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. . MoagaBaHCKHUI

OBb AIIIIPOKCMMMWPYEMOCTU OTHOCUTEJIBHO
COIIPA2KEHHOCTU KOHEYHBIMMU p-I'PVYIIIIAMUN
HEKOTOPBIX I'PVIIII C O/IHUM OIIPEJEJIAIOITIINM
COOTHOIIIEHUWUEM

Ussectro, aro rpymma Gy = (a,b; a~'ba = b*) (k # 0) am-
IIPOKCUMUPyeMa KOHEYHBIMH P-TPYIIAMU B TOYHOCTU TOI/IA, KO-
712 p ABJseTcd AenauresneM ducia k — 1. 3mech 10Ka3aHO, 9TO MMPH
k # +1 nns moboro mpoctoro ducaa p rpymnna (G He sIBAsIeTCs
AMMTPOKCUMUPYEMOM OTHOCUTEIBHO COMPSIKEHHOCTH KOHEYHBIMHU P-
IPYIIIAMHA.

It is known that group Gj = (a,b; a tba = b*) (k # 0) is
residually a finite p-group if and only if p divides the integer k£ — 1.
We prove here that if k£ # 41 then for any prime p group Gy, is not
conjugacy separable in the class of finite p-groups.

HamomuamnwMm, uto ecan K — HEKOTOPHBIi Kaacc rpymd, To rpynna G Ha-
3piBaeTCs KC-anmpokcumupyemoii (KC-arnmpoKCUMUPYeMoil OTHOCHTETHHO
COLIPSIZKEHHOCTH ), €CJIU JIJIsi JTFOOBIX PA3IUYHBIX (COOTBETCTBEHHO, HECO-
NPSKEHHBIX) €e 3JIEMEHTOB a W b CyIecrByerT Takoil roMoMopdu3mM
rpynnbl G Ha HEKOTOpYIo rpynmy X u3 Kmacca K, 970 00pas3bl 3TUX 3J1e-
MEHTOB Pa3IndHbl (COOTBETCTBEHHO, HE colpsizkeHbl B rpynne X ). [Tyctb
F obo3Ha"aeT KJ1acC BCeX KOHEYHBIX I'PYIII U JIJI IPOCTOIO YUCIA P IIYCTh
JF, obo3Ha4"aeT Ka1acc BceX KOHeUHbIX p-rpynn. O4ueBuIHO, UTO BeAkasd J-
nnn JFp-alnpoKCUMUPYEMasl OTHOCUTEIBHO CONPSI?KEHHOCTH T'DYIIA, SB-
JFAeTcd COOTBeTCTBeHHO JF- mmm Fp-annpoxcuMupyemoii. V3secrHo, 4To
Kaykj0€ M3 3TUX yTBEPKJIEHUN HEOOPATHMO, HPUYEeM Psiji Pe3yJIbTATOB
(cm. [1, 3]) TOBOPHUT O TOM, ¥TO CBOUCTBO F,-alIPOKCUMHUPYEMOCTH OTHO-
CUTEIBHO COMPSIKEHHOCTH $IBJISIETCS TOPA3/0 0oJiee KECTKUM Or'paHuve-
HUEM, 9YeM CBOMCTBO JF-alIIpOKCUMHUPYEMOCTH OTHOCHUTE/BHO COIPsZKEH-
Hoctu. OCHOBHOIT pe3y/pTaT JAHHON CTaThbU MOYKHO PACCMaTPUBATH KaK
eIre OJTHO TIO/ITBEPIKIeHIe 3TOTO.
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st mpomsBosbHOTO 1esoro uncaa k # 0 cumBomom Gy Oymem 000-
3HAYaTh PYIIY, 33,1aBaeMyIO IpecTaBieHueM Buia (a,b; a~'ba = b¥).
I'pynnbl G BXOgsaT B u3BeCTHLIA Kaace rpyun Baymcnara — Cosmrapa, u
MHOTHE UX CBOMCTBA XOPOIIO M3y4eHbl. I3BeCTHO, B YaCTHOCTH, YTO MPO-
nU3BOJIbHAsA rpynmna Gy F-anlpoKCUMUPyEMa OTHOCHTEIBHO COMPAXKEHHO-
cru [6], a TakzKe 91O s JII0O0r0 IpocToro yucyaa p rpynna Gy saBigercs
Jp-alIpOKCUMUPYEeMOil B TOYHOCTH TOIZ, KOIIa P ABJIAETC Je/uTeseM
qucaa k — 1 [5]. Tem ne menee 31ech Oymer q0Ka3aHa,

Teopema. FEcau wucao k omauvwno om 1, mo epynna Gy He aAéax-
emca Fp-annpoKcumupyemots omHocUmensbHo CONPANCEHHOCTIU HU OAS
KaKx020 NMPocmoz20 “uUcAa p.

3amerum, aro ipu k = 1 rpynna G}, saBiasieTcss cBOOOIHOM abeaeBoil u
oroMy F,-almpoOKCUMHUPYEMOit (1, CIIe0BATEIBHO, JFp-alPOKCHUMUPYe-
MO OTHOCHUTEJIbHO COIPSI?)KEHHOCTH) JIJIsi JIFoOOro mpocroro p. Ecium xe
k = —1, To, KaK OTMEYEeHO BBIIIE, s HEUYETHBLIX MPOCTBHIX P TPYIIa
G, He siBseTCs yiKe JFp-alllPOKCUMUPYEMOIl U TIOTOMY He sIBJISeTCs Jpp-
AIMMIPOKCUMHUPYEMOIl OTHOCUTEIBHO compszkeHHocTH. C Ipyroil ¢cTOpOHSbI,
rpynna G_; cBepxpaspelninMa U 3JeMeHThI a’ 1 b opoKaaioT B Heil abe-
JIeBy HOpMaJbHYIO MOArpyNny 6e3 KpydeHus unaekca 2. CiiegoBaTeabHO,
B cuty Teopembl 1 u3 paborsr [1] rpynma G_; Fa-anmpoKCUMHUpPyeMa, OT-
HOCHUTEJIbHO COIPS?KEHHOCTH.

st moKasarebCTBa TEOPEMbl HAM ITOHA00ATCA YCAOBHUS COIPsIzKEH-
HOCTH HEKOTOPBIX 3JIeMEHTOB B rpynnax GGy ¥ B KOHEYHBIX TOMOMOPMOHBIX
obpa3ax TUX TI'pyIIl.

IIpennoxenne 1. Saemernmo, b™ u b™ conpascenn, 6 epynne G, mo-
20a u moavko moada, x020a uau m = nkt, uaun = mk! daa nexomopozo
t > 0. B wacmmuocmu, ecau m u N — PA3AUNHBLE UEABLE YUCAG, HE 0N~
wueca Ha k, mo asemenmo, b u b" ne conpascenvt 6 epynne Gy.

B camom nese, ecam, ckazkem, m = nk', to a~thnal = bk = pm.
O6parHo, mycTb g~ 1b™¢g = b" n1g HeKOTOpOro sjeMenTa g € G,. Xoporo
U3BECTHO, UTO dJeMeHT ¢ (Kak u Jio0oit amemeHT rpymnmbl Gi) MOXKeT
ObITH 3ammcaH B Buje g = a’ b%a™° mya moaxomdiux mnesibix auces r = 0,
s > 0 u q. IlepermceiBas paseHcTBo g~ 1™ g = b" B BUme b~ %a~"b™a"b? =



s S
a”~%b"a®, momyuaem bR = bk

rpymne Gy umeem mk™ = nk?.

, OTKYJIa BBUJY OTCYTCTBUA KPYYEHUA B

JI1st TPOM3BOJILHBIX HOJIOKUTEAbHBIX LEAbIX YUCEI T U S, yIOBJIETBO-
psrornux cpaBuennto k" = 1 (mod s), BBeJeM B pacCMOTpPEHHE TDYTIITY
Gi(r,s) = (a,b; a='ba = b* a" = b* = 1). Xopomo m3secTHo (cM.,
Hamp., [4, c. 31]), aro rpynna Gy (r,s) saBisgercs KOHEYHOU MOPSIKA TS,
TIOPSIIKY €€ 9JIEMEHTOB @ M b paBHBI ' U § COOTBETCTBEHHO M ITPOU3BOJIb-
HBI ee 3JIEMEHT OJHO3HAYHO IpeicTaBuM B Buge a'b/, rme 0 < i < ru
0 < j < s. pynna Gg(r,s) asasercs dbakrop-rpynmnoit rpynnst Gy, u
JIErKO BHUETb, YTO IIPOU3BOJbHLIA roMoMopdusm rpyuubl G B KOHEY-
HYIO TPYIILY MPOXOANUT Yepe3 eCTeCTBEHHbIH roMoMopdu3M & rpynnbl G,
Ha rpynny Gg(r, s): ecin ¢ — romomopdusm rpynimbl G B HEKOTOPYIO
KOHEYHYIO rpymiy X U 9uCja T U S ABJISIOTCA IMOPAIKAMHU 3JIEMEHTOB G/
u by COOTBETCTBEHHO, TO CyIiecTByer romoMopdusm ¢ rpynmbr G (r, s)
B rpymnmny X Takoii, 9To p = €.

IIpeasmoxenne 2. Saemenmo, b u b conpsaorcenv, 6 epynne Gi(r, s)

mozda u moavko moeda, kKozda cpasnenue mkT = n (mod s) (¢ neus-
secmHOl T ) umeem pewenue.

[TpennomaoKuM, B caMOM Jeje, 9To ¢ 'b™g = b™ ajd HEeKOTOPOro
snementa g € Gi(r,s). Tak kak smemenT ¢ umeer Buj g = a'b! njna
MOIXOISIIINX HEOTPHUIATEIBHBIX IEIbIX YMCeN { U j, 3TO PABEHCTBO MO-
)KeT ObITH mepenucano B Bujge b 7a '0™a't! = bO", oTKyma mosydaem
b™F = b", u T. K. MOpAAOK saeMenTa b rpymmst Gy (r, s) paBeH s, mMeeM

mk'=n (mod s).

O6parno, eciiu mk! = n (mod s) mig Hekoroporo neiaoro t > 0, To
a~thmat = bk = b,

Kpurepuio compsizkeHHOCTH cTeneneii smementa b rpymnmst G (r, ), 10-
CTABJISIEMOMY TPEIJIOKEHNEeM 2, YA0OHO MPUIATh TEOPETUKO-IPYIIIOBYIO
dopmymuposky. PaccMoTpuM 115t 3TOT0 MyJIbTUILIUKATUBHYIO TPYIILY 7%
KOJIbIIA Zg BBIYETOB IIEJIbIX YHCEJ 10 MOYJII0 S. ljist IpOn3BOIBHOIO Iie-
JIOTO 9HuCaa N 3JeMeHT N + sZ Konblla Zg OyneM oDO3HAYAThH depes3 7,
U, €CJIM YUCJIO N B3AWMHO TIPOCTO € S (M IMMOTOMY T2 SIBJISIETCST 9JIEMEHTOM
rpynnst ZF), N 6yaer o603HadaTh NUK/IMYECKYIO IIOAIPYIIIY IPYIIbL Z7,
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MOPOZKTAeMYI0 371eMeHTOM Tv. IIOpsIoK asteMeHTa N TPyNITGI Z; HAa3bIBAIOT
TaK>Ke MOPSIKOM YHUCIa 1 110 MOAYJII0 §. OUeBUIHO, UTO U3 P JIOKEHN
2 caemyer

IIpennoxenune 3. Ilycmo Kaostcdoe u3 wucea m un 83aUMHO NPOCMO
¢ wucaom s. daemenmo, b u b conpascenv. 6 epynne Gi(r,s) mozada
u moavko mozda, koz2da snemenmos T u T 2pynno, L npuHadiesrcam
00HOMY U TOMY diCE CMEANCHOMY Kaaccy no nodzpynne K, nopoocdaemor
anemenmom k.

CrenaHHbIe BBIIIE 3aMeYaHUs TOBOPAT O TOM, UTO JIJIA JI0KA3ATEIbCTBA
YTBEP2KIEHUs TEOPEMbBI JOCTATOYHO OIPAHUIUTHCS PACCMOTPEHUEM JIUIIID
TeX MPOCTBHIX YHUCET P, KOTOPBIE SIBASIOTCS AenauTensiMu dnciaa k — 1. B
9TOM CJIydae 9uc/Io k mpeacTaBuMo B Buae k = 14 pu, 1 HaM ITOHA00UTCS
371€Ch CIEIYIONIEe XOPOIIO H3BECTHOE U JIENKO IIPOBEPSIEMOE YTBEPXKACHIE
(rme, Kak 0ObIYHO, (T, ¥) 0OO3HAYAET HANOOIBINAI OOIIHI AEJTNTENDH TUCeT

T uy):

IIpennoxenne 4. Ilycms p — npocmoe “uUcA0 U NYCMb UEAOE YUCAO
k umeem eud k =1+p"u, eder >0 u (u,p) = 1. Ecaup > 2 usur > 1,
mo 0aa A0b020 uerozo wucaa t > 0 o= 1 + p" Tty dasa nodzrodauezo
Uen020 v, 83aUMHO NPocmozo ¢ p. B wacmmocmu, npu yKazaHHuX 02pa-
HUMEHUALT HG P U T 044 1106020 S = T NOPAJOK saemenma k 2pynnst Ly

pasen p° 7.

Permratoriiyto poJib B 10Ka3aTeIbCTBE TEOPEMbBI UT'DAELT

IIpensoxenne 5. Ecau npocmoe “ucao P ABAACMCA 0CAUMEAEM
wucaa k — 1, mo cnpasedausol caedyrousue ymeeporcoenus:

1) nyemvbp>2uk=1+4+p"u, 2der >0 u (u,p) = 1. Ecau wucaa m
u n He deaames Ha p u ydosaemeopatom cpastenuro m = n (mod p”),
mo das amobozo s = 1 6 epynne L. sremenmu, T u T NPUHADAEHCAT

00HOMY U TOMY dHce CMeRcHoMYy Kaaccy no nodepynne K, noposcdennot
onemenmom k;

2) nyemv p=2 u k # —1, max wmo k* =1+ 2"u, 2de r > 2 u wucao
u nevemno. Ecau wucaa m u n nevemmo, U ydoeaemesopaom cpasHeHuo
m = n (mod 2"), mo daa awbozo s > 1 6 epynne L. sremenmo, M u
T NPUHAOIAEHCAM O0HOMY U MOMY HCE CMENHCHOMY KAACCY NO nodepynne
K, nopooicoennoti aaremenmom k.



B mokazarenbcTBe 3TOrO MpeIIoXKeHUs UCTIOIb3YEeTCsT XOPOIIIO U3BECT-
Hoe (cM., Hamp., [2, §4.1]) onucanue cTpoenns rpynnst Zy.. Eciu p > 2,
TO Ji1s J1000r0 § > 1 rpynna Z,. sABIgeTcsa IUK/IMIeCKOM, IIpuIeM CyIie-
CTBYET TaKOe Iesoe Iuc/o [, 910 npu moboM s > 1 rpymma Z;. nopox-

naercs nemeHToM . Ecom p = 2, To upu s > 3 rpymmna ZLs ABIAETCH
TMPSIMBIM TIPOU3BEIEHNEM MOATPYNIbl A mopsiaka 2, MOpOXKIEHHONH 3J1e-
MEHTOM — 1, U INKJIWYeCKOi MOATPYNILI B mopanka 25~ 2, HOpoxXK IeHHOM
3JIEMEHTOM 5.

JokazkeM cHavdaJ1a IepBoe yTBEPXKIEHHE IIPe/IIoKeHns 9. TaK Kak 1mpu
s < r OHO OYEBUHO, Oy7IeM CUYUTATh, 9TO S > 1. U3 mpemnoxennsa 4 To-

1. * s—r
TJa CJAEAYEeT, 9TO NOPAJOK IEeMEHTa k rpynnbl Z,. paser p° . Ilopsamok

TIOPOZKIATOIMIETO | TPYNIBT Zy: COBHANAET € TIOPSTKOM 3TON TPyTIbI, T. €.

_r—1 1
¢ unciaom p* 1 (p—1). IlosToMy HOPAIOK 3IEMEHTA, e pasen p°~ ",

U T. K. B KOHEYHOI NUKJINYECKOU IPYIIIIe 3JIEMEHThI OMUHAKOBOI'O IIOPAIKA
TTOPOXKIAIOT OTHY W TY K€ TOATPYIITY, ToArpynma K, mopoxkgaeMast dJie-

MeHTOM k, IIOPOXKIAeTCA U SJIEMEHTOM [ .

[TockombKy KTacchl M W M ABAAIOTCS 3JEMEHTaMI TPYTLT Zys, I
TOIXOSANIUX HEOTPUIIATETBHBIX YUCEJT (¢ ¥ 3 TOJXKHBI BBITOJTHITHCS CPAB-
HeHUs

m=1% (modp®) u n=1" (modp®).

Tak Kak s > r, OTCIOZIa CJIETYET, UTO
m=1 (modp”) uw m=1° (modp"),

OTKY/la U W3 yCIOBUA Hpeioxenud umeeM (¢ = [P (mod p"). B cuny
BBIOOPa UuCa | ero nopsAaoK mo mMomymio p” pasen p’ 1 (p — 1). ITosTomy

a=pf (modp ' (p—1)),

* —(=\—1 708
u moToMy B rpymme Zp. snement m(n) - = [ SIBJISIETCS] CTEIEHBIO

-p" " (p—1)

JIEMEHTa [ , IOPOKIAIOIIEr0 MoArpynmy K.

[Tepeiinem Temeph K JOKa3aTEIbCTBY BTOPOTO YTBEPKIEHUS, T/I€ CHOBA,
MOXKHO JIOTIOJTHATEJILHO Mpeanojararb, 94ro s > r. Torma s > 3, u B
CHJIy CKa3aHHOI'O Bblllle I'pyHIa Zs. obiajaer nmoArpyunnoit B unaekca 2,
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ABJATONIEHCA TUKIMIeCKOH TPYIIIOH TmopsaKa 2572 ¢ MOpOKIAIOMNM 5.
ITockoIbKY KBaJIPaThl BCEX JIEMEHTOB I'PYHIIBI Z5s BXOAAT B IMOATPYIIILY

— -2 7.2
B, umeem k? = k° € B. B cuiy upenoxkenus: 4 nopsaok snemMenra k

paern 2°7". Tak Kak MOPSIOK TOPOXKJIAIONIETO o TMOATPYNNIbl B paBeH

. —2
2572 paccyKaas, KaK BBIIIe, BUAAM, 9TO HOArPyIIIIa K, nopoxxgaemast
—2 27‘—

JIEMEHTOM K , TIOPOXKIAETCA U JIEMEHTOM 9

[TockonbKy KJyacchl M W T ABJIAIOTCA 3J€MeHTaMU I'PyNNbl Zs., JIJid
MOAXOMSAIINX HEOTPUIIATEIbHBIX YUCET O, (3, Y U O JOJ2KHBL BBIIOJIHATHCS
CpaBHEHUS

m=(-1)%5" (mod 2°) u n=(-1)75° (mod 2%).
Tak kak s > r, OTCIOZa U M3 YCJIOBUS MPEIJIOKEHHU CAEAYET, ITO
(=1)*5° = (=1)75° (mod 2").

C yderom HepaBeHncTBa r > 3 u cpapHenns 5 = 1 (mod 4) umeem, B gact-
Hoctu, (—1)* = (—1)7 (mod 4), Tak 4TO YKCTA O ¥ Y UMEIOT OJIMHAKOBYTO
wernHocTs. Ilosromy 5° = 5° (mod 27), u T. K. IOPHIOK 4YMCIA 5 O MO-
nyaro 2" pasen 2”2, seMeHThLI T ¥ 7T CPABHUMBI TI0 MOJLYJIIO TIOATPYTITBI

K, a IOTOMY ¥ IO MOJYJIIO HOATPYIIBL K .

[Ipesio:kenune 5 HOKA3aHO, U Mbl MOXKEM TEIIEPh [I0KA3aTh yTBEPKIE-
HHEe TeOpPEMBI. KaK y>Ke 0TME4aJIOCh, JOCTATOYHO IIOKa3aThb, 9YTO Gk HE AB-
ngerca J,-alnpoKCUMUPyeMO#l OTHOCUTENILHO CONPSAXKEHHOCTU JJI TIPO-
CTBIX YHCe] P, saBjidomuxcd geaureaeMm uucaa k — 1. Illyctb m = 1 m
n = 14+p"k, rae r gBjagerca MaKCHUMAJIbHBIM IIOKA3ATE/IEM CTEIIEHH THCIIa,
p, Aenameit uncao k—1, ecom p > 2, wiam wncino k? —1, ecam p = 2. Toraa B
cuny npeayioxkenus 1 amemenTs O™ u b” rpynmbl G He COMPSIKEHbI B ATOI
rpymme. C gpyroii CTOpOHBI, U3 IPEIJIOKEHNH 3 U 5 cjIeayer, 9T0 00pa3bl
STUX 3JEMEHTOB B Kaxk1oil (akrop-rpyune rpyuibl Gy suga Gy (pt, p®)
conpstKeHbl. [IoCKOMBKY TPOn3BOIbHBINH ToMoMopdu3M rpynmsl Gy B KO-
HEYHYIO P-TPYIITY MPOXOJUT Yepe3 HEeKOTOPYIO TaKyIo T'PYIILY, 00pa3bl
9TUX JJIEMEHTOB COIPSI?KEHBI B KaXKIOM I'OMOMOP({QHOM obpase I'pyIIIbl
G, npuHaJIeKameM Kaaccy Fp.
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