1)),

¨ ¯®â®¬ã ¢ £àã¯¯¥ Z∗ps í«¥¬¥â m(n)−1 = l
α−β ï¢«ï¥âáï áâ¥¯¥ìî

í«¥¬¥â  l
pr−1(p−1), ¯®à®¦¤ îé¥£® ¯®¤£àã¯¯ã K.

�¥à¥©¤¥¬ â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã ¢â®à®£® ãâ¢¥à¦¤¥¨ï, £¤¥ á®¢ 
¬®¦® ¤®¯®«¨â¥«ì® ¯à¥¤¯®« £ âì, çâ® s > r. �®£¤  s > 3, ¨ ¢
á¨«ã áª § ®£® ¢ëè¥ £àã¯¯  Z∗2s ®¡« ¤ ¥â ¯®¤£àã¯¯®© B ¨¤¥ªá  2,
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ï¢«ïîé¥©áï æ¨ª«¨ç¥áª®© £àã¯¯®© ¯®àï¤ª  2s−2 á ¯®à®¦¤ îé¨¬ 5.
�®áª®«ìªã ª¢ ¤à âë ¢á¥å í«¥¬¥â®¢ £àã¯¯ë Z∗2s ¢å®¤ïâ ¢ ¯®¤£àã¯¯ã
B, ¨¬¥¥¬ k2 = k

2 ∈ B. � á¨«ã ¯à¥¤«®¦¥¨ï 4 ¯®àï¤®ª í«¥¬¥â  k
2

à ¢¥ 2s−r. � ª ª ª ¯®àï¤®ª ¯®à®¦¤ îé¥£® 5 ¯®¤£àã¯¯ë B à ¢¥
2s−2, à ááã¦¤ ï, ª ª ¢ëè¥, ¢¨¤¨¬, çâ® ¯®¤£àã¯¯  K

2, ¯®à®¦¤ ¥¬ ï
í«¥¬¥â®¬ k

2, ¯®à®¦¤ ¥âáï ¨ í«¥¬¥â®¬ 52r−2
.

�®áª®«ìªã ª« ááë m ¨ n ï¢«ïîâáï í«¥¬¥â ¬¨ £àã¯¯ë Z∗2s , ¤«ï
¯®¤å®¤ïé¨å ¥®âà¨æ â¥«ìëå ç¨á¥« α, β, γ ¨ δ ¤®«¦ë ¢ë¯®«ïâìáï
áà ¢¥¨ï

m ≡ (−1)α5β (mod 2s) ¨ n ≡ (−1)γ5δ (mod 2s).

� ª ª ª s > r, ®âáî¤  ¨ ¨§ ãá«®¢¨ï ¯à¥¤«®¦¥¨ï á«¥¤ã¥â, çâ®

(−1)α5β ≡ (−1)γ5δ (mod 2r).

� ãç¥â®¬ ¥à ¢¥áâ¢  r > 3 ¨ áà ¢¥¨ï 5 ≡ 1 (mod 4) ¨¬¥¥¬, ¢ ç áâ-
®áâ¨, (−1)α ≡ (−1)γ (mod 4), â ª çâ® ç¨á«  α ¨ γ ¨¬¥îâ ®¤¨ ª®¢ãî
ç¥â®áâì. �®íâ®¬ã 5β ≡ 5δ (mod 2r), ¨ â. ª. ¯®àï¤®ª ç¨á«  5 ¯® ¬®-
¤ã«î 2r à ¢¥ 2r−2, í«¥¬¥âë m ¨ n áà ¢¨¬ë ¯® ¬®¤ã«î ¯®¤£àã¯¯ë
K

2,   ¯®â®¬ã ¨ ¯® ¬®¤ã«î ¯®¤£àã¯¯ë K.
�à¥¤«®¦¥¨¥ 5 ¤®ª § ®, ¨ ¬ë ¬®¦¥¬ â¥¯¥àì ¤®ª § âì ãâ¢¥à¦¤¥-

¨¥ â¥®à¥¬ë. � ª ã¦¥ ®â¬¥ç «®áì, ¤®áâ â®ç® ¯®ª § âì, çâ® Gk ¥ ï¢-
«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®© ®â®á¨â¥«ì® á®¯àï¦¥®áâ¨ ¤«ï ¯à®-
áâëå ç¨á¥« p, ï¢«ïîé¨åáï ¤¥«¨â¥«¥¬ ç¨á«  k − 1. �ãáâì m = 1 ¨
n = 1+prk, £¤¥ r ï¢«ï¥âáï ¬ ªá¨¬ «ìë¬ ¯®ª § â¥«¥¬ áâ¥¯¥¨ ç¨á« 
p, ¤¥«ïé¥© ç¨á«® k−1, ¥á«¨ p > 2, ¨«¨ ç¨á«® k2−1, ¥á«¨ p = 2. �®£¤  ¢
á¨«ã ¯à¥¤«®¦¥¨ï 1 í«¥¬¥âë bm ¨ bn £àã¯¯ë Gk ¥ á®¯àï¦¥ë ¢ íâ®©
£àã¯¯¥. � ¤àã£®© áâ®à®ë, ¨§ ¯à¥¤«®¦¥¨© 3 ¨ 5 á«¥¤ã¥â, çâ® ®¡à §ë
íâ¨å í«¥¬¥â®¢ ¢ ª ¦¤®© ä ªâ®à-£àã¯¯¥ £àã¯¯ë Gk ¢¨¤  Gk(pt, ps)
á®¯àï¦¥ë. �®áª®«ìªã ¯à®¨§¢®«ìë© £®¬®¬®àä¨§¬ £àã¯¯ë Gk ¢ ª®-
¥çãî p-£àã¯¯ã ¯à®å®¤¨â ç¥à¥§ ¥ª®â®àãî â ªãî £àã¯¯ã, ®¡à §ë
íâ¨å í«¥¬¥â®¢ á®¯àï¦¥ë ¢ ª ¦¤®¬ £®¬®¬®àä®¬ ®¡à §¥ £àã¯¯ë
Gk, ¯à¨ ¤«¥¦ é¥¬ ª« ááã Fp.
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