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�®«ãç¥­® ¤®áâ â®ç­®¥ ãá«®¢¨¥ â®£®, çâ®¡ë ª®¬¬ãâ¨à®¢ ­­®¥
HNN -à áè¨à¥­¨¥ ­¥ª®â®à®© £àã¯¯ë ï¢«ï«®áì £àã¯¯®© á ä¨­¨â­® ®â-
¤¥«¨¬ë¬¨ æ¨ª«¨ç¥áª¨¬¨ ¯®¤£àã¯¯ ¬¨.

The su�cient condition for the commuted HNN -extension of some
group to be a group with �nitely separable cyclic subgroups is obtained.

�«îç¥¢ë¥ á«®¢ : á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯-
¯ ¬¨, HNN -à áè¨à¥­¨¥ £àã¯¯, ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯ , ä¨­¨â­®
®â¤¥«¨¬ ï ¯®¤£àã¯¯ .

�¢¥¤¥­¨¥

� ¬®­®£à ä¨¨ [4] ¡ë«  ¢¢¥¤¥­  ª®­áâàãªæ¨ï á¢®¡®¤­®£® ¯à®¨§¢¥¤¥-
­¨ï ¤¢ãå £àã¯¯ á ª®¬¬ãâ¨àãîé¨¬¨ ¯®¤£àã¯¯ ¬¨: ¥á«¨ A ¨ B | ­¥ª®â®-
àë¥ £àã¯¯ë, H | ¯®¤£àã¯¯  £àã¯¯ë A ¨ K | ¯®¤£àã¯¯  £àã¯¯ë B, â®
á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ G = (A ∗B; [H,K] = 1) £àã¯¯ A ¨ B á ª®¬¬ãâ¨-
àãîé¨¬¨ ¯®¤£àã¯¯ ¬¨ H ¨ K ®¯à¥¤¥«ï¥âáï ª ª ä ªâ®à-£àã¯¯  (®¡ëç-
­®£®) á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï £àã¯¯ A ¨ B ¯® ­®à¬ «ì­®¬ã § ¬ëª ­¨î
¢§ ¨¬­®£® ª®¬¬ãâ ­â  [H, K] ¯®¤£àã¯¯ H ¨ K. �ï¤  ¯¯à®ªá¨¬ æ¨®­­ëå
á¢®©áâ¢ íâ®© ª®­áâàãªæ¨¨ à áá¬®âà¥­ ¢ à ¡®â å [1] ¨ [2]; ¢ ç áâ­®áâ¨, ¢ [1]
ãª § ­ ªà¨â¥à¨© ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G,   ¢ [2] ¤®ª -
§ ­®, çâ® ¥á«¨ £àã¯¯ë A ¨ B ï¢«ïîâáï πc-£àã¯¯ ¬¨ ¨ £àã¯¯  G ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬ , â® G â ª¦¥ ï¢«ï¥âáï πc-£àã¯¯®©. � ¯®¬­¨¬, çâ® ­¥ª®-
â®à ï £àã¯¯  ­ §ë¢ ¥âáï πc-£àã¯¯®©, ¥á«¨ ¢á¥ ¥¥ æ¨ª«¨ç¥áª¨¥ ¯®¤£àã¯¯ë
ä¨­¨â­® ®â¤¥«¨¬ë.

� à ¡®â¥ [3] ¡ë« ¯à¥¤«®¦¥­ á«¥¤ãîé¨©  ­ «®£ ª®­áâàãªæ¨¨ á¢®¡®¤-
­®£® ¯à®¨§¢¥¤¥­¨ï ¤¢ãå £àã¯¯ á ª®¬¬ãâ¨àãîé¨¬¨ ¯®¤£àã¯¯ ¬¨.

�ãáâì G | ­¥ª®â®à ï £àã¯¯ , A ¨ B | ¯®¤£àã¯¯ë £àã¯¯ë G. �àã¯¯ 

G∗ =
(
G, t;

[
t−1At,B

]
= 1

)
, (1)

¯®à®¦¤ ¥¬ ï ®¡à §ãîé¨¬¨ £àã¯¯ë G ¨ ¥é¥ ®¤­¨¬ í«¥¬¥­â®¬ t ¨ ®¯à¥¤¥-
«ï¥¬ ï ¢á¥¬¨ á®®â­®è¥­¨ï¬¨ £àã¯¯ë G ¨ ¢á¥¢®§¬®¦­ë¬¨ á®®â­®è¥­¨ï¬¨
¢¨¤  [t−1at, b] = 1, £¤¥ a ∈ A ¨ b ∈ B (¨, ª ª ®¡ëç­®, [x, y] = x−1y−1xy
| ª®¬¬ãâ â®à í«¥¬¥­â®¢ x ¨ y), ­ §ë¢ ¥âáï ª®¬¬ãâ¨à®¢ ­­ë¬ HNN -
à áè¨à¥­¨¥¬ £àã¯¯ë G á ¯à®å®¤­®© ¡ãª¢®© t ¨ á¢ï§ ­­ë¬¨ ¯®¤£àã¯¯ ¬¨
A ¨ B.
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� à ¡®â¥ [3] ¡ë«® ¯®ª § ­®, çâ® ¥á«¨ ¯®¤£àã¯¯ë A ¨ B ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë G ­¥¥¤¨­¨ç­ë, â® £àã¯¯ 

G∗ =
(
G, t;

[
t−1At, B

]
= 1

)

ï¢«ï¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ £àã¯¯¥
G ¯®¤£àã¯¯ë A ¨ B ä¨­¨â­® ®â¤¥«¨¬ë. �¤¥áì ¡ã¤¥â ¤®ª § ­  á«¥¤ãîé ï

�¥®à¥¬ . �ãáâì A ¨ B | æ¥­âà «ì­ë¥ ¯®¤£àã¯¯ë £àã¯¯ë G ¨
¯ãáâì ¯à®¨§¢®«ì­ ï ¯®¤£àã¯¯  £àã¯¯ë G, «¥¦ é ï ¢ ®¤­®© ¨§ ¯®¤£àã¯¯
A ¨«¨ B ¨ ¨¬¥îé ï ¢ íâ®© ¯®¤£àã¯¯¥ ª®­¥ç­ë© ¨­¤¥ªá, ä¨­¨â­® ®â¤¥-
«¨¬  ¢ G. �á«¨ G | πc-£àã¯¯ , â® ¨ £àã¯¯  G∗ =

(
G, t;

[
t−1At,B

]
= 1

)
ï¢«ï¥âáï πc-£àã¯¯®©.

� ª ª ª ¢ ¯à®¨§¢®«ì­®© ¯®«¨æ¨ª«¨ç¥áª®© £àã¯¯¥ ¢á¥ ¯®¤£àã¯¯ë ä¨-
­¨â­® ®â¤¥«¨¬ë (á¬. [5]), ¯®«ãç ¥¬ ®ç¥¢¨¤­®¥

�«¥¤áâ¢¨¥. �®¬¬ãâ¨à®¢ ­­®¥ HNN -à áè¨à¥­¨¥ ¯à®¨§¢®«ì­®©
¯®«¨æ¨ª«¨ç¥áª®© £àã¯¯ë á æ¥­âà «ì­ë¬¨ á¢ï§ ­­ë¬¨ ¯®¤£àã¯¯ ¬¨ ï¢-
«ï¥âáï πc-£àã¯¯®©.

� à ¡®â¥ [8] ¯®ª § ­®, çâ® ¢ £àã¯¯¥ G∗ = 〈t, g; [t−1gt, g] = 1〉 áã-
é¥áâ¢ã¥â 2-¯®à®¦¤¥­­ ï ¯®¤£àã¯¯ , ­¥ ï¢«ïîé ïáï ä¨­¨â­® ®â¤¥«¨¬®©.
�â  £àã¯¯  ï¢«ï¥âáï, ®ç¥¢¨¤­®, ª®¬¬ãâ¨à®¢ ­­ë¬ HNN -à áè¨à¥­¨¥¬
¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë G á ¯®à®¦¤ îé¨¬ g, ®¡¥ á¢ï§ ­­ë¥
¯®¤£àã¯¯ë ª®â®à®© á®¢¯ ¤ îâ á G. � ª ª ª ¢á¥ ãá«®¢¨ï â¥®à¥¬ë §¤¥áì
¢ë¯®«­¥­ë, £àã¯¯  G ï¢«ï¥âáï πc-£àã¯¯®©. � â® ¦¥ ¢à¥¬ï íâ®â ¯à¨¬¥à
¯®ª §ë¢ ¥â, çâ® ãá¨«¨âì áä®à¬ã«¨à®¢ ­­ãî â¥®à¥¬ã, ¤®ª § ¢, çâ® ¯à¨
¢ë¯®«­¥­¨¨ ¥¥ ãá«®¢¨© £àã¯¯  G∗ ­ á«¥¤ã¥â ®â £àã¯¯ë G ä¨­¨â­ãî ®â-
¤¥«¨¬®áâì ¢á¥å ª®­¥ç­® ¯®à®¦¤¥­­ëå ¯®¤£àã¯¯, ­¥«ì§ï.



§ 1. �à¥¤¢ à¨â¥«ì­ë¥ § ¬¥ç ­¨ï

�«ï â®£® çâ®¡ë á¤¥« âì ¨§«®¦¥­¨¥ ¯® ¢®§¬®¦­®áâ¨ § ¬ª­ãâë¬, ¢
íâ®¬ ¯ à £à ä¥ ¬ë ¯à¨¢¥¤¥¬ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨ ¨§¢¥áâ­ë¥ à¥§ã«ì-
â âë, ­¥®¡å®¤¨¬ë¥ ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë.

� ¯®¬­¨¬, ¯à¥¦¤¥ ¢á¥£®, àï¤ ¯®­ïâ¨© ¨ ãâ¢¥à¦¤¥­¨©, ¨¤ãé¨å ®â
à ¡®âë �. � ã¬á« £  [7] ¨ «¥¦ é¨å ¢ ®á­®¢¥ á®¢à¥¬¥­­ëå ¨áá«¥¤®¢ ­¨©
 ¯¯à®ªá¨¬ æ¨®­­ëå á¢®©áâ¢ á¢®¡®¤­ëå ª®­áâàãªæ¨© £àã¯¯.

�ãáâì A ¨ B | ¨§®¬®àä­ë¥ ¯®¤£àã¯¯ë ­¥ª®â®àëå £àã¯¯ H ¨ K
á®®â¢¥âáâ¢¥­­® ¨ ϕ : A → B | ä¨ªá¨à®¢ ­­ë© ¨§®¬®àä¨§¬. �®¤£àã¯¯ë
R 6 H ¨ S 6 K ­ §ë¢ îâáï (A,B, ϕ)-á®¢¬¥áâ¨¬ë¬¨, ¥á«¨ (A∩R)ϕ = B ∩
S. �­ «®£¨ç­®, ¥á«¨ A ¨ B | ¨§®¬®àä­ë¥ ¯®¤£àã¯¯ë ­¥ª®â®à®© £àã¯¯ë
G ¨ ϕ : A → B | ¨§®¬®àä¨§¬, â® ¯®¤£àã¯¯  N £àã¯¯ë G ­ §ë¢ ¥âáï
(A,B, ϕ)-á®¢¬¥áâ¨¬®©, ¥á«¨ (A ∩N)ϕ = B ∩N .

�á«¨ R ¨ S | (A,B, ϕ)-á®¢¬¥áâ¨¬ë¥ ­®à¬ «ì­ë¥ ¯®¤£àã¯¯ë £àã¯¯
H ¨ K, â® ¨­¤ãæ¨à®¢ ­­®¥ ®â®¡à ¦¥­¨¥ ϕ, ®¯à¥¤¥«¥­­®¥ ¯® ¯à ¢¨«ã
(aR)ϕ = (aϕ)S (a ∈ A), ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯®¤£àã¯¯ë AR/R
ä ªâ®à-£àã¯¯ë H/R ­  ¯®¤£àã¯¯ã BS/S ä ªâ®à-£àã¯¯ë K/S. �®íâ®¬ã
­ àï¤ã á® á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

G = (H ∗K; A = B, ϕ)

£àã¯¯ H ¨ K á ¯®¤£àã¯¯ ¬¨ A ¨ B, ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á
¨§®¬®àä¨§¬®¬ ϕ, ¬ë ¬®¦¥¬ ¢¢¥áâ¨ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥

G(R, S) = (H/R ∗K/S; AR/R = BS/S, ϕ)

£àã¯¯ H/R ¨ K/S á ¯®¤£àã¯¯ ¬¨ AR/R ¨ BS/S, ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®®â-
¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ. �à¨ íâ®¬ ¥áâ¥áâ¢¥­­ë¥ ®â®¡à ¦¥­¨ï £àã¯¯ë
H ­  ä ªâ®à-£àã¯¯ã H/R ¨ £àã¯¯ë K ­  ä ªâ®à-£àã¯¯ã K/S ¯à®¤®«¦ -
¥¬ë ¤® £®¬®¬®àä¨§¬  ρ £àã¯¯ë G ­  £àã¯¯ã G(R, S).

� ¯®¬­¨¬ ¥é¥, çâ® á¥¬¥©áâ¢® N ­®à¬ «ì­ëå ¯®¤£àã¯¯ ­¥ª®â®-
à®© £àã¯¯ë X ­ §ë¢ ¥âáï ä¨«ìâà æ¨¥©, ¥á«¨ ¯¥à¥á¥ç¥­¨¥ ¢á¥å ¯®¤£àã¯¯
íâ®£® á¥¬¥©áâ¢  á®¢¯ ¤ ¥â á ¥¤¨­¨ç­®© ¯®¤£àã¯¯®©. �á«¨ U | ¯®¤£àã¯¯ 
£àã¯¯ë X, â® ä¨«ìâà æ¨ï N ­ §ë¢ ¥âáï U -ä¨«ìâà æ¨¥©, ¥á«¨ ¤«ï «î¡®£®
í«¥¬¥­â  x ∈ X, ­¥ ¯à¨­ ¤«¥¦ é¥£® ¯®¤£àã¯¯¥ U , ­ ©¤¥âáï ¯®¤£àã¯¯ 
N ∈ N â ª ï, çâ® x /∈ UN . �á«¨ U ¨ V | ¤¢¥ ¯®¤£àã¯¯ë £àã¯¯ë X,
â® ä¨«ìâà æ¨î N ¡ã¤¥¬ ­ §ë¢ âì (U, V )-ä¨«ìâà æ¨¥©, ¥á«¨ ®­  ®¤­®¢à¥-
¬¥­­® ï¢«ï¥âáï ¨ U -ä¨«ìâà æ¨¥©, ¨ V -ä¨«ìâà æ¨¥©.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ­ ¬ ¯®âà¥¡ã¥âáï àï¤ ¢á¯®¬®£ â¥«ì­ëå
ãâ¢¥à¦¤¥­¨©. �à¥¦¤¥ ¢á¥£® ¯à¨¢¥¤¥¬ á«¥¤ãîé¥¥ ¤®áâ â®ç­®¥ ãá«®¢¨¥
â®£®, çâ®¡ë ®¡®¡é¥­­®¥ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå πc-£àã¯¯ ï¢«ï«®áì
πc-£àã¯¯®© (á¬. [2, ¯à¥¤«®¦¥­¨¥ 1],   â ª¦¥ [9, â¥®à¥¬  3.1] ):



�à¥¤«®¦¥­¨¥ 1. �ãáâì G = (H ∗K; A = B, ϕ) | á¢®¡®¤­®¥ ¯à®-
¨§¢¥¤¥­¨¥ £àã¯¯ H ¨ K á ¯®¤£àã¯¯ ¬¨ A ¨ B, ®¡ê¥¤¨­¥­­ë¬¨ ¢ á®-
®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ, ¨ ¯ãáâì {(Rλ, Sλ)}λ∈� | á¥¬¥©áâ¢®
¢á¥å ¯ à (A,B,ϕ)-á®¢¬¥áâ¨¬ëå ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ H ¨ K. �à¥¤¯®«®¦¨¬, çâ® á¥¬¥©áâ¢® {Rλ}λ∈� ï¢«ï¥âáï
A-ä¨«ìâà æ¨¥©,   â ª¦¥ | X-ä¨«ìâà æ¨¥© ¤«ï «î¡®© æ¨ª«¨ç¥áª®©
¯®¤£àã¯¯ë X £àã¯¯ë H ¨ á¥¬¥©áâ¢® {Sλ}λ∈� ï¢«ï¥âáï B-ä¨«ìâà æ¨¥©,  
â ª¦¥ | Y -ä¨«ìâà æ¨¥© ¤«ï «î¡®© æ¨ª«¨ç¥áª®© ¯®¤£àã¯¯ë Y £àã¯-
¯ë K. �®£¤  £àã¯¯  G ï¢«ï¥âáï πc-£àã¯¯®©.

�§ ¯à¥¤«®¦¥­¨ï 1 «¥£ª® á«¥¤ã¥â

�à¥¤«®¦¥­¨¥ 2. �ãáâì A ¨ B | æ¥­âà «ì­ë¥ ¯®¤£àã¯¯ë £àã¯¯
H ¨ K á®®â¢¥âáâ¢¥­­®. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® ¯à®¨§¢®«ì­ ï ¯®¤-
£àã¯¯  £àã¯¯ë H, «¥¦ é ï ¢ ¯®¤£àã¯¯¥ A ¨ ¨¬¥îé ï ¢ íâ®© ¯®¤£àã¯¯¥
ª®­¥ç­ë© ¨­¤¥ªá, ä¨­¨â­® ®â¤¥«¨¬  ¢ H ¨ ¯à®¨§¢®«ì­ ï ¯®¤£àã¯¯ 
£àã¯¯ë K, «¥¦ é ï ¢ ¯®¤£àã¯¯¥ B ¨ ¨¬¥îé ï ¢ íâ®© ¯®¤£àã¯¯¥ ª®-
­¥ç­ë© ¨­¤¥ªá, ä¨­¨â­® ®â¤¥«¨¬  ¢ K. �á«¨ H ¨ K | πc-£àã¯¯ë, â® ¨
£àã¯¯  G = (H ∗K; A = B, ϕ) ï¢«ï¥âáï πc-£àã¯¯®©.

� á ¬®¬ ¤¥«¥, ¤«ï ¢ë¢®¤  ¯à¥¤«®¦¥­¨ï 2 ¨§ ¯à¥¤«®¦¥­¨ï 1 ¤®-
áâ â®ç­® ¯®ª § âì, çâ® ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£®
¨­¤¥ªá  £àã¯¯ë H ï¢«ï¥âáï (A,B, ϕ)-á®¢¬¥áâ¨¬®© á ­¥ª®â®à®© ­®à¬ «ì-
­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë K ¨ ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï
¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë K ï¢«ï¥âáï (A,B, ϕ)-á®¢¬¥áâ¨¬®© á
­¥ª®â®à®© ­®à¬ «ì­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë H. �ãáâì,
áª ¦¥¬, R | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë H. �®-
« £ ¥¬ X = A ∩ R ¨ Y = Xϕ. � ª ª ª ¯®¤£àã¯¯  Y ¨¬¥¥â ª®­¥ç­ë© ¨­-
¤¥ªá ¢ £àã¯¯¥ B ¨ ¯®â®¬ã ¢ á¨«ã ¯à¥¤¯®«®¦¥­¨ï ä¨­¨â­® ®â¤¥«¨¬  ¢ K,
ä ªâ®à-£àã¯¯  K/Y ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ . �®áª®«ìªã ¥¥ ¯®¤£àã¯¯ 
B/Y ª®­¥ç­ , ¢ £àã¯¯¥ K/Y ­ ©¤¥âáï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£®
¨­¤¥ªá  S/Y , ¯¥à¥á¥ç¥­¨¥ ª®â®à®© á ¯®¤£àã¯¯®© B/Y âà¨¢¨ «ì­®. � ª
ª ª íâ® ®§­ ç ¥â, çâ® B ∩ S = Y , ¯®¤£àã¯¯  S ï¢«ï¥âáï ¨áª®¬®©.

�à¨¢¥¤¥¬ â¥¯¥àì ¤®áâ â®ç­®¥ ãá«®¢¨¥ â®£®, çâ®¡ë HNN -à áè¨à¥-
­¨¥ πc-£àã¯¯ë ï¢«ï«®áì πc-£àã¯¯®© (á¬. [9, â¥®à¥¬  2.2]):

�à¥¤«®¦¥­¨¥ 3. �ãáâì G∗ =
(
G, t; t−1At = B, ϕ

)
| HNN -

à áè¨à¥­¨¥ £àã¯¯ë G á ¯®¤£àã¯¯ ¬¨ A ¨ B, á¢ï§ ­­ë¬¨ ¢ á®®â¢¥â-
áâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ : A → B. �ãáâì FG(A,B, ϕ) | á¥¬¥©áâ¢® ¢á¥å
(A,B, ϕ)-á®¢¬¥áâ¨¬ëå ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë
G. �á«¨ á¥¬¥©áâ¢® FG(A,B, ϕ) ï¢«ï¥âáï (A,B)-ä¨«ìâà æ¨¥©,   â ª¦¥
X-ä¨«ìâà æ¨¥© ¤«ï «î¡®© æ¨ª«¨ç¥áª®© ¯®¤£àã¯¯ë X £àã¯¯ë G, â®
£àã¯¯  G∗ ï¢«ï¥âáï πc-£àã¯¯®©.



�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ áä®à¬ã«¨à®¢ ­® ¢ à ¡®â¥ [6] á® ááë«ª®©
­  áâ âìî [9]. �ëïá­¨«®áì, ®¤­ ª®, çâ® ¢ ï¢­®¬ ¢¨¤¥ á®®â¢¥âáâ¢ãîé ï
ä®à¬ã«¨à®¢ª  ¢ íâ®© áâ âì¥ ®âáãâáâ¢ã¥â. �¥¬ ­¥ ¬¥­¥¥, ®­® ï¢«ï¥âáï ®ç¥-
¢¨¤­ë¬ á«¥¤áâ¢¨¥¬ ¯à¨¢¥¤¥­­®© â®«ìª® çâ® â¥®à¥¬ë 2.2 ¨§ [9].

�à¥¤«®¦¥­¨¥ 4. �ãáâì G∗ =
(
G, t; t−1At = B, ϕ

)
| HNN -

à áè¨à¥­¨¥ £àã¯¯ë G á ¯®¤£àã¯¯ ¬¨ A ¨ B, á¢ï§ ­­ë¬¨ ¢ á®®â¢¥â-
áâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ : A → B. �á«¨ £àã¯¯  G ï¢«ï¥âáï πc-£àã¯¯®©,
¥¥ ¯®¤£àã¯¯ë A ¨ B ä¨­¨â­® ®â¤¥«¨¬ë ¨ ¢ ª ¦¤®© ­®à¬ «ì­®© ¯®¤-
£àã¯¯¥ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G á®¤¥à¦¨âáï ­®à¬ «ì­ ï (A,B, ϕ)-
á®¢¬¥áâ¨¬ ï ¯®¤£àã¯¯ , â ª¦¥ ¨¬¥îé ï ¢ G ª®­¥ç­ë© ¨­¤¥ªá, â®
£àã¯¯  G∗ ï¢«ï¥âáï πc-£àã¯¯®©.

§ 2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë

�ãáâì G | πc-£àã¯¯ , A ¨ B | æ¥­âà «ì­ë¥ ¯®¤£àã¯¯ë £àã¯¯ë G ¨
¯ãáâì ¯à®¨§¢®«ì­ ï ¯®¤£àã¯¯  £àã¯¯ë G, «¥¦ é ï ¢ ®¤­®© ¨§ ¯®¤£àã¯¯ A
¨«¨ B ¨ ¨¬¥îé ï ¢ íâ®© ¯®¤£àã¯¯¥ ª®­¥ç­ë© ¨­¤¥ªá, ä¨­¨â­® ®â¤¥«¨¬ 
¢ G. �®ª ¦¥¬, çâ® â®£¤  ¨ £àã¯¯ 

G∗ =
(
G, t;

[
t−1At, B

]
= 1

)
(1)

ï¢«ï¥âáï πc-£àã¯¯®©.
�âà®¥­¨¥ £àã¯¯ë G∗ ¬®¦­® ®¯¨á âì ¢ â¥à¬¨­ å áâ ­¤ àâ­ëå á¢®-

¡®¤­ëå ª®­áâàãªæ¨© (â. ¥. á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤-
£àã¯¯ ¬¨ ¨ HNN -à áè¨à¥­¨ï) á«¥¤ãîé¨¬ ®¡à §®¬ (á¬. [3]).

�ãáâì A1 ¨ B1 | £àã¯¯ë, ¨§®¬®àä­ë¥ £àã¯¯ ¬ A ¨ B á®®â¢¥â-
áâ¢¥­­®, ¨ ¯ãáâì ϕ : A → A1 ¨ ψ : B → B1 | ä¨ªá¨à®¢ ­­ë¥ ¨§®¬®à-
ä¨§¬ë. �ãáâì K = A1 ×B1 | ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A1 ¨ B1 ¨

G1 = (G ∗K; B = B1, ψ) (2)

| á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ G ¨ K á ¯®¤£àã¯¯ ¬¨ B ¨ B1, ®¡ê¥¤¨­¥­-
­ë¬¨ ®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ï ψ. �ç¥¢¨¤­ë¥ ¯à¥®¡à §®¢ ­¨ï �¨æ¥ ¯®-
ª §ë¢ îâ, çâ® £àã¯¯  G∗, § ¤ ­­ ï ¯à¥¤áâ ¢«¥­¨¥¬ (1), ¨§®¬®àä­  ®¡ëç-
­®¬ã HNN -à áè¨à¥­¨î

(
G1, t; t−1At = A1, ϕ

)
(3)

¡ §®¢®© £àã¯¯ë G1 á ¯à®å®¤­®© ¡ãª¢®© t ¨ ¯®¤£àã¯¯ ¬¨ A ¨ A1, á¢ï§ ­-
­ë¬¨ ®â­®á¨â¥«ì­® ¨§®¬®àä¨§¬  ϕ.



�¥¬¬  1. �àã¯¯  G1, ®¯à¥¤¥«¥­­ ï ¢ (2), ï¢«ï¥âáï πc-£àã¯¯®©.
�¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã ¯à®¨§¢®«ì­ ï ¯®¤£àã¯¯  πc-£àã¯¯ë ï¢«ï-

¥âáï πc-£àã¯¯®© ¨ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå πc-£àã¯¯ ï¢«ï¥âáï πc-£àã¯¯®©
[10], £àã¯¯  K | πc-£àã¯¯ . �¥£ª® ¢¨¤¥âì, ªà®¬¥ â®£®, çâ® ¯à®¨§¢®«ì­ ï
¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë B1 ä¨­¨â­® ®â¤¥«¨¬  ¢ K. � ª¨¬
®¡à §®¬, £àã¯¯  G1 ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ ¯à¥¤«®¦¥­¨ï 2.

�¥¬¬  2. �«ï «î¡®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë M ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ë G áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤£àã¯¯  H ª®­¥ç­®£® ¨­¤¥ªá 
£àã¯¯ë G1 â ª ï, çâ® G∩H = M . �«ï «î¡®© ¯®¤£àã¯¯ë N ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ë K áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤£àã¯¯  H ª®­¥ç­®£® ¨­¤¥ªá 
£àã¯¯ë G1 â ª ï, çâ® G ∩H = N .

�®ª § â¥«ìáâ¢®. �ãáâì M | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ë G. �®« £ ¥¬ U = B ∩ M ¨ U1 = Uψ. �®£¤  U1 ï¢«ï¥âáï
¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë B1, ¨ ¤«ï ¯®¤£àã¯¯ë N = A1U1,
¨¬¥îé¥© ª®­¥ç­ë© ¨­¤¥ªá ¢ £àã¯¯¥ K, ¢ë¯®«­¥­® à ¢¥­áâ¢® B1∩N = U1.
� ¤àã£®© áâ®à®­ë, ¥á«¨ N | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá 
£àã¯¯ë K, ¯®« £ ¥¬ V1 = B1 ∩ N ¨ V = V1ψ−1. �®£¤  V ï¢«ï¥âáï
¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë B, ¨ ¯®â®¬ã ¤«ï ­¥ª®â®à®© ­®à-
¬ «ì­®© ¯®¤£àã¯¯ë M ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G ¢ë¯®«­¥­® à ¢¥­áâ¢®
B ∩M = V (á¬. ¤®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 2).

� ª ª ª ¢ «î¡®¬ á«ãç ¥ ¯®¤£àã¯¯ë M ¨ N ï¢«ïîâáï (B, B1, ψ)-á®¢-
¬¥áâ¨¬ë¬¨, ¬ë ¬®¦¥¬ ¯®áâà®¨âì á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥

G1(M, N) =
(
G/M ∗K/N ; BM/M = B1N/N, ψ

)
(4)

£àã¯¯ G/M ¨ K/N á ¯®¤£àã¯¯ ¬¨ BM/M ¨ BN/N , ®¡ê¥¤¨­¥­­ë¬¨ ®â-
­®á¨â¥«ì­® ¨­¤ãæ¨à®¢ ­­®£® ¨§®¬®àä¨§¬  ψ. �¢«ïïáì á¢®¡®¤­ë¬ ¯à®-
¨§¢¥¤¥­¨¥¬ á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© ¤¢ãå ª®­¥ç­ëå £àã¯¯, £àã¯¯ 
G1(M, N) ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  (á¬. [7]) ¨ ¯®â®¬ã ®¡« ¤ ¥â ­®à¬ «ì-
­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá , ¨¬¥îé¥© âà¨¢¨ «ì­®¥ ¯¥à¥á¥ç¥­¨¥ á
(ª®­¥ç­ë¬¨) ¯®¤£àã¯¯ ¬¨ G/M ¨ K/N . �á«¨ H | ¯à®®¡à § íâ®© ¯®¤-
£àã¯¯ë ®â­®á¨â¥«ì­® £®¬®¬®àä¨§¬  ρ £àã¯¯ë G1 ­  £àã¯¯ã G1(R, S),
¯à®¤®«¦ îé¥£® ¥áâ¥áâ¢¥­­ë¥ ®â®¡à ¦¥­¨ï £àã¯¯ë G ­  £àã¯¯ã G/M ¨
£àã¯¯ë K ­  £àã¯¯ã K/N , â® H ï¢«ï¥âáï ­®à¬ «ì­®© ¯®¤£àã¯¯®© ª®-
­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G1, ¯à¨ç¥¬, ª ª «¥£ª® ¢¨¤¥âì, G ∩ H = M ¨
K ∩H = N . �¥¬¬  2 ¤®ª § ­ .

�¥¬¬  3. � £àã¯¯¥ G1 ¯®¤£àã¯¯ë A ¨ A1 ä¨­¨â­® ®â¤¥«¨¬ë.
�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¯®ª § âì, çâ® ¤«ï «î¡®£® í«¥¬¥­â 

g ∈ G1, ­¥ ¯à¨­ ¤«¥¦ é¥£® ¯®¤£àã¯¯¥ A ¨«¨ ¯®¤£àã¯¯¥ A1, áãé¥áâ¢ã¥â
­®à¬ «ì­ ï ¯®¤£àã¯¯  H ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G1, çâ® g /∈ AH ¨«¨
g /∈ A1H á®®â¢¥âáâ¢¥­­®. �ãáâì g = x1x2 · · ·xn | ­¥á®ªà â¨¬ ï § ¯¨áì



¢ £àã¯¯¥ G1 í«¥¬¥­â  g. � áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  n = 1, â. ¥.
í«¥¬¥­â g ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ G ¨«¨ ¯®¤£àã¯¯¥ K.

�á«¨ g ¢å®¤¨â ¢ ¯®¤£àã¯¯ã G ¨ ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ A, â®
¯®áª®«ìªã ¯® ãá«®¢¨î ¯®¤£àã¯¯  A ä¨­¨â­® ®â¤¥«¨¬  ¢ £àã¯¯¥ G, g /∈ AM
¤«ï ­¥ª®â®à®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë M ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G. �
á¨«ã «¥¬¬ë 2 áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤£àã¯¯  H ª®­¥ç­®£® ¨­¤¥ªá 
£àã¯¯ë G1 â ª ï, çâ® G ∩H = M . �ç¥¢¨¤­®, çâ® g /∈ AH.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® í«¥¬¥­â g ∈ G ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯-
¯¥ A1. �á«¨ ¯à¨ íâ®¬ í«¥¬¥­â g ­¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã B, ­ ©¤¥¬ á­ -
ç « , à ááã¦¤ ï  ­ «®£¨ç­®, â ªãî ­®à¬ «ì­ãî ¯®¤£àã¯¯ã L ª®­¥ç­®£®
¨­¤¥ªá  £àã¯¯ë G1, çâ® g /∈ BL: ¢ë¡¨à ¥¬ ­®à¬ «ì­ãî ¯®¤£àã¯¯ã M
ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G â ª, çâ®¡ë g /∈ BM ,   § â¥¬ ­®à¬ «ì­ãî
¯®¤£àã¯¯ã L ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G1 â ªãî, çâ® G ∩ L = M . � «¥¥
¯®« £ ¥¬ ¥é¥ N = K∩L; å®à®è® ¨§¢¥áâ­® (¨ «¥£ª® ¢¨¤¥âì), çâ® ¯®¤£àã¯¯ë
M ¨ N ï¢«ïîâáï (B, B1, ψ)-á®¢¬¥áâ¨¬ë¬¨. �®íâ®¬ã ¬®¦­® ¢¢¥áâ¨ ¢ à á-
á¬®âà¥­¨¥ £àã¯¯ã

G1(M, N) =
(
G/M ∗K/N ; BM/M = B1N/N,ψ

)
.

�«¥¬¥­â gM á¢®¡®¤­®£® ¬­®¦¨â¥«ï G/M íâ®© £àã¯¯ë ­¥ ¢å®¤¨â ¢ ®¡ê-
¥¤¨­ï¥¬ãî ¯®¤£àã¯¯ã BM/M ¨ ¯®â®¬ã ­¥ ¯à¨­ ¤«¥¦¨â ¤àã£®¬ã á¢®¡®¤-
­®¬ã ¬­®¦¨â¥«î K/N . � ª ª ª £àã¯¯  G1(M,N) ä¨­¨â­®  ¯¯à®ªá¨¬¨-
àã¥¬ ,   ¥¥ ¯®¤£àã¯¯  K/N ª®­¥ç­ , í«¥¬¥­â gM ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤-
£àã¯¯¥ K/N · X ¤«ï ­¥ª®â®à®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë X ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ë G1. �®£¤  ¯à®®¡à § H íâ®© ¯®¤£àã¯¯ë ®â­®á¨â¥«ì­® £®¬®-
¬®àä¨§¬  £àã¯¯ë G1 ­  £àã¯¯ã G1(M, N), ¯à®¤®«¦ îé¥£® ¥áâ¥áâ¢¥­­ë¥
®â®¡à ¦¥­¨ï £àã¯¯ë G ­  £àã¯¯ã G/M ¨ £àã¯¯ë K ­  £àã¯¯ã K/N , ï¢-
«ï¥âáï ­®à¬ «ì­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G1 â ª®©, çâ®
g /∈ KH ¨, â¥¬ ¡®«¥¥, g /∈ A1H. �á«¨ ¦¥ í«¥¬¥­â g ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥
B, â® g ∈ K. � ª ª ª ¢ ¯àï¬®¬ ¯à®¨§¢¥¤¥­¨¨ ¤¢ãå ä¨­¨â­®  ¯¯à®ªá¨¬¨-
àã¥¬ëå £àã¯¯ ª ¦¤ë© ¯àï¬®© ¬­®¦¨â¥«ì ï¢«ï¥âáï ä¨­¨â­® ®â¤¥«¨¬®©
¯®¤£àã¯¯®©, g /∈ A1N ¤«ï ­¥ª®â®à®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë N ª®­¥ç­®£®
¨­¤¥ªá  £àã¯¯ë K. �ë¡à ¢ ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 2 â ªãî ­®à¬ «ì­ãî
¯®¤£àã¯¯ã H ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G1, çâ® K ∩H = N , ¡ã¤¥¬ ¨¬¥âì
g /∈ A1H. �áâ «®áì à áá¬®âà¥âì á«ãç ©, ª®£¤  í«¥¬¥­â g «¥¦¨â ¢ ¯®¤-
£àã¯¯¥ K ¨ ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ A. �à¨ íâ®¬ ¬®¦­® áç¨â âì, çâ® g
­¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã G, â. ¥. g /∈ B1, ¨ ¯®â®¬ã íâ®â á«ãç © à áá¬ âà¨¢ -
¥âáï  ­ «®£¨ç­® á«ãç î, ª®£¤  g ∈ G \B. � ¨¬¥­­®, ¨á¯®«ì§ãï ä¨­¨â­ãî
®â¤¥«¨¬®áâì ¯®¤£àã¯¯ë B1 ¢ £àã¯¯¥ K ¨ «¥¬¬ã 2, ­ ©¤¥¬ â ª¨¥ ­®à¬ «ì-
­ë¥ ¯®¤£àã¯¯ë N ¨ L ª®­¥ç­ëå ¨­¤¥ªá®¢ £àã¯¯ K ¨ G1 á®®â¢¥âáâ¢¥­­®,
çâ® g /∈ B1N ¨ K ∩ L = N . �®« £ ï § â¥¬ M = G ∩ L, ¢ á®®â¢¥âáâ¢ãîé¥©
£àã¯¯¥ G1(M, N) ­ ©¤¥¬ ­®à¬ «ì­ãî ¯®¤£àã¯¯ã ª®­¥ç­®£® ¨­¤¥ªá , ¯®
¬®¤ã«î ª®â®à®© í«¥¬¥­â gN ­¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã G/M . �®£¤  ¯à®®¡à §



H íâ®© ¯®¤£àã¯¯ë ¢ £àã¯¯¥ G1 ¨ ¡ã¤¥â ­®à¬ «ì­®© ¯®¤£àã¯¯®© ª®­¥ç­®£®
¨­¤¥ªá  £àã¯¯ë G1, â ª®©, çâ® g /∈ AH.

�ã¤¥¬ áç¨â âì â¥¯¥àì, çâ® ¤«¨­  n í«¥¬¥­â  g ¡®«ìè¥ 1. �®£¤  á®¬­®-
¦¨â¥«¨ ¥£® ­¥á®ªà â¨¬®© § ¯¨á¨ g = x1x2 · · ·xn ¯à¨­ ¤«¥¦ â ¯®®ç¥à¥¤­®
¯®¤£àã¯¯ ¬ G (¨ ­ §ë¢ îâáï G-á«®£ ¬¨) ¨ K (¨ ­ §ë¢ îâáï K-á«®£ ¬¨)
¨ ­¥ «¥¦ â ¢ á®®â¢¥âáâ¢ãîé¨å ®¡ê¥¤¨­ï¥¬ëå ¯®¤£àã¯¯ å B ¨ B1. �á-
¯®«ì§ãï «¥¬¬ã 2 ¨ ä¨­¨â­ãî ®â¤¥«¨¬®áâì ¢ £àã¯¯ å G ¨ K ¯®¤£àã¯¯ B
¨ B1, ¬®¦­® ­ ©â¨ ­®à¬ «ì­ë¥ ¯®¤£àã¯¯ë L1 ¨ L2 ª®­¥ç­ëå ¨­¤¥ªá®¢
£àã¯¯ë G1 â ª¨¥, çâ® ¢á¥ G-á«®£¨ íâ®© § ¯¨á¨ í«¥¬¥­â  g ­¥ ¢å®¤ïâ ¢ ¯®¤-
£àã¯¯ã BL1 ¨ ¢á¥ K-á«®£¨ § ¯¨á¨ í«¥¬¥­â  g ­¥ ¢å®¤ïâ ¢ ¯®¤£àã¯¯ã B1L2.
�®£¤  L = L1 ∩ L2 | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë
G1, ¨ ¯®â®¬ã M = G ∩ L ¨ N = K ∩ L | (B, B1, ψ)-á®¢¬¥áâ¨¬ë¥ ­®à-
¬ «ì­ë¥ ¯®¤£àã¯¯ë ª®­¥ç­ëå ¨­¤¥ªá®¢ £àã¯¯ G ¨ K. �ç¥¢¨¤­® ¯®íâ®¬ã,
çâ® ¥á«¨ ρ | £®¬®¬®àä¨§¬ £àã¯¯ë G1 ­  £àã¯¯ã G1(M,N), ¯à®¤®«¦ -
îé¨© ¥áâ¥áâ¢¥­­ë¥ ®â®¡à ¦¥­¨ï £àã¯¯ë G ­  £àã¯¯ã G/M ¨ £àã¯¯ë K
­  £àã¯¯ã K/N , â® § ¯¨áì gρ = (x1ρ)(x2ρ) · · · (xnρ) í«¥¬¥­â  gρ ï¢«ï¥âáï
­¥á®ªà â¨¬®© ¢ £àã¯¯¥ G1(M,N). � ç áâ­®áâ¨, í«¥¬¥­â gρ ­¥ ¢å®¤¨â ­¨
¢ ¯®¤£àã¯¯ã G/M , ­¨ ¢ ¯®¤£àã¯¯ã K/N . �®áª®«ìªã ¢ ä¨­¨â­®  ¯¯à®ªá¨-
¬¨àã¥¬®© £àã¯¯¥ ª®­¥ç­ë¥ ¯®¤£àã¯¯ë ä¨­¨â­® ®â¤¥«¨¬ë, í«¥¬¥­â gρ ­¥
¯à¨­ ¤«¥¦¨â ­¨ ¯®¤£àã¯¯¥ G/M ·X, ­¨ ¯®¤£àã¯¯¥ K/N ·X ¤«ï ­¥ª®â®-
à®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë X ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G1(M, N). �®£¤ 
¯à®®¡à § H íâ®© ¯®¤£àã¯¯ë ®â­®á¨â¥«ì­® £®¬®¬®àä¨§¬  ρ ï¢«ï¥âáï ­®à-
¬ «ì­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G1 â ª®©, çâ® g /∈ GH ¨
g /∈ KH, ¨ ¯®íâ®¬ã g /∈ AH ¨ g /∈ A1H. �¥¬¬  ¤®ª § ­ .

�¥¬¬  4. � ª ¦¤®© ­®à¬ «ì­®© ¯®¤£àã¯¯¥ ª®­¥ç­®£® ¨­¤¥ªá 
£àã¯¯ë G1 á®¤¥à¦¨âáï (A, A1, ϕ)-á®¢¬¥áâ¨¬ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯ ,
â ª¦¥ ¨¬¥îé ï ¢ £àã¯¯¥ G1 ª®­¥ç­ë© ¨­¤¥ªá.

�®ª § â¥«ìáâ¢®. �ãáâì L | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ë G1. �®« £ ¥¬ M = G ∩ L ¨ U = A ∩ M . �ãáâì â ª¦¥
U1 = A1 ∩ L, U ′ = U1ϕ−1 ¨ X = U ∩ U ′. �®£¤  X | ¯®¤£àã¯¯  ª®­¥ç-
­®£® ¨­¤¥ªá  £àã¯¯ë A, «¥¦ é ï ¢ ¯®¤£àã¯¯¥ M , ¨ ¯®â®¬ã ¢ £àã¯¯¥ G
áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤£àã¯¯  R ª®­¥ç­®£® ¨­¤¥ªá , «¥¦ é ï ¢ M ¨
â ª ï, çâ® A∩R = X. � ª ª ª X 6 U ′, ¯®¤£àã¯¯  X1 = Xϕ á®¤¥à¦¨âáï ¢
L ¨ ¨¬¥¥â ª®­¥ç­ë© ¨­¤¥ªá ¢ A1. �ãáâì ¥é¥ Y = B∩L ¨ Y1 = Y ψ. � ª ª ª
¢ £àã¯¯¥ G1 ¯®¤£àã¯¯ë Y ¨ Y1 á®¢¯ ¤ îâ, Y1 6 L. �®¤£àã¯¯  S = X1Y1
¨¬¥¥â ª®­¥ç­ë© ¨­¤¥ªá ¢ K ¨ á®¤¥à¦¨âáï ¢ L. �®áª®«ìªã S∩B1 = Y1, ¯®¤-
£àã¯¯ë R ¨ S ï¢«ïîâáï (B, B1, ψ)-á®¢¬¥áâ¨¬ë¬¨, ¨ ¬ë ¬®¦¥¬ ¯®áâà®¨âì
£àã¯¯ã G1 = G1(R, S) ¨ £®¬®¬®àä¨§¬ ρ £àã¯¯ë G1 ¢ £àã¯¯ã G1, ¤¥©-
áâ¢¨¥ ª®â®à®£® ­  ¯®¤£àã¯¯ å G ¨ K á®¢¯ ¤ ¥â á á®®â¢¥âáâ¢ãîé¨¬ ¥áâ¥-
áâ¢¥­­ë¬ £®¬®¬®àä¨§¬®¬. � ª ª ª £®¬®¬®àä¨§¬ ρ áîàê¥ªâ¨¢¥­, ®¡à §
Lρ ¯®¤£àã¯¯ë L ï¢«ï¥âáï ¢ £àã¯¯¥ G1 ­®à¬ «ì­®© ¯®¤£àã¯¯®© ª®­¥ç­®£®
¨­¤¥ªá . �à®¬¥ â®£®, ¯®áª®«ìªã ï¤à® £®¬®¬®àä¨§¬  ρ á®¢¯ ¤ ¥â á ­®à-



¬ «ì­ë¬ § ¬ëª ­¨¥¬ ¢ £àã¯¯¥ G1 ¯®¤£àã¯¯ R ¨ S, «¥¦ é¨å ¢ L, ¨¬¥¥¬
Ker ρ ⊆ L.

�¢«ïïáì ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®©, £àã¯¯  G1 ®¡« ¤ ¥â ­®à¬ «ì-
­®© ¯®¤£àã¯¯®© H ª®­¥ç­®£® ¨­¤¥ªá , ¨¬¥îé¥© âà¨¢¨ «ì­®¥ ¯¥à¥á¥ç¥­¨¥
á ª ¦¤®© ¨§ (ª®­¥ç­ëå) ¯®¤£àã¯¯ G/R ¨ K/S ¨ «¥¦ é¥© ¢ ¯®¤£àã¯¯¥
Lρ. �á«¨ H | ¯à®®¡à § íâ®© ¯®¤£àã¯¯ë ®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ï ρ, â®
¢ á¨«ã â®£®, çâ® Ker ρ ⊆ L, ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ H ⊆ L. �à®¬¥ â®£®,
«¥£ª® ¢¨¤¥âì, çâ® H ∩G = R ¨ H ∩K = S. �®íâ®¬ã

A∩H = A∩G∩H = A∩R = X ¨ A1 ∩H = A1 ∩K ∩H = A1 ∩S = X1,

â ª çâ® ¯®¤£àã¯¯  H ï¢«ï¥âáï (A,A1, ϕ)-á®¢¬¥áâ¨¬®©. �¥¬¬  ¤®ª § ­ .
�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ «¥¬¬ 3 ¨ 4 ¨ ¯à¥¤«®¦¥­¨ï 4.
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