
��� 517.5

�. �. �¥«®¢
�������������� ��������� ��������������
������� ����������� ����������
������������������� ����

�¢¥¤¥­¨¥
�á«¨ § ¤ ­ âà¨£®­®¬¥âà¨ç¥áª¨© àï¤

1
2a0 +

∞∑
n=1

(an cos(nx) + bn sin(nx)) , (1)

â® ¡ã¤¥¬, ª ª ®¡ëç­®, ®¡®§­ ç âì

Sn(x) = 1
2a0 +

n∑

k=1
(an cos(nx) + bn sin(nx)) ,

σn(x) = 1
n + 1

n∑

k=0
Sk(x) ,

�an = an − an+1 ¯à¨ ¢á¥å n > 0 . �á«¨ f ∈ L∞2π , â® ‖f‖∞ = esssupx |f(x)| .
� à ¡®â¥ [2] ¤®ª § ­ 

�¥®p¥¬  A. �ãáâì âà¨£®­®¬¥âà¨ç¥áª¨© àï¤ (1) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

|an|+ |bn| → 0 ¯à¨ n →∞ , (2)
∞∑

n=1
( |�an|+ |�bn| ) < ∞ (3)

¨

sup
n>1

(
2n

2n+1∑

k=2n+1
( |�ak|+ |�bk| )

)
< ∞ . (4)

�®£¤  á¯p ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥­¨ï.
a) �ï¤ (1) áå®¤¨âáï à ¢­®¬¥à­® ­  ¯àï¬®© â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¢ë¯®«­¥­ë ãá«®¢¨ï: àï¤

∞∑
n=1

an áå®¤¨âáï (5)

¨
1
n

n∑

k=1
kbk → 0 ¯à¨ n →∞ . (6)

c© �¥«®¢ �. �., 2010
� ¡®â  ¢ë¯®«­¥­  ¯p¨ ä¨­ ­á®¢®© ¯®¤¤¥p¦ª¥ ���� (¯p®¥ªâ 08{01{00302) .
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b) � áâ­ë¥ áã¬¬ë àï¤  (1) à ¢­®¬¥à­® ®£à ­¨ç¥­ë ­  ¯àï¬®© â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­¥­ë ãá«®¢¨ï:

sup
n>1

∣∣∣
n∑

k=1
ak

∣∣∣ < ∞ ¨ sup
n>1

∣∣∣ 1
n

n∑

k=1
kbk

∣∣∣ < ∞ .

�â¬¥â¨¬, çâ® ãá«®¢¨¥ (4) íª¢¨¢ «¥­â­® ãá«®¢¨î

sup
n>1

(
n

∞∑

k=n

( |�ak|+ |�bk| )
)

< ∞ (7)

¨ íª¢¨¢ «¥­â­® ãá«®¢¨î

sup
n>1

(
n

2n−1∑

k=n

( |�ak|+ |�bk| )
)

< ∞ .

� à ¡®â¥ [2] ¡¥§ ¤®ª § â¥«ìáâ¢  ®â¬¥ç «®áì, çâ® ¢ â¥®p¥¬¥ A ãá«®-
¢¨¥ (4), ¨«¨, çâ® â® ¦¥ á ¬®¥, ãá«®¢¨¥ (7), ­¥«ì§ï ã«ãçè¨âì, § ¬¥­¨¢ ¥£®
­  ãá«®¢¨¥

∞∑

k=n

( |� ak|+ |� bk| ) 6 �(n)
n

¯à¨ ¢á¥å n > 1 , (8)

£¤¥ ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥« {�(n)}∞n=1 áâà¥¬¨âáï ª ¡¥á-
ª®­¥ç­®áâ¨. �â® ¯®ª §ë¢ ¥â á«¥¤ãîé ï

�¥®à¥¬  1. �«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®«®¦¨â¥«ì­ëå ç¨-
á¥« {�(n)}∞n=1 , ª®â®à ï áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨, cãé¥áâ¢ãîâ â -
ª¨¥ ¤¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« {an}∞n=1 ¨ {bn}∞n=1 ,
çâ® àï¤ë

∞∑

k=1
ak ¨

∞∑

k=1
bk (9)

áå®¤ïâáï,
∣∣∣ 1
n

n∑

k=1
kak

∣∣∣ +
∣∣∣ 1
n

n∑

k=1
kbk

∣∣∣ → 0 ¯p¨ n →∞ (10)

¨ ¢¥à­ë ãá«®¢¨ï (2), (3) ¨ (8), ­® ç áâ­ë¥ áã¬¬ë ¨ àï¤ 
∞∑

n=1
an cos(nx) , (11)

¨ àï¤ 
∞∑

n=1
bn sin(nx) (12)

­¥ ®£p ­¨ç¥­ë ¢ ¬¥âà¨ª¥ C2π , ¨, ¢ ç áâ­®áâ¨, ¨ àï¤ (11) , ¨ àï¤ (12)
­¥ áå®¤ïâáï à ¢­®¬¥à­® ­  ¯àï¬®©, å®âï ¨ áå®¤ïâáï ¢áî¤ã. �®«¥¥ â®£®,
¥á«¨ ç¥à¥§ f(x) ®¡®§­ ç¨âì áã¬¬ã «î¡®£® ¨§ àï¤®¢ (11) ¨«¨ (12) , â®
äã­ªæ¨ï f ®ª ¦¥âáï ­¥ ®£p ­¨ç¥­­®© ­  ¯pï¬®©, ­® f ∈ Lp

2π ¯à¨ ¢á¥å
p ∈ [1 ,∞) .

�¥®à¥¬  1 ¤®¯ãáª ¥â ­¥ª®â®à®¥ ãá¨«¥­¨¥,   ¨¬¥­­® ¢¥à­ 
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�¥®à¥¬  2. �«ï «î¡®© § ¤ ­­®© ­¥®âà¨æ â¥«ì­®© ¨ ­¥ã¡ë¢ îé¥©
­  [0 , +∞) äã­ªæ¨¨ 	 ¨ «î¡®© áâà¥¬ïé¥©áï ª ¡¥áª®­¥ç­®áâ¨ ¯®á«¥¤®-
¢ â¥«ì­®áâ¨ ¯®«®¦¨â¥«ì­ëå ç¨á¥« {�(n)}∞n=1 cãé¥áâ¢ãîâ ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ {an}∞n=1 ¨ {bn}∞n=1 â ª¨¥, çâ® ¢ë¯®«­¥­ë ¢á¥ ãâ¢¥à¦¤¥-
­¨ï â¥®à¥¬ë 1 ¨, ¡®«¥¥ â®£®, áã¬¬  ª ¦¤®£® ¨§ àï¤®¢ (11) ¨«¨ (12), ¥á«¨
®¡®§­ ç¨âì à áá¬ âà¨¢ ¥¬ãî áã¬¬ã ç¥à¥§ f(x), ¡ã¤¥â ã¤®¢«¥â¢®àïâì
ãá«®¢¨î ∫ π

−π

	( |f(x)| ) dx < ∞ . (13)

� ¬¥â¨¬, çâ® ¤«ï ã¤®¡áâ¢  ¨§«®¦¥­¨ï ç¥à¥§ f(x) ¬ë ®¡®§­ ç ¥¬
áã¬¬ã «î¡®£® ¯à®¨§¢®«ì­® ¢ë¡à ­­®£® ¨§ àï¤®¢ (11) ¨«¨ (12) àï¤ , å®âï
áã¬¬ë àï¤®¢ (11) ¨ (12), ª®­¥ç­®, ­¥ ®¡ï§ ­ë á®¢¯ ¤ âì.

�¥®à¥¬ë 1 ¨ 2 ¯®ª §ë¢ îâ, çâ® ãá«®¢¨¥ (4), ¨«¨, çâ® íª¢¨¢ «¥­â­®,
ãá«®¢¨¥ (7), ¢ â¥®à¥¬¥ A ­¥ã«ãçè ¥¬® ¢ â®¬ á¬ëá«¥, çâ® ãá«®¢¨¥ (4) ­¥«ì§ï
¢ â¥®à¥¬¥ A § ¬¥­¨âì ­  ãá«®¢¨¥ (8) ¤ ¦¥ ¯à¨ áª®«ì ã£®¤­® ¬¥¤«¥­­®¬
áâà¥¬«¥­¨¨ ª ¡¥áª®­¥ç­®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®«®¦¨â¥«ì­ëå ç¨á¥«
{�(n)}∞n=1 , ¯®áª®«ìªã ãá«®¢¨ï (5) ¨ (6) ¢ íâ®¬ á«ãç ¥ ã¦¥ ­¥ ï¢«ïîâáï
¤®áâ â®ç­ë¬¨ ¤«ï à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  (1).

�®ª § â¥«ìáâ¢® áä®à¬ã«¨à®¢ ­­ëå â¥®à¥¬ 1 ¨ 2 ¨ ï¢«ï¥âáï ®á­®¢-
­®© æ¥«ìî íâ®© áâ âì¨. � § 1 ¨§«®¦¥­® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1,   ¢ § 2
¯à¨¢¥¤¥­ ¢ë¢®¤ â¥®à¥¬ë 2 ¨§ â¥®à¥¬ë 1, å®âï ä®à¬ «ì­® â¥®à¥¬  1 ï¢-
«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ â¥®à¥¬ë 2, ¯à¨ç¥¬ ¤«ï â®£®, çâ®¡ë ã¢¨¤¥âì íâ®,
¤®áâ â®ç­®, ­ ¯à¨¬¥à, ¢§ïâì 	(x) = x . �¥à¥©¤¥¬ â¥¯¥àì ª à¥ «¨§ æ¨¨
íâ®£® ¯« ­ .

§ 1. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1
�ãáâì ¤ «¥¥ log ¡¥à¥âáï ¯® ®á­®¢ ­¨î 2 ¨ ª¢ ¤à â­ë¥ áª®¡ª¨ ®¡®-

§­ ç îâ æ¥«ãî ç áâì ç¨á« . �®«®¦¨¬

ϕ(n) = min{min{�(k) : k > n} , 1 + log n}

¯à¨ ¢á¥å ­ âãà «ì­ëå n > 5 ¨ ϕ(n) = min{min{�(k) : k > 1} , 1} ¯à¨
n = 1, 2, 3, 4 . �®£¤  ¯®«®¦¨â¥«ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {ϕ(n)}∞n=1 ­¥ ã¡ë-
¢ ¥â, áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨, ϕ(1) = ϕ(2) = ϕ(3) = ϕ(4) ,

ϕ(n) 6 �(n) ¯p¨ ¢á¥å n > 1 (14)

¨
ϕ(n) 6 1 + log n ¯p¨ ¢á¥å n > 1 . (15)

�®«®¦¨¬
δ = ϕ(1) 2−14 . (16)

�ãáâì

g(n) = min
{ n− 2

2 ,
1
3 log

( ϕ(2n)
ϕ(1)

)}
¯p¨ ¢á¥å n > 2 . (17)

�®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì ­¥®âà¨æ â¥«ì­ëå ç¨á¥« {g(n)}∞n=2 ­¥ ã¡ë¢ ¥â
¨ áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨. �ãáâì ν0 = 0 ¨ νk = [g(4k − 2)] ¯à¨ ¢á¥å
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­ âãà «ì­ëå k . �®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì æ¥«ëå ­¥®âà¨æ â¥«ì­ëå ç¨á¥«
{νk}∞k=0 ­¥ ã¡ë¢ ¥â ¨ áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨. �®íâ®¬ã νk − νk−1 > 1
¤«ï ¡¥áª®­¥ç­®£® ç¨á«  ­®¬¥à®¢ k . �®«®¦¨¬ m1 = 0 ¨

m4k−2 = m4k−1 = m4k = m4k+1 =
k∑

s=1
min{νs − νs−1 , 1} (18)

¯à¨ ¢á¥å ­ âãà «ì­ëå k . �â¨¬ ®¯à¥¤¥«¥­  ¯®á«¥¤®¢ â¥«ì­®áâì æ¥«ëå
­¥®âà¨æ â¥«ì­ëå ç¨á¥« {mn}∞n=1 , ª®â®à ï, ­¥ ã¡ë¢ ï, áâà¥¬¨âáï ª ¡¥á-
ª®­¥ç­®áâ¨ ¨

mn+4 −mn 6 1 ¤«ï ¢á¥å n > 1 . (19)

�§ (18) ¯p¨ ­ âãà «ì­ëå k ¨¬¥¥¬

m4k−2 = m4k−1 = m4k = m4k+1 6
k∑

s=1
(νs − νs−1) = νk 6 g(4k − 2) .

�®íâ®¬ã
mn 6 g(n) ¯p¨ ¢á¥å n > 2 . (20)

�à¨ ª ¦¤®¬ ­ âãà «ì­®¬ n > 2 ¯®«®¦¨¬

jn = 2mn , xn = 2πj2
n

2n
, γn = δjn

2n
; (21)

ak = γn cos(kxn), bk = γn sin(kxn) ¯p¨ k = 2n, . . . , 2n+1 − 1 . (22)

�â¨¬ ®¯à¥¤¥«¥­  ­¥ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ âãà «ì­ëå ç¨á¥«
{jn}∞n=2 , ª®â®à ï áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨, ¨ ®¯à¥¤¥«¥­ë ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« {an}∞n=4 ¨ {bn}∞n=4 . �â¬¥â¨¬, çâ® ¨§ (19)
¢ëâ¥ª ¥â ®æ¥­ª 

jn+4 6 2jn ¯p¨ ¢á¥å n > 2 . (23)

�¥©áâ¢¨â¥«ì­ë¥ ç¨á«  a1 , a2 , a3 ¨ b1 , b2 , b3 ¢ë¡¥à¥¬ ¯à®¨§¢®«ì­ë¬ ®¡à -
§®¬ â ª, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï

|a1 − a2|+ |b1 − b2| 6 ϕ(1)
4 , (24)

|a2 − a3|+ |b2 − b3| 6 ϕ(1)
8 , (25)

|a3 − a4|+ |b3 − b4| 6 ϕ(1)
8 . (26)

� ¯à¨¬¥à, ¬®¦­® ¢§ïâì a1 = a2 = a3 = a4 ¨ b1 = b2 = b3 = b4 . �¥¯¥àì
¤®ª ¦¥¬, çâ® â ª ®¯à¥¤¥«¥­­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {an}∞n=1 ¨ {bn}∞n=1
ã¤®¢«¥â¢®àïîâ ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë 1. �§ (17), (20) ¨ (21) á«¥¤ã¥â, çâ®
2mn 6 n− 2 , j2

n 6 2n−2 ¨

0 < xn 6 π

2 ¯p¨ ¢á¥å n > 2 . (27)
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�§ (22), (27) ¨ (21) ¨¬¥¥¬

2n+1−1∑

k=2n

(ak + ibk) = γn

2n+1−1∑

k=2n

eikxn = γn sin(2n−1xn)
sin(xn/2) ei(3 2n−1)xn/2 = 0 ,

â. ¥.
2n+1−1∑

k=2n

ak = 0 ¨
2n+1−1∑

k=2n

bk = 0 ¯p¨ n > 2 . (28)

�à¨ ­ âãà «ì­®¬ n > 2 ¨ m = 2n, . . . , 2n+1−1 ¨§ (22), (27) ¨ (21) ¢ë¢®¤¨¬

∣∣∣
m∑

k=2n

(ak + ibk)
∣∣∣ = γn

∣∣∣
m∑

k=2n

eikxn

∣∣∣ = γn

∣∣∣ sin((m + 1− 2n) xn/2)
sin(xn/2)

∣∣∣ 6

6 γn

sin(xn/2) <
πγn

xn
= δ

2jn
,

â. ¥.

max
m=2n, ...,2n+1−1

( ∣∣∣
m∑

k=2n

ak

∣∣∣ +
∣∣∣

m∑

k=2n

bk

∣∣∣
)

<
δ

jn
¯p¨ ¢á¥å n > 2 . (29)

�®áª®«ìªã jn → ∞ ¯p¨ n → ∞ , â® ¨§ (29) ¨ (28) ¢ëâ¥ª ¥â áå®¤¨¬®áâì
àï¤®¢ (9),   §­ ç¨â (á¬. [2, «¥¬¬  1.3]) ¨ á¢®©áâ¢  (10) ¨ (2). �à¨ ­ âã-
à «ì­ëå k > 2 ¨§ (23) ¯®«ãç ¥¬

∞∑
s=0

j3
k+4s

2k+4s
6

∞∑
s=0

j3
k23s

2k+4s
= 2j3

k

2k
.

�®íâ®¬ã ¯à¨ ª ¦¤®¬ ­ âãà «ì­®¬ N > 2 ¨¬¥¥¬

∞∑

n=N

j3
n

2n
=

N+3∑

k=N

∞∑
s=0

j3
k+4s

2k+4s
6

N+3∑

k=N

2j3
k

2k
6

6 2j3
N+4

N+3∑

k=N

1
2k

<
4j3

N+4
2N

6 25j3
N

2N
,

£¤¥ ®¯ïâì ¯à¨¬¥­¥­® (23). �§ (20), (21) ¨ (17) ¢¨¤¨¬, çâ®

j3
N = 23mN 6 23g(N) 6 ϕ(2N )

ϕ(1) .

�«¥¤®¢ â¥«ì­®,

∞∑

n=N

j3
n

2n
6 25 ϕ(2N )

ϕ(1) 2N
¯p¨ ¢á¥å N > 2 . (30)
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�à¨ ª ¦¤®¬ ­ âãà «ì­®¬ n > 2 ¨§ (22), (27), (21) ¨¬¥¥¬

2n+1−1∑

k=2n

|�ak + i�bk| = γn

2n+1−2∑

k=2n

|eikxn − ei(k+1)xn |+

+ |γn ei(2n+1−1)xn − γn+1 ei2n+1xn+1 | 6 γn (2n − 1)|1− eixn |+

+ γn + γn+1 = δjn

2n
(2n − 1) 2 sin

(xn

2
)

+ δjn

2n
+ δjn+1

2n+1 <

< δjn xn + δj3
n

2n
+ δj3

n+1
2n+1 = δ

( (2π + 1)j3
n

2n
+ j3

n+1
2n+1

)
.

�­ ç¨â,
2n+1−1∑

k=2n

(|�ak|+ |�bk|) < 2δ
( (2π + 1)j3

n

2n
+ j3

n+1
2n+1

)
.

�®íâ®¬ã ¯à¨ ­ âãà «ì­®¬ N > 2 ¨§ (30) ¨ (16) ¨¬¥¥¬

∞∑

k=2N

(|�ak|+ |�bk|) =
∞∑

n=N

2n+1−1∑

k=2n

(|�ak|+ |�bk|) <

< 2δ

∞∑

n=N

( (2π + 1)j3
n

2n
+ j3

n+1
2n+1

)
= 2δ

∞∑

n=N

(2π + 1)j3
n

2n
+ 2δ

∞∑

n=N+1

j3
n

2n
<

< 2δ (2π + 2) 25 ϕ(2N )
ϕ(1) 2N

= (2π + 2) ϕ(2N )
28 2N

<
ϕ(2N )
24 2N

.

�ãáâì â¥¯¥àì ­ âãà «ì­®¥ N > 2 ¨ 2N 6 n < 2N+1 . �®£¤ 

∞∑

k=n

(|�ak|+ |�bk|) 6
∞∑

k=2N

(|�ak|+ |�bk|) <
ϕ(2N )
24 2N

6 ϕ(n)
24 2N

<
ϕ(n)
8 n

.

� ª¨¬ ®¡à §®¬,

∞∑

k=n

(|�ak|+ |�bk|) <
ϕ(n)
8n

¯p¨ ¢á¥å n > 4 . (31)

�§ (31) ¯à¨ n = 4 , (26), (25) ¨ (24) ¨¬¥¥¬

∞∑

k=3
(|�ak|+ |�bk|) <

ϕ(1)
8 + ϕ(4)

32 <
ϕ(3)

3 ,

∞∑

k=2
(|�ak|+ |�bk|) <

ϕ(1)
4 + ϕ(4)

32 <
ϕ(2)

2 ,

∞∑

k=1
(|�ak|+ |�bk|) <

ϕ(1)
2 + ϕ(4)

32 <
ϕ(2)

1 ,
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â. ¥. ¢ á¨«ã (31) ¢¥à­  ®æ¥­ª 
∞∑

k=n

(|� ak|+ |� bk|) <
ϕ(n)

n
¯à¨ ¢á¥å n > 1 . (32)

�âáî¤  ¨ ¨§ (14) ¢ëâ¥ª ¥â (8). �®áª®«ìªã ¨§ (21) ¨ (27) á«¥¤ã¥â

2n+1−1∑

k=2n

ei2kxn = sin(2nxn)
sin xn

ei(3 2n−1)xn = 0 ,

â®
2n+1−1∑

k=2n

cos(2kxn) = 0 ¯p¨ ¢á¥å n > 2 .

�«¥¤®¢ â¥«ì­®, ¯à¨ n > 2 ¨§ (22) ¨ (21) ¨¬¥¥¬

2n+1−1∑

k=2n

ak cos(kxn) = γn

2n+1−1∑

k=2n

cos2(kxn) =

= δjn

2n+1

2n+1−1∑

k=2n

(1 + cos(2kxn)) = δjn

2

¨  ­ «®£¨ç­®
2n+1−1∑

k=2n

bk sin(kxn) = γn

2n+1−1∑

k=2n

sin2(kxn) =

= δjn

2n+1

2n+1−1∑

k=2n

(1− cos(2kxn)) = δjn

2 .

� ª¨¬ ®¡à §®¬, ¥á«¨ ç¥à¥§ f(x) , Sn(x) ¨ σn(x) ®¡®§­ ç âì áã¬¬ã ¨, á®®â-
¢¥âáâ¢¥­­®, ç áâ¨ç­ãî áã¬¬ã ¨ áã¬¬ã �¥©¥à  ¯®àï¤ª  n ¤«ï «î¡®£® ¨§
àï¤®¢ (11) ¨«¨ (12), â®

S2n+1−1(xn)− S2n−1(xn) = δjn

2 ¯p¨ ¢á¥å n > 2 . (33)

� ª ª ª jn →∞ ¯à¨ n →∞ , â® ç áâ¨ç­ë¥ áã¬¬ë ¨ àï¤  (11), ¨ àï¤  (12)
­¥ ®£à ­¨ç¥­ë ¢ ¬¥âà¨ª¥ L∞2π . �®ª ¦¥¬ â¥¯¥àì, çâ® äã­ªæ¨ï f ∈ Lp

2π ¯à¨
¢á¥å p ∈ [1 ,∞) , ­® äã­ªæ¨ï f /∈ L∞2π , ¯à¨ç¥¬ à áá¬ âà¨¢ âì ¡ã¤¥¬ â®«ìª®
àï¤ (11), ¯®áª®«ìªã ¤«ï àï¤  (12) ¤®ª § â¥«ìáâ¢® á®¢¥àè¥­­®  ­ «®£¨ç­®.
�§ (15) ¨ (32) ¢ëâ¥ª ¥â, çâ®

∞∑

k=n

(|� ak|+ |� bk|) <
1 + log n

n
¯à¨ ¢á¥å n > 1 .

�á«¨ ¯®«®¦¨âì

a′n = 1
2

(
−an +

∞∑

k=n

|� ak|
)

, a′′n = 1
2

(
an +

∞∑

k=n

|� ak|
)

,
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â® ­¥®âà¨æ â¥«ì­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {a′n}∞n=1 ¨ {a′′n}∞n=1, ¬®­®â®­­® ­¥
¢®§à áâ ï, áâà¥¬ïâáï ª ­ã«î, an = a′′n − a′n ¨

a′′n + a′n <
1 + log n

n

¯à¨ ¢á¥å n > 1 . �®íâ®¬ã áã¬¬  àï¤  (11) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ à §­®áâ¨
áã¬¬ ¤¢ãå àï¤®¢:

∞∑
n=1

a′′n cos(nx) ¨
∞∑

n=1
a′n cos(nx) ,

ª ¦¤ë© ¨§ ª®â®àëå ¯® â¥®à¥¬¥ � à¤¨ ¨ �¨ââ«¢ã¤  (á¬. [1, á. 657]) ï¢-
«ï¥âáï àï¤®¬ �ãàì¥ ­¥ª®â®à®© äã­ªæ¨¨ ¨§ Lp

2π ¯à¨ ¢á¥å p ∈ (1 ,∞) , ¯®-
áª®«ìªã

∞∑

k=1
kp−2 (a′′k + a′k)p < ∞ .

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® äã­ªæ¨ï f ∈ L∞2π . �®£¤ 

‖σn‖∞ 6 ‖f‖∞
¯p¨ ¢á¥å n > 0 . �«ï «î¡ëå ­ âãà «ì­ëå N ¨ m ¨¬¥¥¬

∣∣∣ SN (x)− (N + m)σN+m−1(x)−NσN−1(x)
m

∣∣∣ =

=
∣∣∣

N+m−1∑

k=N+1

(N + m− k)
m

ak cos(kx)
∣∣∣ 6

N+m−1∑

k=N+1
|ak| .

�®íâ®¬ã

‖SN‖∞ 6 (N + m)
m

‖σN+m−1‖∞ + N

m
‖σN−1‖∞ +

N+m−1∑

k=N+1
|ak| 6

6
( 2N

m
+ 1

)
‖f‖∞ +

N+m−1∑

k=N+1
|ak| .

�®§ì¬¥¬ â¥¯¥àì ¯à®¨§¢®«ì­®¥ ε ∈ (0, 1) . �ãáâì m = [Nε] + 1 . �®£¤  ¯p¨
¢á¥å ­ âãà «ì­ëå N á¯à ¢¥¤«¨¢  ®æ¥­ª 

‖SN‖∞ 6
( 2

ε
+ 1

)
‖f‖∞ +

N+[Nε]∑

k=N+1
|ak| .

�¥àï §¤¥áì N = 2n − 1 , ¢ á¨«ã (22) ¯®«ãç¨¬ ®æ¥­ªã

‖S2n−1‖∞ 6 �ε + γn (2n − 1) ε ¯p¨ ¢á¥å n > 2 ,

£¤¥
�ε = (2 + ε)

ε
‖f‖∞



87

| ¯®áâ®ï­­ ï, ª®â®à ï ­¥ § ¢¨á¨â ®â n . �âáî¤  ¨ ¨§ (33), (21), (22) ¨ (23)
¨¬¥¥¬

δjn

2 6 ‖S2n+1−1 − S2n−1‖∞ < 2�ε + γn+1 2n+1 ε + γn 2n ε =
= 2�ε + jn+1 δ ε + jn δ ε 6 3jn δ ε + 2�ε .

�®áª®«ìªã jn →∞ ¯à¨ n →∞ , â® ¯®«ãç ¥¬, çâ®

δ

2 6 3δ ε .

�á«¨ ε < 1/6 , â® íâ® ¢¥¤¥â ª ¯à®â¨¢®à¥ç¨î. �®íâ®¬ã f /∈ L∞2π . �¥®à¥¬  1
¯®«­®áâìî ¤®ª § ­ .

�â¬¥â¨¬, çâ® ¢ ¢ë¡®à¥ ¯¥à¢ëå âà¥å ª®íää¨æ¨¥­â®¢ àï¤®¢ (11) ¨ (12)
¨¬¥¥âáï ¤®¢®«ì­® ¡®«ìè®© ¯à®¨§¢®«. �¥©áâ¢¨â¥«ì­®, ¨§ (31) á«¥¤ã¥â, çâ®

|a4|+ |b4| < ϕ(1)
32 .

�®íâ®¬ã ¥á«¨ a1 , a2 , a3 ¨ b1 , b2 , b3 ¢ë¡à ­ë â ª, çâ®

|a1|+ |b1| 6 ϕ(1)
8 ,

|a2|+ |b2| 6 ϕ(1)
16 ,

|a3|+ |b3| 6 ϕ(1)
16 ,

â® ãá«®¢¨ï (24), (25) ¨ (26) ¡ã¤ãâ ¢ë¯®«­¥­ë.
� ¬¥â¨¬ â ª¦¥, çâ® ¨§ (22), (21), (20) ¯à¨ n > 2 ¨ (18) ¨¬¥¥¬

|a4|+ |b4| 6 2γ2 = δ 2m2−1 6 δ .

�âáî¤  ¨ ¨§ (26) ¯®«ãç ¥¬

|a3|+ |b3| 6 ϕ(1)
8 + |a4|+ |b4| 6 ϕ(1)

8 + δ .

�­ «®£¨ç­® ¨§ (25) ¢ë¢®¤¨¬

|a2|+ |b2| 6 ϕ(1)
8 + |a3|+ |b3| 6 ϕ(1)

4 + δ .

� ª®­¥æ, ¨§ (24) ¨¬¥¥¬

|a1|+ |b1| 6 ϕ(1)
4 + |a2|+ |b2| 6 ϕ(1)

2 + δ .

�®íâ®¬ã ¢ ¯®áâà®¥­­®¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¯à¨¬¥à¥
3∑

k=1
( |ak|+ |bk| ) 6 3δ + 7

8 ϕ(1) . (34)
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�§ (28) ¨ (29) ¯à¨ ¢á¥å n > 4 ¢ëâ¥ª ¥â

∣∣∣
n∑

k=4
ak

∣∣∣ +
∣∣∣

n∑

k=4
bk

∣∣∣ <
δ

j2
6 δ .

�®íâ®¬ã ¢ á¨«ã (16) ¨ (34) ¨¬¥¥¬

∣∣∣
n∑

k=1
ak

∣∣∣ +
∣∣∣

n∑

k=1
bk

∣∣∣ < 4δ + 7
8 ϕ(1) < ϕ(1) ¯p¨ ¢á¥å n > 1 . (35)

� ç áâ­®áâ¨, ¨§ (35) ¨ (15) ¢ëâ¥ª ¥â, çâ® ¤«ï ¯®áâà®¥­­ëå ¯à¨ ¤®ª § -
â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¯®á«¥¤®¢ â¥«ì­®áâ¥© {an}∞n=1 ¨ {bn}∞n=1 ¢ë¯®«­¥­ 
®æ¥­ª  ∣∣∣

n∑

k=1
ak

∣∣∣ +
∣∣∣

n∑

k=1
bk

∣∣∣ < 1 ¯p¨ ¢á¥å n > 1 . (36)

�â  ®æ¥­ª  ­ ¬ ¯®âà¥¡ã¥âáï ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.

§ 2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2
�ãáâì äã­ªæ¨ï 	 ­¥®âà¨æ â¥«ì­  ¨ ­¥ ã¡ë¢ ¥â ­  [0 , +∞) . �®«®-

¦¨¬

	1(x) = x +
∫ x+1

x

	(t) dt =

= x +
∫ 1

0
	(x + t) dt = x +

∫ x+1

0
	(t) dt−

∫ x

0
	(t) dt

¯à¨ ¢á¥å x > 0 . �âáî¤ , á®®â¢¥âáâ¢¥­­® ¨§ ¢â®à®£®, âà¥âì¥£® ¨ ¯¥à¢®£®
¯à¥¤áâ ¢«¥­¨ï, ¢¨¤¨¬, çâ® äã­ªæ¨ï 	1 áâà®£® ¢®§à áâ ¥â, ­¥¯à¥àë¢­  ¨

	1(x) > 	(x) ¯p¨ ¢á¥å x ∈ [0 , +∞) . (37)

�ãáâì 	−1
1 | ®¡à â­ ï äã­ªæ¨ï ª äã­ªæ¨¨ 	 ¨

�1(n) = min
{

�(n) ,
1
2 	−1

1 (	1(1) + log n)
}

¯p¨ ¢á¥å n > 1 .

�®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {an}∞n=1 ¨ {bn}∞n=1 â®ç­® â ª ¦¥, ª ª ¨
¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ­® ã¦¥ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¯®«®¦¨-
â¥«ì­ëå ç¨á¥« {�1(n)}∞n=1 ¢¬¥áâ® {�(n)}∞n=1 . �§ ®¯à¥¤¥«¥­¨ï ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ {�1(n)}∞n=1 á«¥¤ã¥â, çâ®

�1(n) 6 �(n) ¯p¨ ¢á¥å n > 1 (38)

¨
2�1(n) 6 	−1

1 (	1(1) + log n) ¯p¨ ¢á¥å n > 1 . (39)
�­ «®£®¬ ®æ¥­ª¨ (8) ¡ã¤¥â ®æ¥­ª 

∞∑

k=n

( |� ak|+ |� bk| ) 6 �1(n)
n

¯à¨ ¢á¥å n > 1 . (40)



89

�âáî¤  ¨ ¨§ (38) ¢ëâ¥ª ¥â, çâ® ®æ¥­ª  (8) â ª¦¥ ®áâ ­¥âáï ¢¥à­®©.
� áá¬®âà¨¬ â¥¯¥àì ¢áî¤ã áå®¤ïé¨©áï àï¤ (11) ¨ ®¡®§­ ç¨¬ ç¥à¥§

f(x) ¥£® áã¬¬ã. �®£¤  ¯à¨ ¢á¥å ­ âãà «ì­ëå n ¨ x ∈ [π/(n + 1) , π/n] ¢
á¨«ã (40) ¨ (36) ¨¬¥¥¬

|f(x)| 6
∣∣∣

n∑

k=1
ak

∣∣∣ + 1
sin(x/2)

∞∑

k=n+1
|� ak| 6

6
∣∣∣

n∑

k=1
ak

∣∣∣ + (n + 1)
∞∑

k=n+1
|� ak| 6

∣∣∣
n∑

k=1
ak

∣∣∣+

+ �1(n + 1) 6 1 + �1(n + 1) .

�âáî¤  ¨ ¨§ (39) ¯®«ãç ¥¬

	1(|f(x)|) 6 	1(2) + 	1(2�1(n + 1)) 6
6 	1(2) + 	1(1) + log(n + 1) 6 2	1(2) + log(n + 1) .

�®íâ®¬ã
∫ π

0
	1(|f(x)|) dx =

∞∑
n=1

∫ π/n

π/(n+1)
	1(|f(x)|) dx 6

6
∞∑

n=1
(2	1(2) + log(n + 1)) π

n(n + 1) = 2π 	1(2)+

+
∞∑

n=1

πlog(n + 1)
n(n + 1) < +∞ .

�âáî¤  ¢ á¨«ã (37) ¨¬¥¥¬
∫ π

−π

	(|f(x)|) dx 6 2
∫ π

0
	1(|f(x)|) dx < +∞,

¨ ãá«®¢¨¥ (13) ¤®ª § ­®. � ¬¥­ïï ¢ ¯à¨¢¥¤¥­­®¬ à ááã¦¤¥­¨¨ ¢á¥ ak ­ 
bk ¨ ®¡®§­ ç ï ç¥à¥§ f(x) áã¬¬ã ¢áî¤ã áå®¤ïé¥£®áï àï¤  (12), ¯®«ãç¨¬,
çâ® ãá«®¢¨î (13) ã¤®¢«¥â¢®àï¥â ¨ áã¬¬  àï¤  (12). �¥®à¥¬  2 ¯®«­®áâìî
¤®ª § ­ .
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