
��� 512.543
�. �. �®«¤ ¢ ­áª¨©

� ����������� �������� ���������
������� � ��������� ����������
��������� ������������� �����

�«ï ®¡®¡é¥­­®£® á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï ¤¢ãå £àã¯¯ ¢ â®¬ á«ã-
ç ¥, ª®£¤  ®¡ê¥¤¨­ï¥¬ ï ¯®¤£àã¯¯  «¥¦¨â ¢ æ¥­âà¥ ®¤­®£® ¨§ á¢®¡®¤-
­ëå ¬­®¦¨â¥«¥©,   ¥¥ ¯®¤£àã¯¯ë ª®­¥ç­®£® ¨­¤¥ªá  ¢ íâ®¬ ¬­®¦¨â¥«¥
ä¨­¨â­® ®â¤¥«¨¬ë, ãª § ­ ªà¨â¥à¨© ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ¨
­ ©¤¥­® ¯¥à¥á¥ç¥­¨¥ ¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá .

For generalized free product of two groups the criterion to be residually
�nite is given and the intersection of all normal �nite index subgroups is found
provided the amalgamated subgroup is contained in the center of one of free
factors and any �nite index subgroup of amalgamated subgroup is �nitely
separable in this factor.

�«îç¥¢ë¥ á«®¢ : á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯-
¯ ¬¨, HNN -à áè¨à¥­¨¥ £àã¯¯, ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯ , ä¨­¨â­®
®â¤¥«¨¬ ï ¯®¤£àã¯¯ .

�¢¥¤¥­¨¥. �®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢
�ãáâì σ(G) ®¡®§­ ç ¥â ¯¥à¥á¥ç¥­¨¥ ¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®-

­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G. �ç¥¢¨¤­®, çâ® á®¢¯ ¤¥­¨¥ σ(G) á ¥¤¨­¨ç­®©
¯®¤£àã¯¯®© à ¢­®á¨«ì­® ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G; ¡®«¥¥
â®£®, σ(G) ï¢«ï¥âáï, ª ª «¥£ª® ¢¨¤¥âì, ­ ¨¬¥­ìè¥© ¨§ ­®à¬ «ì­ëå ¯®¤-
£àã¯¯ £àã¯¯ë G, ä ªâ®à-£àã¯¯ë ¯® ª®â®àë¬ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë.

� ¨áá«¥¤®¢ ­¨ïå ¯® ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ ®¡ëç­®
à áá¬ âà¨¢ ¥âáï ¯à®¡«¥¬  ¢ë¤¥«¥­¨ï ¢ ­¥ª®â®à®¬ á¥¬¥©áâ¢¥ £àã¯¯ â¥å
¨§ ­¨å, ª®â®àë¥ ï¢«ïîâáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë¬¨. � ¤ çã ®¯¨á -
­¨ï ¯®¤£àã¯¯ë σ(G) ¯à®¨§¢®«ì­®© £àã¯¯ë G íâ®£® á¥¬¥©áâ¢  ¬®¦­® à á-
á¬ âà¨¢ âì ª ª ¡®«¥¥ ®¡éãî ¯®áâ ­®¢ªã íâ®© ¯à®¡«¥¬ë,   ¢ á«ãç ¥ ¥¥
à¥è¥­¨ï | ª ª ­¥ª®â®à®¥ ¤®¯®«­¨â¥«ì­®¥ ®¡êïá­¥­¨¥ â®£®, ¯®ç¥¬ã ®¤­¨
£àã¯¯ë á¥¬¥©áâ¢  ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë,   ¤àã£¨¥ ­¥â. �à¨ íâ®¬ ¢
àï¤¥ á«ãç ¥¢ ãáâ ­®¢«¥­­ë© ªà¨â¥à¨© ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ¯®-
¬®£ ¥â à¥è¨âì ¨ íâã ¡®«¥¥ ®¡éãî § ¤ çã. �à¨¬¥à®¬, ª®£¤  â ª®¥ ®¡®¡-
é¥­¨¥ ¯®«ãç ¥âáï ¤®áâ â®ç­® ¯à®áâ®, ¬®¦¥â á«ã¦¨âì á¥¬¥©áâ¢® £àã¯¯,
¯®áâà®¥­­ëå ¯à¨ ¯®¬®é¨ ª®­áâàãªæ¨¨ ­¨áå®¤ïé¥£® HNN -à áè¨à¥­¨ï.

� ¯®¬­¨¬, çâ® ¥á«¨ G | ­¥ª®â®à ï £àã¯¯  ¨ ϕ | ¥¥ ¨­ê¥ª-
â¨¢­ë© £®¬®¬®àä¨§¬, â® ­¨áå®¤ïé¨¬ HNN -à áè¨à¥­¨¥¬ £àã¯¯ë G,
á®®â¢¥âáâ¢ãîé¨¬ íâ®¬ã  ¢â®¬®àä¨§¬ã, ­ §ë¢ ¥âáï £àã¯¯  G(ϕ) =(
G, t; t−1gt = gϕ (g ∈ G)

)
, ¯®«ãç¥­­ ï ¯à¨á®¥¤¨­¥­¨¥¬ ª ¯®à®¦¤ îé¨¬
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£àã¯¯ë G í«¥¬¥­â  t,   ª ®¯à¥¤¥«ïîé¨¬ á®®â­®è¥­¨ï¬ £àã¯¯ë G | ¢á¥-
¢®§¬®¦­ëå á®®â­®è¥­¨© ¢¨¤  t−1gt = gϕ, £¤¥ g ∈ G.

�®¤£àã¯¯ã H £àã¯¯ë G ¡ã¤¥¬ ­ §ë¢ âì §¤¥áì ϕ-á®¢¬¥áâ¨¬®©,
¥á«¨ ¢ë¯®«­¥­® à ¢¥­áâ¢® Hϕ = Gϕ ∩ H. �¥âàã¤­® ¢¨¤¥âì, çâ® ¤«ï
­®à¬ «ì­®© ¯®¤£àã¯¯ë H £àã¯¯ë G ãá«®¢¨¥ ϕ-á®¢¬¥áâ¨¬®áâ¨ à ¢­®-
á¨«ì­® â®¬ã, çâ® ¢ ä ªâ®à-£àã¯¯¥ G = G/H ®â®¡à ¦¥­¨¥ ϕ ¨­¤ãæ¨-
àã¥â ¨­ê¥ªâ¨¢­ë© í­¤®¬®àä¨§¬ ϕ (¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã (gH)ϕ =
(gϕ)H), ¨ ¯®â®¬ã ¬®¦­® ¯®áâà®¨âì ­¨áå®¤ïé¥¥ HNN -à áè¨à¥­¨¥ G(ϕ) =(
G, t; t−1(gH)t = (gH)ϕ (gH ∈ G)

)
£àã¯¯ë G. �¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï-

¥âáï â ª¦¥, çâ® ¤«ï «î¡®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë N £àã¯¯ë G(ϕ) ¯®¤-
£àã¯¯  H = G ∩N ï¢«ï¥âáï ϕ-á®¢¬¥áâ¨¬®©.

� à ¡®â¥ [1] ¡ë«® ¤®ª § ­®, çâ® £àã¯¯  G(ϕ) ä¨­¨â­®  ¯¯à®ªá¨-
¬¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯¥à¥á¥ç¥­¨¥ ¢á¥å ϕ-á®¢¬¥áâ¨¬ëå
­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G á®¢¯ ¤ ¥â á ¥¤¨­¨ç-
­®© ¯®¤£àã¯¯®©. � ¯®¬®éìî íâ®£® à¥§ã«ìâ â  ­¥âàã¤­® ¯®ª § âì, çâ® ¯®¤-
£àã¯¯  σ(G(ϕ)) á®¢¯ ¤ ¥â á ­®à¬ «ì­ë¬ § ¬ëª ­¨¥¬ ¢ £àã¯¯¥ G(ϕ) ¯¥à¥-
á¥ç¥­¨ï H ¢á¥å ϕ-á®¢¬¥áâ¨¬ëå ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá 
£àã¯¯ë G.

�¥©áâ¢¨â¥«ì­®, «¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì-
­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G(ϕ), â® G ∩ N ï¢«ï¥âáï ­®à-
¬ «ì­®© ϕ-á®¢¬¥áâ¨¬®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G. �«¥-
¤®¢ â¥«ì­®, ¯®¤£àã¯¯  H á®¤¥à¦¨âáï ¢ ª ¦¤®© ­®à¬ «ì­®© ¯®¤£àã¯¯¥
ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G(ϕ), ¨ íâ® ¤¥« ¥â ¢ª«îç¥­¨¥ ­®à¬ «ì­®£® § -
¬ëª ­¨ï H ¢ ¯®¤£àã¯¯ã σ(G(ϕ)) ®ç¥¢¨¤­ë¬. �«ï ¤®ª § â¥«ìáâ¢  ¯à®â¨-
¢®¯®«®¦­®£® ¢ª«îç¥­¨ï ¤®áâ â®ç­® ãáâ ­®¢¨âì ä¨­¨â­ãî  ¯¯à®ªá¨¬¨àã-
¥¬®áâì ä ªâ®à-£àã¯¯ë £àã¯¯ë G(ϕ) ¯® íâ®¬ã ­®à¬ «ì­®¬ã § ¬ëª ­¨î.

� ª ª ª ¯®¤£àã¯¯  H ï¢«ï¥âáï ϕ-á®¢¬¥áâ¨¬®©, ä ªâ®à-£àã¯¯ 
£àã¯¯ë G(ϕ) ¯® ­®à¬ «ì­®¬ã § ¬ëª ­¨î ¯®¤£àã¯¯ë H ¨§®¬®àä­  ­¨á-
å®¤ïé¥¬ã HNN -à áè¨à¥­¨î G(ϕ) =

(
G, t; t−1(gH)t = (gH)ϕ (gH ∈ G)

)

ä ªâ®à-£àã¯¯ë G = G/H. � á¨«ã ¯à¨¢¥¤¥­­®£® ¢ëè¥ à¥§ã«ìâ â  ¨§ [1] ä¨-
­¨â­ ï  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G(ϕ) ¡ã¤¥â ãáâ ­®¢«¥­ , ª ª â®«ìª®
¬ë ¯®ª ¦¥¬, çâ® ¯¥à¥á¥ç¥­¨¥ ¢á¥å ϕ-á®¢¬¥áâ¨¬ëå ­®à¬ «ì­ëå ¯®¤£àã¯¯
ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G á®¢¯ ¤ ¥â á ¥¤¨­¨ç­®© ¯®¤£àã¯¯®©.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ í«¥¬¥­â gH £àã¯¯ë G ®â«¨ç¥­ ®â ¥¤¨­¨æë, â®
g /∈ H ¨ ¯®â®¬ã g /∈ M ¤«ï ­¥ª®â®à®© ϕ-á®¢¬¥áâ¨¬®© ­®à¬ «ì­®© ¯®¤-
£àã¯¯ë M ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G. �®£¤  í«¥¬¥­â gH ­¥ ¢å®¤¨â ¢
¯®¤£àã¯¯ã M = M/H £àã¯¯ë G. �®áª®«ìªã ¯®¤£àã¯¯  M ï¢«ï¥âáï, ª ª
«¥£ª® ¯à®¢¥à¨âì, ϕ-á®¢¬¥áâ¨¬®©, âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥ ¤®ª § ­®.

�á­®¢­®¥ á®¤¥à¦ ­¨¥ ¤ ­­®© áâ âì¨ ­ ¯à ¢«¥­® ­  à¥è¥­¨¥  ­ «®-
£¨ç­®© § ¤ ç¨ ¤«ï á¥¬¥©áâ¢  £àã¯¯, à §«®¦¨¬ëå ¢ ®¡®¡é¥­­®¥ á¢®¡®¤­®¥
¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ëå £àã¯¯, £¤¥ ®¡ê¥¤¨­ï¥¬ ï
¯®¤£àã¯¯  «¥¦¨â ¢ æ¥­âà¥ ®¤­®£® ¨§ á¢®¡®¤­ëå ¬­®¦¨â¥«¥©,   ¥¥ ¯®¤-
£àã¯¯ë ª®­¥ç­®£® ¨­¤¥ªá  ¢ íâ®¬ ¬­®¦¨â¥«¥ ä¨­¨â­® ®â¤¥«¨¬ë. �¤¥áì
¡ã¤ãâ ¤®ª § ­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:



�¥®à¥¬  1. �ãáâì G =
(
A ∗ B; H = K,ϕ

)
| á¢®¡®¤­®¥ ¯à®¨§¢¥-

¤¥­¨¥ £àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨ H < A ¨ K < B, ®¡ê¥¤¨­¥­­ë¬¨ ¢
á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ : H → K. �à¥¤¯®«®¦¨¬, çâ® £àã¯¯ë
A ¨ B ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë, K ï¢«ï¥âáï æ¥­âà «ì­®© ¯®¤£àã¯¯®©
£àã¯¯ë B ¨ ¢ £àã¯¯¥ B ä¨­¨â­® ®â¤¥«¨¬ë ¢á¥ ¥¥ ¯®¤£àã¯¯ë, «¥¦ é¨¥
¢ K ¨ ¨¬¥îé¨¥ ¢ K ª®­¥ç­ë© ¨­¤¥ªá. �®£¤  £àã¯¯  G ä¨­¨â­®  ¯¯à®ª-
á¨¬¨àã¥¬  ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ¢ £àã¯¯¥ A ¯®¤£àã¯¯  H
ä¨­¨â­® ®â¤¥«¨¬ .

�¥®à¥¬  2. �ãáâì G =
(
A ∗ B; H = K,ϕ

)
| á¢®¡®¤­®¥ ¯à®¨§¢¥-

¤¥­¨¥ £àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨ H < A ¨ K < B, ®¡ê¥¤¨­¥­­ë¬¨ ¢
á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ : H → K. �à¥¤¯®«®¦¨¬, çâ® £àã¯¯ë
A ¨ B ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë, K ï¢«ï¥âáï æ¥­âà «ì­®© ¯®¤£àã¯¯®©
£àã¯¯ë B ¨ ¢ £àã¯¯¥ B ä¨­¨â­® ®â¤¥«¨¬ë ¢á¥ ¥¥ ¯®¤£àã¯¯ë, «¥¦ é¨¥
¢ K ¨ ¨¬¥îé¨¥ ¢ K ª®­¥ç­ë© ¨­¤¥ªá. �ãáâì â ª¦¥ H1 | ¯à®ª®­¥ç-
­®¥ § ¬ëª ­¨¥ ¢ £àã¯¯¥ A ¯®¤£àã¯¯ë H. �®£¤  ¯®¤£àã¯¯  σ(G) á®¢¯ ¤ ¥â
á ­®à¬ «ì­ë¬ § ¬ëª ­¨¥¬ ¢ £àã¯¯¥ G ¢§ ¨¬­®£® ª®¬¬ãâ ­â 

[
H1, B

]
¯®¤£àã¯¯ H1 ¨ B.

� ¯®¬­¨¬, çâ® ¯à®ª®­¥ç­ë¬ § ¬ëª ­¨¥¬ ¢ £àã¯¯¥ Y ¯®¤£àã¯¯ë X
­ §ë¢ ¥âáï ¯¥à¥á¥ç¥­¨¥ ¢á¥å ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë Y , á®-
¤¥à¦ é¨å ¯®¤£àã¯¯ã X, â. ¥. ­ ¨¬¥­ìè ï ¯®¤£àã¯¯  £àã¯¯ë Y , á®¤¥à¦ -
é ï ¯®¤£àã¯¯ã X ¨ ï¢«ïîé ïáï ä¨­¨â­® ®â¤¥«¨¬®©. �¥£ª® ¢¨¤¥âì, çâ®
¢ £àã¯¯¥ G ¢§ ¨¬­ë© ª®¬¬ãâ ­â

[
H1, B

]
¯®¤£àã¯¯ H1 ¨ B á®¢¯ ¤ ¥â á

¥¤¨­¨ç­®© ¯®¤£àã¯¯®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­® à ¢¥­áâ¢®
H1 = H, â. ¥. â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯®¤£àã¯¯  H ä¨­¨â­® ®â¤¥-
«¨¬  ¢ £àã¯¯¥ A. � ª¨¬ ®¡à §®¬, â¥®à¥¬  1 ï¢«ï¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬
á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 2. �¥¬ ­¥ ¬¥­¥¥ ¯à¨¢®¤¨¬®¥ ­¨¦¥ ¤®ª § â¥«ìáâ¢®
â¥®à¥¬ë 2 ¨á¯®«ì§ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1, ¨ ¯®â®¬ã §¤¥áì ¡ã¤¥â ¤ ­®
¯àï¬®¥ ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë.

§ 1. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï
� íâ®¬ ¯ à £à ä¥ ¡ã¤ãâ ¯à¨¢¥¤¥­ë ­¥®¡å®¤¨¬ë¥ ­ ¬ ¯®­ïâ¨ï ¨ ­¥ª®-

â®àë¥ ¯à¥¤¢ à¨â¥«ì­ë¥ à¥§ã«ìâ âë. � ¯®¬­¨¬, ¯à¥¦¤¥ ¢á¥£®, ¤®áâ â®ç-
­®¥ ãá«®¢¨¥ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ®¡®¡é¥­­ëå á¢®¡®¤­ëå ¯à®-
¨§¢¥¤¥­¨© ¨§ à ¡®âë �. � ã¬á« £  [2].

�á«¨ A ¨ B | ­¥ª®â®àë¥ £àã¯¯ë, H 6 A, K 6 B ¨ ϕ : H → K |
¨§®¬®àä¨§¬, â® ¯®¤£àã¯¯ë R 6 A ¨ S 6 B ­ §ë¢ îâáï (H, K, ϕ)-á®¢¬¥á-
â¨¬ë¬¨, ¥á«¨ (H ∩R)ϕ = K ∩ S.

�®£®¢®à¨¬áï â ª¦¥, á«¥¤ãï �. � ã¬á« £ã, á¥¬¥©áâ¢® X ­®à¬ «ì­ëå
¯®¤£àã¯¯ ­¥ª®â®à®© £àã¯¯ë G ­ §ë¢ âì ä¨«ìâà æ¨¥©, ¥á«¨ ¯¥à¥á¥ç¥­¨¥
¢á¥å ¯®¤£àã¯¯ íâ®£® á¥¬¥©áâ¢  á®¢¯ ¤ ¥â á ¥¤¨­¨ç­®© ¯®¤£àã¯¯®©. �á«¨
A | ¯®¤£àã¯¯  £àã¯¯ë G, â® ä¨«ìâà æ¨ï X ­ §ë¢ ¥âáï A-ä¨«ìâà æ¨¥©,
¥á«¨ ¤«ï «î¡®£® í«¥¬¥­â  g ∈ G, ­¥ ¯à¨­ ¤«¥¦ é¥£® ¯®¤£àã¯¯¥ A, ­ ©-
¤¥âáï ¯®¤£àã¯¯  N ∈ X â ª ï, çâ® g /∈ AN . �á«¨ A ¨ B | ¤¢¥ ¯®¤£àã¯¯ë



£àã¯¯ë G, â® ä¨«ìâà æ¨î X ¡ã¤¥¬ ­ §ë¢ âì (A,B)-ä¨«ìâà æ¨¥©, ¥á«¨
®­  ®¤­®¢à¥¬¥­­® ï¢«ï¥âáï ¨ A-ä¨«ìâà æ¨¥©, ¨ B-ä¨«ìâà æ¨¥©.

�¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ (¯à¥¤«®¦¥­¨¥ 2 ¨§ à ¡®âë [2]):

�à¥¤«®¦¥­¨¥ 1. �ãáâì A ¨ B | ­¥ª®â®àë¥ £àã¯¯ë, H | ¯®¤-
£àã¯¯  £àã¯¯ë A, K | ¯®¤£àã¯¯  £àã¯¯ë B ¨ ϕ : H → K | ¨§®¬®àä¨§¬.
�ãáâì {(Rλ, Sλ)}λ∈� | á¥¬¥©áâ¢® ¢á¥å ¯ à (H,K, ϕ)-á®¢¬¥áâ¨¬ëå ­®à-
¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ A ¨ B ¨ ¯ãáâì

G =
(
A ∗B; H = K, ϕ

)

| á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨­¥­-
­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ. �á«¨ á¥¬¥©áâ¢® {Rλ}λ∈� ï¢-
«ï¥âáï H-ä¨«ìâà æ¨¥© ¨ á¥¬¥©áâ¢® {Sλ}λ∈� ï¢«ï¥âáï K-ä¨«ìâà æ¨¥©,
â® £àã¯¯  G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .

� ¬ ¯®­ ¤®¡¨âáï â ª¦¥ ª®­áâàãªæ¨ï ®¡®¡é¥­­®£® ¯àï¬®£® ¯à®¨§¢¥-
¤¥­¨ï £àã¯¯ (á¬., ­ ¯à., [3]).

�ãáâì A ¨ B | ­¥ª®â®àë¥ £àã¯¯ë, H | æ¥­âà «ì­ ï ¯®¤£àã¯¯ 
£àã¯¯ë A, K | æ¥­âà «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë B ¨ ϕ : H → K | ¨§®¬®à-
ä¨§¬ £àã¯¯ë H ­  £àã¯¯ã K. �¡®¡é¥­­ë¬ ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ £àã¯¯
A ¨ B á ¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®à-
ä¨§¬®¬ ϕ, ­ §ë¢ ¥âáï ä ªâ®à-£àã¯¯  C ¯àï¬®£® ¯à®¨§¢¥¤¥­¨ï C = A×B
£àã¯¯ A ¨ B ¯® ¯®¤£àã¯¯¥ N , á®áâ®ïé¥© ¨§ ¢á¥å í«¥¬¥­â®¢ ¢¨¤  h(hϕ)−1,
£¤¥ h ∈ H.

�¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ® ¢ £àã¯¯¥ C ¢ë¯®«­¥­ë à ¢¥­áâ¢ 
A∩N = B∩N = 1 ¨ AN ∩BN = HN = KN . �«¥¤®¢ â¥«ì­®, ®â®¡à ¦¥­¨¥
α : a 7→ aN ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ £àã¯¯ë A ­  ¯®¤£àã¯¯ã A = AN/N
£àã¯¯ë C, ®â®¡à ¦¥­¨¥ β : b 7→ bN ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ £àã¯¯ë B ­ 
¯®¤£àã¯¯ã B = BN/N , ¯®¤£àã¯¯ë H = HN/N ¨ K = KN/N á®¢¯ ¤ îâ
¨ A ∩B = H.

�à¥¤«®¦¥­¨¥ 2. �ãáâì A ¨ B | ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë¥
£àã¯¯ë, H | æ¥­âà «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë A, K | æ¥­âà «ì­ ï ¯®¤-
£àã¯¯  £àã¯¯ë B ¨ ϕ : H → K | ¨§®¬®àä¨§¬ £àã¯¯ë H ­  £àã¯¯ã K.
�ãáâì C | ®¡®¡é¥­­®¥ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨
H ¨ K, ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ. �à¥¤¯®«®-
¦¨¬ â ª¦¥, çâ® ¢ £àã¯¯¥ B ä¨­¨â­® ®â¤¥«¨¬ë ¢á¥ ¥¥ ¯®¤£àã¯¯ë, «¥-
¦ é¨¥ ¢ K ¨ ¨¬¥îé¨¥ ¢ K ª®­¥ç­ë© ¨­¤¥ªá. �®£¤  £àã¯¯  C ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬  ¨ ª ¦¤ ï ¯®¤£àã¯¯ , «¥¦ é ï ¢ ¯®¤£àã¯¯¥ A ¨ ¨¬¥î-
é ï ¢ A ª®­¥ç­ë© ¨­¤¥ªá, ä¨­¨â­® ®â¤¥«¨¬  ¢ C.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã £àã¯¯  C ï¢«ï¥âáï ä ªâ®à-£àã¯¯®©
£àã¯¯ë C = A × B ¯® ¯®¤£àã¯¯¥ N =

{
h(hϕ)−1 ∣∣ h ∈ H

}
, ¤«ï ¤®ª § -

â¥«ìáâ¢  ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë C ¤®áâ â®ç­® ¯®ª § âì,
çâ® ¯®¤£àã¯¯  N ä¨­¨â­® ®â¤¥«¨¬  ¢ C.



�ãáâì í«¥¬¥­â g ∈ C, g = ab, £¤¥ a ∈ A ¨ b ∈ B, ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤-
£àã¯¯¥ N . �®ª ¦¥¬, çâ® â®£¤  í«¥¬¥­â g ­¥ ¢å®¤¨â ¢ ­¥ª®â®àãî ¯®¤£àã¯¯ã
ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë C, á®¤¥à¦ éãî ¯®¤£àã¯¯ã N .

�á«¨ í«¥¬¥­â í«¥¬¥­â b ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ K, â® ¢¢¨¤ã ä¨-
­¨â­®© ®â¤¥«¨¬®áâ¨ íâ®© ¯®¤£àã¯¯ë ¢ £àã¯¯¥ B í«¥¬¥­â b ­¥ ¢å®¤¨â ¢
­¥ª®â®àãî ¯®¤£àã¯¯ã L ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë B, á®¤¥à¦ éãî ¯®¤-
£àã¯¯ã K. �®£¤  ¯®¤£àã¯¯  AL ¨¬¥¥â ª®­¥ç­ë© ¨­¤¥ªá ¢ £àã¯¯¥ C, á®¤¥à-
¦¨â ¯®¤£àã¯¯ã N ¨ ­¥ á®¤¥à¦¨â í«¥¬¥­â  g.

�à¥¤¯®«®¦¨¬, çâ® b ∈ K ¨ ¯®â®¬ã b = cϕ ¤«ï ­¥ª®â®à®£® í«¥¬¥­â 
c ∈ H. � ª ª ª í«¥¬¥­â g ¢ ¯®¤£àã¯¯ã N ­¥ ¢å®¤¨â, a 6= c−1, â. ¥. ac |
­¥¥¤¨­¨ç­ë© í«¥¬¥­â £àã¯¯ë A. �®áª®«ìªã £àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨-
¬¨àã¥¬ , í«¥¬¥­â ac ­¥ ¯à¨­ ¤«¥¦¨â ­¥ª®â®à®© ­®à¬ «ì­®© ¯®¤£àã¯¯¥ R
ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A. �®£¤  U = H∩R | ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ë H ¨ V = Uϕ | ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë K. � ª
ª ª ¯®¤£àã¯¯  V ­®à¬ «ì­  ¨ ä¨­¨â­® ®â¤¥«¨¬  ¢ B, ¢ £àã¯¯¥ B ­ ©¤¥âáï
­®à¬ «ì­ ï ¯®¤£àã¯¯  S ª®­¥ç­®£® ¨­¤¥ªá  â ª ï, çâ® K ∩ S = V . �®£¤ 
¯®¤£àã¯¯  L = NRS, ¨¬¥îé ï, ®ç¥¢¨¤­®, ª®­¥ç­ë© ¨­¤¥ªá ¢ £àã¯¯¥ C,
­¥ á®¤¥à¦¨â í«¥¬¥­â  g. � á ¬®¬ ¤¥«¥, ¥á«¨ g ∈ L, â® g = h(hϕ)−1 · r · s
¤«ï ­¥ª®â®àëå h ∈ H, r ∈ R ¨ s ∈ S. �®íâ®¬ã a = hr ¨ b = (hϕ)−1s. � ª
ª ª b ∈ K, s ∈ K, â. ¥. s ∈ V , ¨ ¯®â®¬ã s = uϕ ¤«ï ­¥ª®â®à®£® u ∈ U .
�«¥¤®¢ â¥«ì­®, c = h−1u, ®âªã¤  ac = ru ∈ R, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã
¯®¤£àã¯¯ë R.

� ª¨¬ ®¡à §®¬, ä¨­¨â­ ï  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë C ¤®ª § ­ .
�ãáâì â¥¯¥àì D | ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A = AN/N .

� ¯¨è¥¬ íâã ¯®¤£àã¯¯ã ¢ ¢¨¤¥ D = D/N , £¤¥ D | ¯®¤£àã¯¯  ª®­¥ç­®£®
¨­¤¥ªá  ¯®¤£àã¯¯ë AN , á®¤¥à¦ é ï N . � ª ª ª N | æ¥­âà «ì­ ï ¯®¤-
£àã¯¯  £àã¯¯ë C ¨ A ∩ N = 1, ¨¬¥¥¬ AN = A × N , ¨ ¯®â®¬ã D = A1N ,
£¤¥ A1 = D ∩A | ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A.

�«ï ¤®ª § â¥«ìáâ¢  ä¨­¨â­®© ®â¤¥«¨¬®áâ¨ ¢ £àã¯¯¥ C ¯®¤£àã¯¯ë D
¯®ª ¦¥¬, çâ® ¤«ï ¯à®¨§¢®«ì­®£® í«¥¬¥­â  g = gN £àã¯¯ë C, ­¥ ¯à¨­ ¤-
«¥¦ é¥£® ¯®¤£àã¯¯¥ D, áãé¥áâ¢ã¥â ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë
C, ­¥ á®¤¥à¦ é ï í«¥¬¥­â  g. �«ï íâ®£®, ¢ á¢®î ®ç¥à¥¤ì, ¤®áâ â®ç­® ãª -
§ âì ¯®¤£àã¯¯ã ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë C, á®¤¥à¦ éãî ¯®¤£àã¯¯ã D
¨ ­¥ á®¤¥à¦ éãî í«¥¬¥­â  g.

�ãáâì g = ab, £¤¥ a ∈ A ¨ b ∈ B. �á«¨ í«¥¬¥­â í«¥¬¥­â b ­¥ ¯à¨-
­ ¤«¥¦¨â ¯®¤£àã¯¯¥ K, â®, ª ª ¨ ¢ëè¥, ¢ë¡¥à¥¬ ­¥ª®â®àãî ¯®¤£àã¯¯ã
L ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë B, á®¤¥à¦ éãî ¯®¤£àã¯¯ã K ¨ ­¥ á®¤¥à¦ -
éãî í«¥¬¥­â  b. �®£¤  ¯®¤£àã¯¯  AL ¨¬¥¥â ª®­¥ç­ë© ¨­¤¥ªá ¢ £àã¯¯¥ C,
á®¤¥à¦¨â ¯®¤£àã¯¯ã D ¨ ­¥ á®¤¥à¦¨â í«¥¬¥­â  g.

�ãáâì b ∈ K ¨ ¯®â®¬ã b = cϕ ¤«ï ­¥ª®â®à®£® í«¥¬¥­â  c ∈ H. � ª
ª ª í«¥¬¥­â g ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ D = A1N , í«¥¬¥­â ac £àã¯¯ë A
­¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã A1. �ãáâì R | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£®
¨­¤¥ªá  £àã¯¯ë A, «¥¦ é ï ¢ A1. �­®¢  ¯®« £ ï U = H ∩ R ¨ V = Uϕ,
­ ©¤¥¬ ­®à¬ «ì­ãî ¯®¤£àã¯¯ã S ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë B â ªãî, çâ®



K∩S = V . �®£¤  ¯®¤£àã¯¯  DS ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë C ­¥ á®¤¥à¦¨â
í«¥¬¥­â  g. � á ¬®¬ ¤¥«¥, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ¤«ï ¯®¤å®¤ïé¨å í«¥¬¥­â®¢
a1 ∈ A1, h ∈ H ¨ s ∈ S ¬ë ¨¬¥«¨ ¡ë g = a1 · h(hϕ)−1 · s. �âáî¤  a = a1h
¨ b = (hϕ)−1s. �§ ¢â®à®£® à ¢¥­áâ¢  á«¥¤ã¥â, çâ® s ∈ V , ¨ ¯®â®¬ã s = rϕ
¤«ï ­¥ª®â®à®£® r ∈ U . �®íâ®¬ã c = h−1r ¨ í«¥¬¥­â ac = a1r ¯à¨­ ¤«¥¦¨â
¯®¤£àã¯¯¥ A1, çâ® ­¥¢¥à­®. �à¥¤«®¦¥­¨¥ 2 ¤®ª § ­®.

�â¬¥â¨¬ â ª¦¥ á¢ï§ì ¬¥¦¤ã ®¡®¡é¥­­ë¬ á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬
¤¢ãå £àã¯¯ ¨ ®¡®¡é¥­­ë¬ ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ íâ¨å £àã¯¯.

�à¥¤«®¦¥­¨¥ 3. �ãáâì G =
(
A ∗ B; H = K,ϕ

)
| á¢®¡®¤­®¥ ¯à®-

¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨ H 6 Z(A) ¨ K 6 Z(B), ®¡ê¥¤¨-
­¥­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ : H → K. � ªâ®à-£àã¯¯ 
£àã¯¯ë G ¯® ­®à¬ «ì­®¬ã § ¬ëª ­¨î ¢§ ¨¬­®£® ª®¬¬ãâ ­â 

[
A,B

]
¯®¤£àã¯¯ A ¨ B ¨§®¬®àä­  ®¡®¡é¥­­®¬ã ¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î £àã¯¯
A ¨ B á ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ ¯®¤£àã¯-
¯ ¬¨ H ¨ K.

�¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã ãª § ­­ë¥ ¢ëè¥ ®â®¡à ¦¥­¨ï α ¨ β £àã¯¯
A ¨ B ¢ £àã¯¯ã C á®£« á®¢ ­ë á ¨§®¬®àä¨§¬®¬ ϕ (â. ¥. ¤«ï «î¡®£® í«¥-
¬¥­â  h ∈ H ¢ë¯®«­¥­® à ¢¥­áâ¢® hα = h(ϕβ)), áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬
ρ £àã¯¯ë G ­  £àã¯¯ã C, ¤¥©áâ¢¨¥ ª®â®à®£® ­  ¯®¤£àã¯¯ å A ¨ B á®¢¯ -
¤ ¥â á ¤¥©áâ¢¨¥¬ α ¨ β á®®â¢¥âáâ¢¥­­®. �ç¥¢¨¤­®, çâ® ­®à¬ «ì­®¥ § ¬ë-
ª ­¨¥ M ¢§ ¨¬­®£® ª®¬¬ãâ ­â 

[
A,B

]
¯®¤£àã¯¯ A ¨ B á®¤¥à¦¨âáï ¢ ï¤à¥

£®¬®¬®àä¨§¬  ρ. � ¤àã£®© áâ®à®­ë, ¯à®¨§¢®«ì­ë© í«¥¬¥­â g £àã¯¯ë G
áà ¢­¨¬ ¯® ¬®¤ã«î M á í«¥¬¥­â®¬ ¢¨¤  ab ¤«ï ¯®¤å®¤ïé¨å a ∈ A ¨ b ∈ B.
� ª ª ª (ab)ρ = 1, ¢ £àã¯¯¥ C = A×B í«¥¬¥­â ab ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥
N , ¨ ¯®â®¬ã a = h ¨ b = (hϕ)−1 ¤«ï ­¥ª®â®à®£® h ∈ H. �®íâ®¬ã ab ï¢-
«ï¥âáï ¥¤¨­¨ç­ë¬ í«¥¬¥­â®¬ £àã¯¯ë G, á«¥¤®¢ â¥«ì­®, g ∈ M ¨ ï¤à®
£®¬®¬®àä¨§¬  ρ á®¢¯ ¤ ¥â á ¯®¤£àã¯¯®© M .

� ¬ ¯®­ ¤®¡¨âáï â ª¦¥ á«¥¤ãîé¥¥ á¢®©áâ¢® ®¡®¡é¥­­®£® á¢®¡®¤-
­®£® ¯à®¨§¢¥¤¥­¨ï £àã¯¯.

�à¥¤«®¦¥­¨¥ 4. �ãáâì G =
(
A ∗ B; H = K,ϕ

)
| á¢®¡®¤­®¥ ¯à®-

¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ H ¨ K. �ãáâì X |
­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë B ¨ Y | ­®à¬ «ì­®¥ § ¬ëª ­¨¥ ¢ £àã¯¯¥
G ¯®¤£àã¯¯ë X. �á«¨ K ∩X = 1, â® ä ªâ®à-£àã¯¯  G/Y ¨§®¬®àä­  á¢®-
¡®¤­®¬ã ¯à®¨§¢¥¤¥­¨î G =

(
A ∗B/X; H = KX/X, ϕν

)
£àã¯¯ A ¨ B/X á

¯®¤£àã¯¯ ¬¨ H ¨ KX/X, ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§-
¬®¬ ϕν : H → KX/X, £¤¥ ν | ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ £àã¯¯ë B ­ 
ä ªâ®à-£àã¯¯ã B/X.

� á ¬®¬ ¤¥«¥, ¯®áª®«ìªã â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ £àã¯¯ë A ¨
£®¬®¬®àä¨§¬ ν á®£« á®¢ ­ë á ¨§®¬®àä¨§¬®¬ ϕ, áãé¥áâ¢ã¥â ¯à®¤®«¦ î-
é¨© íâ¨ ®â®¡à ¦¥­¨ï £®¬®¬®àä¨§¬ ρ £àã¯¯ë G ­  £àã¯¯ã G. �¤à® íâ®£®
£®¬®¬®àä¨§¬  á®¤¥à¦¨â, ®ç¥¢¨¤­®, ¯®¤£àã¯¯ã Y , ¨ ãâ¢¥à¦¤ ¥âáï, çâ® ¢



¤¥©áâ¢¨â¥«ì­®áâ¨ ®­® á®¢¯ ¤ ¥â á íâ®© ¯®¤£àã¯¯®©. �á«¨ íâ® ­¥ â ª, ¢ë-
¡¥à¥¬ ¢ Ker ρ í«¥¬¥­â g ­ ¨¬¥­ìè¥© ¤«¨­ë, ­¥ ¯à¨­ ¤«¥¦ é¨© Y . �á«¨
¥£® ¤«¨­  ¡®«ìè¥ 1, â®, ¯®áª®«ìªã gρ = 1, ®¡à § ­¥á®ªà â¨¬®© § ¯¨á¨ í«¥-
¬¥­â  g ­¥ ¬®¦¥â á«ã¦¨âì ­¥á®ªà â¨¬®© § ¯¨áìî í«¥¬¥­â  gρ. � ª ª ª
¤¥©áâ¢¨¥ ®â®¡à ¦¥­¨ï ρ ­  £àã¯¯¥ A ¨­ê¥ªâ¨¢­®, íâ® ®§­ ç ¥â, çâ® ¤«ï
­¥ª®â®à®£® á«®£  b ∈ B ­¥á®ªà â¨¬®© § ¯¨á¨ í«¥¬¥­â  g ¤®«¦­® ¢ë¯®«-
­ïâìáï ¢ª«îç¥­¨¥ b ∈ KX, â. ¥ í«¥¬¥­â b ¤®«¦¥­ ¡ëâì áà ¢­¨¬ ¯® ¬®¤ã«î
X á ­¥ª®â®àë¬ í«¥¬¥­â®¬ ¨§ ¯®¤£àã¯¯ë K. �â® ¯®§¢®«ï¥â § ¬¥­¨âì í«¥-
¬¥­â g áà ¢­¨¬ë¬ á ­¨¬ ¯® ¬®¤ã«î Y í«¥¬¥­â®¬ ¬¥­ìè¥© ¤«¨­ë. � ª¨¬
®¡à §®¬, í«¥¬¥­â g ¨«¨ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ A ¨ â®£¤  ®­ à ¢¥­ 1, ¨«¨
¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ B ¨ â®£¤  ®­ ¢å®¤¨â ¢ X.

�à¨¢¥¤¥¬, ­ ª®­¥æ, á«¥¤ãîé¥¥ ¯à®áâ®¥ § ¬¥ç ­¨¥.

�à¥¤«®¦¥­¨¥ 5. � ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯¥ ¯à®ª®­¥ç-
­®¥ § ¬ëª ­¨¥  ¡¥«¥¢®© ¯®¤£àã¯¯ë ï¢«ï¥âáï  ¡¥«¥¢®© £àã¯¯®©.

� á ¬®¬ ¤¥«¥, ¯ãáâì X1 | ¯à®ª®­¥ç­®¥ § ¬ëª ­¨¥ ¢ ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬®© £àã¯¯¥ Y ¥¥  ¡¥«¥¢®© ¯®¤£àã¯¯ë X ¨ ¯ãáâì a ¨ b | ¯à®¨§-
¢®«ì­ë¥ í«¥¬¥­âë ¨§ X1. �á«¨ N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯ 
ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë Y , â® í«¥¬¥­âë a ¨ b ¯à¨­ ¤«¥¦ â ¯®¤£àã¯¯¥
XN , ¨ â ª ª ª ä ªâ®à-£àã¯¯  XN/N  ¡¥«¥¢ , ª®¬¬ãâ â®à [a, b] íâ¨å í«¥-
¬¥­â®¢ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ N . � ª¨¬ ®¡à §®¬, [a, b] ¢å®¤¨â ¢ ª ¦-
¤ãî ­®à¬ «ì­ãî ¯®¤£àã¯¯ã ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë Y , ®âªã¤  ¢¢¨¤ã
ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ íâ®© £àã¯¯ë ¨ á«¥¤ã¥â, çâ® [a, b] = 1.

§ 2. �®ª § â¥«ìáâ¢® â¥®à¥¬

�áî¤ã ­¨¦¥ ¯à¥¤¯®« £ ¥âáï, çâ® A ¨ B | ä¨­¨â­®  ¯¯à®ªá¨¬¨àã-
¥¬ë¥ £àã¯¯ë, H ¨ K | ¨§®¬®àä­ë¥ ¯®¤£àã¯¯ë £àã¯¯ A ¨ B á®®â¢¥â-
áâ¢¥­­®, ¯à¨ç¥¬ H 6= A K 6= B, ¨ G =

(
A ∗ B; H = K,ϕ

)
| á¢®¡®¤­®¥

¯à®¨§¢¥¤¥­¨¥ £àã¯¯ á ¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨
á ¨§®¬®àä¨§¬®¬ ϕ : H → K. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® K ï¢«ï¥âáï æ¥­-
âà «ì­®© ¯®¤£àã¯¯®© £àã¯¯ë B ¨ ¢ £àã¯¯¥ B ä¨­¨â­® ®â¤¥«¨¬ë ¢á¥ ¥¥
¯®¤£àã¯¯ë, «¥¦ é¨¥ ¢ K ¨ ¨¬¥îé¨¥ ¢ K ª®­¥ç­ë© ¨­¤¥ªá.

�¡®§­ ç¨¬ ç¥à¥§ W ­®à¬ «ì­®¥ § ¬ëª ­¨¥ ¢ £àã¯¯¥ G ¢§ ¨¬­®£®
ª®¬¬ãâ ­â 

[
H1, B

]
¯®¤£àã¯¯ H1 ¨ B, £¤¥ H1 | ¯à®ª®­¥ç­®¥ § ¬ëª ­¨¥

¢ £àã¯¯¥ A ¯®¤£àã¯¯ë H. �ª«îç¥­¨¥ W ⊆ σ(G) ¯®çâ¨ ®ç¥¢¨¤­®.
�¥©áâ¢¨â¥«ì­®, ¯ãáâì a ∈ H1, b ∈ B ¨ N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì-

­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G. �®áª®«ìªã H(G∩N) ï¢«ï¥âáï
¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A, á®¤¥à¦ é¥© H, a ∈ H(G∩N), ¨
¯®â®¬ã a ≡ h (mod N) ¤«ï ­¥ª®â®à®£® h ∈ H. �®íâ®¬ã

[
a, b

] ≡ [
h, b

]
(mod N), ¨ â ª ª ª h = hϕ | í«¥¬¥­â ¨§ æ¥­âà  £àã¯¯ë B, ¨¬¥¥¬[
a, b

] ∈ N . � ª¨¬ ®¡à §®¬, ¢§ ¨¬­ë© ª®¬¬ãâ ­â
[
H1, B

]
á®¤¥à¦¨âáï ¢

ª ¦¤®© ­®à¬ «ì­®© ¯®¤£àã¯¯¥ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G, ®âªã¤  ¨
á«¥¤ã¥â ¢ª«îç¥­¨¥ W ⊆ σ(G).



� ª ª ª ¤«ï «î¡ëå í«¥¬¥­â®¢ a ∈ A \ H ¨ b ∈ B \ K § ¯¨áì ª®¬-
¬ãâ â®à 

[
a, b

]
= a−1b−1ab ï¢«ï¥âáï ­¥á®ªà â¨¬®© ¢ £àã¯¯¥ G ¨ ¯®â®¬ã

®­ ®â«¨ç¥­ ®â ¥¤¨­¨æë, ¨§ ¤®ª § ­­®£® ¢ª«îç¥­¨ï á«¥¤ã¥â ­¥®¡å®¤¨¬®áâì
ãá«®¢¨ï ¢ â¥®à¥¬¥ 1. � á¨«ã ¯à¥¤«®¦¥­¨ï 1 ¤«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ì-
áâ¢  â¥®à¥¬ë 1 ¤®áâ â®ç­® ¯®ª § âì, çâ® á¥¬¥©áâ¢® {Rλ}λ∈� ï¢«ï¥âáï
H-ä¨«ìâà æ¨¥© ¨ á¥¬¥©áâ¢® {Sλ}λ∈� | K-ä¨«ìâà æ¨¥©.

�ãáâì R | ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá 
£àã¯¯ë A. �®« £ ¥¬ U = H ∩ R ¨ V = Uϕ. � ª ª ª â®£¤  V ï¢«ï¥âáï
¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë K, ¢ £àã¯¯¥ B ­ ©¤¥âáï ­®à¬ «ì-
­ ï ¯®¤£àã¯¯  S ª®­¥ç­®£® ¨­¤¥ªá  â ª ï, çâ® K ∩ S = V . �®áª®«ìªã
¯®¤£àã¯¯ë R ¨ S ï¢«ïîâáï (H,K, ϕ)-á®¢¬¥áâ¨¬ë¬¨, ¯®¤£àã¯¯  R ¯à¨­ ¤-
«¥¦¨â á¥¬¥©áâ¢ã {Rλ}λ∈�. � ª¨¬ ®¡à §®¬, á¥¬¥©áâ¢® {Rλ}λ∈� á®¢¯ ¤ ¥â
á á¥¬¥©áâ¢®¬ ¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A, ¨
ãâ¢¥à¦¤¥­¨¥ ® â®¬, çâ® ®­® ï¢«ï¥âáï H-ä¨«ìâà æ¨¥©, á«¥¤ã¥â ­¥¯®áà¥¤-
áâ¢¥­­® ¨§ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë A ¨ ä¨­¨â­®© ®â¤¥«¨-
¬®áâ¨ ¥¥ ¯®¤£àã¯¯ë H.

�®ª ¦¥¬ â¥¯¥àì, çâ® á¥¬¥©áâ¢® {Sλ}λ∈� ï¢«ï¥âáï K-ä¨«ìâà æ¨¥©.
�ãáâì b | ¯à®¨§¢®«ì­ë© ­¥¥¤¨­¨ç­ë© í«¥¬¥­â ¯®¤£àã¯¯ë B. �à¥¤¯®«®-
¦¨¬ á­ ç « , çâ® b /∈ K. �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî ­®à¬ «ì­ãî ¯®¤£àã¯¯ã
R ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A ¨ ®¯à¥¤¥«¨¬ ¯®¤£àã¯¯ë U ¨ V , ª ª ¢
¯à¥¤ë¤ãé¥¬  ¡§ æ¥. � ª ª ª ä ªâ®à-£àã¯¯  B/V ä¨­¨â­®  ¯¯à®ªá¨¬¨-
àã¥¬ ,   ¥¥ ¯®¤£àã¯¯  K/V ª®­¥ç­  ¨ ­¥ á®¤¥à¦¨â í«¥¬¥­â bV , áãé¥áâ¢ã¥â
­®à¬ «ì­ ï ¯®¤£àã¯¯ë S/V ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë B/V , ª®â®à ï âà¨-
¢¨ «ì­® ¯¥à¥á¥ª ¥âáï á ¯®¤£àã¯¯®© K/V ¨ ¯® ¬®¤ã«î ª®â®à®© í«¥¬¥­â bV
­¥ ¢å®¤¨â ¢ íâã ¯®¤£àã¯¯ã. �®£¤  S ï¢«ï¥âáï â ª®© ­®à¬ «ì­®© ¯®¤£àã¯-
¯®© £àã¯¯ë B, çâ® K ∩ S = V ¨ b /∈ KS (¨, â¥¬ ¡®«¥¥, b /∈ S). �ãáâì
â¥¯¥àì b ∈ K ¨ ¯ãáâì í«¥¬¥­â h ∈ H â ª®©, çâ® hϕ = b. �®£¤  h 6= 1, ¨ â ª
ª ª £àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , ¬ë ¬®¦¥¬ ¢ë¡à âì ­®à¬ «ì­ãî
¯®¤£àã¯¯ã R ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A â ª, çâ®¡ë h /∈ R. �á«¨ ¤«ï íâ®©
¯®¤£àã¯¯ë U ¨ V ®¯à¥¤¥«¥­ë ª ª ¢ëè¥, â® h /∈ U , b /∈ V , ¨ ¯®â®¬ã ¯à®¨§-
¢®«ì­ ï ¯®¤£àã¯¯  S ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë B â ª ï, çâ® K ∩ S = V ,
­¥ á®¤¥à¦¨â í«¥¬¥­â  b ¨ ï¢«ï¥âáï (H, K, ϕ)-á®¢¬¥áâ¨¬®© á R. �â ª, ¤«ï
«î¡®£® í«¥¬¥­â  b ∈ B, ®â«¨ç­®£® ®â ¥¤¨­¨æë, ¢ á¥¬¥©áâ¢¥ {Sλ}λ∈� áã-
é¥áâ¢ã¥â ¯®¤£àã¯¯ , ­¥ á®¤¥à¦ é ï íâ®£® í«¥¬¥­â ,   ¥á«¨ b ­¥ ¢å®¤¨â ¢
¯®¤£àã¯¯ã K, â® ®­ ­¥ ¢å®¤¨â ¨ ¢ KS ¤«ï ­¥ª®â®à®© ¯®¤£àã¯¯ë S ¨§ íâ®£®
á¥¬¥©áâ¢ . � ª¨¬ ®¡à §®¬, á¥¬¥©áâ¢® {Sλ}λ∈� ï¢«ï¥âáï K-ä¨«ìâà æ¨¥©,
¨ â¥®à¥¬  1 ¤®ª § ­ .

�¥à¥å®¤ï ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2 ­ ¯®¬­¨¬, çâ® ¢ª«îç¥­¨¥
W ⊆ σ(G) ã¦¥ ¤®ª § ­®. �«ï ¤®ª § â¥«ìáâ¢  ¯à®â¨¢®¯®«®¦­®£® ¢ª«îç¥-
­¨ï ¤®áâ â®ç­® ãáâ ­®¢¨âì ä¨­¨â­ãî  ¯¯à®ªá¨¬¨àã¥¬®áâì ä ªâ®à-£àã¯-
¯ë G/W .

�¡®§­ ç¨¬ ç¥à¥§ F ¯®¤£àã¯¯ã £àã¯¯ë G, ¯®à®¦¤¥­­ãî ¯®¤£àã¯¯ ¬¨
H1 ¨ B. � ª ª ª ¯®¤£àã¯¯  H á®¤¥à¦¨âáï ¢ ¯®¤£àã¯¯¥ H1, â® ¯® â¥®à¥¬¥
�. �¥©¬ ­ (á¬., ­ ¯à., [3]) £àã¯¯  F ï¢«ï¥âáï ®¡®¡é¥­­ë¬ á¢®¡®¤­ë¬



¯à®¨§¢¥¤¥­¨¥¬ ¢¨¤  F =
(
H1 ∗ B; H = K, ϕ

)
, ¨ «¥£ª® ¢¨¤¥âì, çâ® £àã¯¯ 

G ï¢«ï¥âáï á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¯®¤£àã¯¯ A ¨ F á ®¡ê¥¤¨­¥­­®©
¯®¤£àã¯¯®© H1. �¡®§­ ç¨¬ ç¥à¥§ X ­®à¬ «ì­®¥ § ¬ëª ­¨¥ ¢ £àã¯¯¥ F
¢§ ¨¬­®£® ª®¬¬ãâ ­â 

[
H1, B

]
¯®¤£àã¯¯ H1 ¨ B. �®áª®«ìªã ¢ á¨«ã ¯à¥¤-

«®¦¥­¨ï 5 £àã¯¯  H1  ¡¥«¥¢  ¨ ¯®â®¬ã ®¡¥ ®¡ê¥¤¨­ï¥¬ë¥ ¯®¤£àã¯¯ë ¢
à §«®¦¥­¨¨ £àã¯¯ë F ¯à¨­ ¤«¥¦ â æ¥­âà ¬ á®®â¢¥âáâ¢ãîé¨å á¢®¡®¤-
­ëå ¬­®¦¨â¥«¥©, ¨§ ¯à¥¤«®¦¥­¨ï 3 á«¥¤ã¥â, çâ® ä ªâ®à-£àã¯¯  F/X ¨§®-
¬®àä­  ®¡®¡é¥­­®¬ã ¯àï¬®¬ã ¯à®¨§¢¥¤¥­¨î £àã¯¯ H1 ¨ B. � ç áâ­®áâ¨,
H1 ∩ X = 1, ¨ ¯®â®¬ã ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 4 ä ªâ®à-£àã¯¯  G/W à á-
ª« ¤ë¢ ¥âáï ¢ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥

(
A ∗ F/X; H1 = H1X/X, ν

)
£àã¯¯

A ¨ F/X á ¯®¤£àã¯¯ ¬¨ H1 ¨ H1X/X, ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á
¥áâ¥áâ¢¥­­ë¬ ¨§®¬®àä¨§¬®¬ ν £àã¯¯ë F ­  F/X. �§ ¯à¥¤«®¦¥­¨ï 2 á«¥-
¤ã¥â, çâ® íâ® à §«®¦¥­¨¥ ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë 1, ¨ â ª
ª ª ¯®¤£àã¯¯  H1 ¢ £àã¯¯¥ A ä¨­¨â­® ®â¤¥«¨¬ , ¨§ íâ®© â¥®à¥¬ë á«¥¤ã¥â
ä¨­¨â­ ï  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G/W . �¥®à¥¬  2 ¤®ª § ­ .
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