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§ 1. �¢¥¤¥­¨¥
�ãáâì A | ­¥ª®â®à ï £àã¯¯ , 
 | á¥¬¥©áâ¢® ­®à¬ «ì­ëå ¯®¤£àã¯¯

£àã¯¯ë A. �ã¤¥¬ £®¢®à¨âì, çâ® ¯®¤£àã¯¯  B £àã¯¯ë A ®â¤¥«¨¬  á¥¬¥©-
áâ¢®¬ 
, ¥á«¨

⋂
N∈
 BN = B. �á«¨ ¯®¤£àã¯¯  B ®â¤¥«¨¬  á¥¬¥©áâ¢®¬

¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A, ¥¥ ­ §ë¢ îâ ä¨-
­¨â­® ®â¤¥«¨¬®© ¢ A. �àã¯¯  A ­ §ë¢ ¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®©,
¥á«¨ ¥¥ ¥¤¨­¨ç­ ï ¯®¤£àã¯¯  ä¨­¨â­® ®â¤¥«¨¬ , ¨ πc-£àã¯¯®©, ¥á«¨ ¢á¥
æ¨ª«¨ç¥áª¨¥ ¯®¤£àã¯¯ë £àã¯¯ë A ä¨­¨â­® ®â¤¥«¨¬ë.

�®à®è® ¨§¢¥áâ­®, çâ® ¯à®¡«¥¬  à ¢¥­áâ¢  á«®¢ à §à¥è¨¬  ¤«ï ª®-
­¥ç­® ¯à¥¤áâ ¢«¥­­®© ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë. �­ «®£¨ç­ë¬
®¡à §®¬ ¬®¦­® ¯®ª § âì, çâ® ¤«ï ª®­¥ç­® ¯à¥¤áâ ¢«¥­­®© πc-£àã¯¯ë à §-
à¥è¨¬  ¯à®¡«¥¬  ¢å®¦¤¥­¨ï ¢ æ¨ª«¨ç¥áªãî ¯®¤£àã¯¯ã. �®«¥¥ â®£®, ¥á«¨
æ¨ª«¨ç¥áª ï ¯®¤£àã¯¯  ª®­¥ç­® ¯à¥¤áâ ¢«¥­­®© ä¨­¨â­®  ¯¯à®ªá¨¬¨àã-
¥¬®© £àã¯¯ë ä¨­¨â­® ®â¤¥«¨¬ , â® à §à¥è¨¬  ¯à®¡«¥¬  ¢å®¦¤¥­¨ï ¢
¤ ­­ãî ¯®¤£àã¯¯ã.

� ¯®¬­¨¬ ¤ «¥¥, çâ® HNN-à áè¨à¥­¨¥¬ £àã¯¯ë A á ¯à®å®¤­®© ¡ãª-
¢®© t ¨ ¯®¤£àã¯¯ ¬¨ H 6 A ¨ K 6 A, á¢ï§ ­­ë¬¨ ®â­®á¨â¥«ì­® ¨§®¬®à-
ä¨§¬  ϕ : H → K, ­ §ë¢ ¥âáï £àã¯¯  G = 〈A, t; t−1Ht = K, ϕ〉, ®¡à §ã-
îé¨¬¨ ª®â®à®© ï¢«ïîâáï ¢á¥ ®¡à §ãîé¨¥ £àã¯¯ë A ¨ ¡ãª¢  t,   ®¯à¥-
¤¥«ïîé¨¬¨ á®®â­®è¥­¨ï¬¨ | á®®â­®è¥­¨ï £àã¯¯ë A ¨ ¢á¥ á®®â­®è¥­¨ï
¢¨¤  t−1ht = hϕ, £¤¥ h ∈ H (¢¢¥¤¥­­ë¥ §¤¥áì ®¡®§­ ç¥­¨ï ¯à¥¤¯®« £ îâáï
ä¨ªá¨à®¢ ­­ë¬¨ ¤® ª®­æ  ¨§«®¦¥­¨ï).

�§¢¥áâ­®, çâ® «î¡ ï £àã¯¯  á ®¤­¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â­®è¥­¨¥¬
¬®¦¥â ¡ëâì ¢«®¦¥­  ¢ £àã¯¯ã á ®¤­¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â­®è¥­¨¥¬, ¢
ª®â®à®¬ ­¥ª®â®àë© ¯®à®¦¤ îé¨© í«¥¬¥­â ¨¬¥¥â ­ã«¥¢ãî áã¬¬ã áâ¥¯¥-
­¥©, ¨ íâã ¯®á«¥¤­îî £àã¯¯ã ¬®¦­® à áá¬ âà¨¢ âì ª ª HNN-à áè¨à¥-
­¨¥, £¤¥ ¢ ª ç¥áâ¢¥ ¯à®å®¤­®© ¡ãª¢ë ¢ë¡¨à ¥âáï ¯®à®¦¤ îé¨© ¢ ­ã«¥¢®©
áâ¥¯¥­¨. �®íâ®¬ã á¢®©áâ¢  HNN-à áè¨à¥­¨© ¨£à îâ ¢ ¦­ãî à®«ì ¢ ¨§ã-
ç¥­¨¨ £àã¯¯ á ®¤­¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â­®è¥­¨¥¬.

� ã¬á« £ ¨ �à¥âª®¢ [3] ¯®«ãç¨«¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ä¨­¨â­®©  ¯-
¯à®ªá¨¬¨àã¥¬®áâ¨ HNN-à áè¨à¥­¨©, ª®â®à®¥ ¢ ­¥ª®â®àëå á«ãç ïå ï¢«ï-
¥âáï ¨ ­¥®¡å®¤¨¬ë¬ [7]. �¨¬ [4] ®¡®¡é¨« íâ®â à¥§ã«ìâ â, ãª § ¢ ¤®áâ â®ç-
­®¥ ãá«®¢¨¥ â®£®, çâ®¡ë HNN-à áè¨à¥­¨¥ ¡ë«® πc-£àã¯¯®©. �¯¯à®ªá¨-
¬ æ¨®­­ë¥ á¢®©áâ¢  HNN-à áè¨à¥­¨© á æ¨ª«¨ç¥áª¨¬¨ á¢ï§ ­­ë¬¨ ¯®¤-
£àã¯¯ ¬¨ ¨§ãç «¨áì ¢ [5] ¨ [6]. �á­®¢­ë¬¨ à¥§ã«ìâ â ¬¨ ¤ ­­®© à ¡®âë
ï¢«ïîâáï á«¥¤ãîé¨¥ ¤¢¥ â¥®à¥¬ë.

�¥®à¥¬  1. �á«¨ ¯®¤£àã¯¯ë H, K ¨ {1} ®â¤¥«¨¬ë ¢ £àã¯¯¥ A á¥-
¬¥©áâ¢®¬ �A(H, K, ϕ), â® æ¨ª«¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë G ­¥ ï¢«ï-
¥âáï ä¨­¨â­® ®â¤¥«¨¬®© ¢ íâ®© £àã¯¯¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
®­  á®¯àï¦¥­  á ¯®¤£àã¯¯®© £àã¯¯ë A, ­¥ ®â¤¥«¨¬®© ¢ ­¥© á¥¬¥©áâ¢®¬
�A(H, K, ϕ).
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�¥®à¥¬  2. �á«¨ £àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , ¯®¤£àã¯¯ë
H ¨ K ä¨­¨â­® ®â¤¥«¨¬ë ¢ ­¥© ¨ ª ¦¤ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç-
­®£® ¨­¤¥ªá  £àã¯¯ë A á®¤¥à¦¨â ¯®¤£àã¯¯ã ¨§ �A(H, K, ϕ), â® á¥¬¥©-
áâ¢® ä¨­¨â­® ®â¤¥«¨¬ëå æ¨ª«¨ç¥áª¨å ¯®¤£àã¯¯ £àã¯¯ë G ¬ ªá¨¬ «ì­®.
�®«¥¥ ¯®¤à®¡­®, æ¨ª«¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë G ­¥ ï¢«ï¥âáï ä¨­¨â­®
®â¤¥«¨¬®© ¢ íâ®© £àã¯¯¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  á®¯àï¦¥­  á
­¥ ä¨­¨â­® ®â¤¥«¨¬®© ¯®¤£àã¯¯®© £àã¯¯ë A.

�¤¥áì, á«¥¤ãï à ¡®â¥ [2], ç¥à¥§ �A(H, K,ϕ) ®¡®§­ ç¥­® á¥¬¥©áâ¢® ¢á¥å
­®à¬ «ì­ëå (H, K, ϕ)-á®¢¬¥áâ¨¬ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë
A (­ ¯®¬­¨¬, çâ® ¯®¤£àã¯¯  B £àã¯¯ë A ­ §ë¢ ¥âáï (H, K,ϕ)-á®¢¬¥áâ¨-
¬®©, ¥á«¨ (B∩H)ϕ = B∩K). �®¦­® ¤ âì ¨ ¤àã£®¥ ®¯à¥¤¥«¥­¨¥ á¥¬¥©áâ¢ 
�A(H, K, ϕ).

� ¬¥â¨¬, çâ® ¥á«¨ N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç-
­®£® ¨­¤¥ªá  £àã¯¯ë G, â® N ∩A ∈ �A(H,K, ϕ).

�¥©áâ¢¨â¥«ì­®, ¯ãáâì B = N ∩A. �®£¤  B | ­®à¬ «ì­ ï ¯®¤£àã¯¯ 
ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A. � «¥¥,

(B ∩H)ϕ = (N ∩H)ϕ = t−1(N ∩H)t 6 N ∩K = B ∩K,

â ª ª ª N ­®à¬ «ì­  ¢ G ¨ t−1Ht = K ¯® ®¯à¥¤¥«¥­¨î £àã¯¯ë G. �­ «®-
£¨ç­® (B ∩K)ϕ−1 6 B ∩H, ¨ ¯®â®¬ã ¯®¤£àã¯¯  B (H, K, ϕ)-á®¢¬¥áâ¨¬ .

�  á ¬®¬ ¤¥«¥ ¢¥à­® ¨ ®¡à â­®¥. �¥âàã¤­® ¯®ª § âì, çâ® ¥á«¨
B ∈ �A(H, K,ϕ), â® áãé¥áâ¢ã¥â â ª ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  N ª®­¥ç­®£®
¨­¤¥ªá  £àã¯¯ë G, çâ® B = N∩A. �¤­ ª® ­ ¬ íâ®â ä ªâ ¤«ï ¤ «ì­¥©è¨å
à ááã¦¤¥­¨© ­¥ ¯®âà¥¡ã¥âáï.

�ä®à¬ã«¨àã¥¬ â¥¯¥àì àï¤ á«¥¤áâ¢¨© ¨§ ¯à¨¢¥¤¥­­ëå ãâ¢¥à¦¤¥­¨©.
�«¥¤áâ¢¨¥ 1. �ãáâì ¯®¤£àã¯¯  〈H, K〉 á®¡áâ¢¥­­ë¬ ®¡à §®¬ á®-

¤¥à¦¨âáï ¢ ­¥ª®â®à®© ¯®¤£àã¯¯¥ B £àã¯¯ë A, ã¤®¢«¥â¢®àïîé¥© ­¥âà¨-
¢¨ «ì­®¬ã â®¦¤¥áâ¢ã. �®£¤  ¨§ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯-
¯ë G á«¥¤ã¥â, çâ® ¯®¤£àã¯¯ë {1}, H ¨ K ®â¤¥«¨¬ë ¢ £àã¯¯¥ A á¥¬¥©-
áâ¢®¬ �A(H, K, ϕ), ¨ ¯®â®¬ã æ¨ª«¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë G ­¥ ï¢«ï-
¥âáï ä¨­¨â­® ®â¤¥«¨¬®© ¢ íâ®© £àã¯¯¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
®­  á®¯àï¦¥­  á ¯®¤£àã¯¯®© £àã¯¯ë A, ­¥ ®â¤¥«¨¬®© ¢ ­¥© á¥¬¥©áâ¢®¬
�A(H, K, ϕ).

�«¥¤áâ¢¨¥ 2. �ãáâì £àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ,
¯®¤£àã¯¯ë H ¨ K ª®­¥ç­ë. �®£¤  á¥¬¥©áâ¢® ä¨­¨â­® ®â¤¥«¨¬ëå æ¨ª-
«¨ç¥áª¨å ¯®¤£àã¯¯ £àã¯¯ë G ¬ ªá¨¬ «ì­®.

�«¥¤áâ¢¨¥ 3. �ãáâì H ¨ K | á®¡áâ¢¥­­ë¥ ª®­¥ç­® ¯®à®¦¤¥­­ë¥
æ¥­âà «ì­ë¥ ¯®¤£àã¯¯ë £àã¯¯ë A, ¨ ¯ãáâì ¢á¥ ¯®¤£àã¯¯ë, «¥¦ é¨¥ ¢
¯®¤£àã¯¯¥ HK ¨ ¨¬¥îé¨¥ ¢ ­¥© ª®­¥ç­ë© ¨­¤¥ªá, ä¨­¨â­® ®â¤¥«¨¬ë ¢
A. �á«¨ £àã¯¯  G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , â® á¥¬¥©áâ¢® ¥¥ ä¨­¨â­®
®â¤¥«¨¬ëå æ¨ª«¨ç¥áª¨å ¯®¤£àã¯¯ ¬ ªá¨¬ «ì­®.

�«¥¤áâ¢¨¥ 4. �ãáâì ¨§®¬®àä¨§¬ ϕ á®¢¯ ¤ ¥â á ®£à ­¨ç¥­¨¥¬ ­ 
¯®¤£àã¯¯ã H ¢­ãâà¥­­¥£®  ¢â®¬®àä¨§¬ , ®¯à¥¤¥«ï¥¬®£® ­¥ª®â®àë¬ í«¥-
¬¥­â®¬ a ∈ A. �ãáâì â ª¦¥ ¢ë¯®«­ï¥âáï ®¤­® ¨§ á«¥¤ãîé¨å ¤¢ãå íª-
¢¨¢ «¥­â­ëå ãá«®¢¨©:

1) £àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  ¨ ¯®¤£àã¯¯ë H ¨ K ä¨-
­¨â­® ®â¤¥«¨¬ë ¢ ­¥©;
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2) £àã¯¯  G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .
�®£¤  á¥¬¥©áâ¢® ä¨­¨â­® ®â¤¥«¨¬ëå æ¨ª«¨ç¥áª¨å ¯®¤£àã¯¯ £àã¯-

¯ë G ¬ ªá¨¬ «ì­®.
�«¥¤áâ¢¨¥ 5. �ãáâì £àã¯¯  A á®¤¥à¦¨â «¨èì ª®­¥ç­®¥ ç¨á«®

¯®¤£àã¯¯ ª ¦¤®£® ª®­¥ç­®£® ¨­¤¥ªá  ¨ ¯ãáâì ¨§®¬®àä¨§¬ ϕ á®¢¯ ¤ ¥â
á ®£à ­¨ç¥­¨¥¬ ­  ¯®¤£àã¯¯ã H ­¥ª®â®à®£®  ¢â®¬®àä¨§¬  α £àã¯¯ë A.
�ãáâì â ª¦¥ ¢ë¯®«­ï¥âáï ®¤­® ¨§ á«¥¤ãîé¨å ¤¢ãå íª¢¨¢ «¥­â­ëå
ãá«®¢¨©:

1) £àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  ¨ ¯®¤£àã¯¯ë H ¨ K ä¨-
­¨â­® ®â¤¥«¨¬ë ¢ ­¥©;

2) £àã¯¯  G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .
�®£¤  á¥¬¥©áâ¢® ä¨­¨â­® ®â¤¥«¨¬ëå æ¨ª«¨ç¥áª¨å ¯®¤£àã¯¯ £àã¯-

¯ë G ¬ ªá¨¬ «ì­®.
�ãáâì H ¨ K | æ¨ª«¨ç¥áª¨¥ ¯®¤£àã¯¯ë. �®¢®àïâ [5], çâ® £àã¯¯  A

ª¢ §¨à¥£ã«ïà­  ¯® ¯ à¥ ¯®¤£àã¯¯ {H, K}, ¥á«¨ ¤«ï «î¡®£® l ∈ N ­ ©¤ãâáï
ç¨á«® m ∈ N ¨ ­®à¬ «ì­ ï ¯®¤£àã¯¯  Nl £àã¯¯ë A ª®­¥ç­®£® ¨­¤¥ªá 
â ª¨¥, çâ® Nl ∩H = H lm ¨ Nl ∩K = Klm.

�«¥¤áâ¢¨¥ 6. �ãáâì £àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , H ¨ K
| æ¨ª«¨ç¥áª¨¥ ä¨­¨â­® ®â¤¥«¨¬ë¥ ¯®¤£àã¯¯ë ¨ £àã¯¯  A ª¢ §¨à¥£ã-
«ïà­  ¯® ¯ à¥ ¯®¤£àã¯¯ {H, K}. �®£¤  á¥¬¥©áâ¢® ä¨­¨â­® ®â¤¥«¨¬ëå
æ¨ª«¨ç¥áª¨å ¯®¤£àã¯¯ £àã¯¯ë G ¬ ªá¨¬ «ì­®.

�¥à¢®¥ á«¥¤áâ¢¨¥ áà §ã ¦¥ ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 1 ¤ ­­®© à ¡®âë ¨
â¥®à¥¬ë 3 ¨§ [7], âà¥âì¥ | ¨§ â¥®à¥¬ë 2 ¨ â¥®à¥¬ë 2 ¨§ [2], ¤®ª § â¥«ìáâ¢ 
®áâ «ì­ëå ¯à¨¢®¤ïâáï ¢ § 3. �â¬¥â¨¬, çâ® â¥®à¥¬  1 ¨ á«¥¤áâ¢¨ï 2, 4, 5
®¡®¡é îâ ­¥ª®â®àë¥ à¥§ã«ìâ âë �¨¬ , ¯®«ãç¥­­ë¥ ¨¬ ¢ [4]. �«¥¤áâ¢¨¥ 6
ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ â¥®à¥¬ë 2 ¨§ [6].

� ¬¥â¨¬ â ª¦¥, çâ® ¨§ ãá«®¢¨© â¥®à¥¬ 1 ¨ 2 ¢ëâ¥ª ¥â ä¨­¨â­ ï
 ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G. �â® á«¥¤ã¥â ¨§ â®£®, çâ® ¥¤¨­¨ç­ ï ¯®¤-
£àã¯¯  íâ®© £àã¯¯ë á®¯àï¦¥­  «¨èì á ¬  á á®¡®© ¨ ¢ ¯¥à¢®¬ á«ãç ¥ ®â-
¤¥«¨¬  ¢ £àã¯¯¥ A á¥¬¥©áâ¢®¬ �A(H, K, ϕ),   ¢® ¢â®à®¬ | á¥¬¥©áâ¢®¬
¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯ £àã¯¯ë A ª®­¥ç­®£® ¨­¤¥ªá . � ª¨¬ ®¡à §®¬,
â¥®à¥¬  1 ®¡®¡é ¥â ¨ ®â¤¥«ì­ë¥ à¥§ã«ìâ âë áâ âì¨ [3].

§ 2. �®ª § â¥«ìáâ¢  â¥®à¥¬ 1 ¨ 2
�¥®à¥¬  1. �®áâ â®ç­®áâì. � áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî æ¨ª«¨ç¥-

áªãî ¯®¤£àã¯¯ã 〈x〉 £àã¯¯ë A, ª®â®à ï ­¥ ï¢«ï¥âáï ®â¤¥«¨¬®© á¥¬¥©-
áâ¢®¬ �A(H,K, ϕ), ¨ ¯à¥¤¯®«®¦¨¬, çâ® íâ  ¯®¤£àã¯¯  ä¨­¨â­® ®â¤¥«¨¬ 
¢ £àã¯¯¥ G. �®£¤  ¤«ï ¢áïª®£® í«¥¬¥­â  a ∈ A\〈x〉 ­ ©¤¥âáï ­®à¬ «ì­ ï
¯®¤£àã¯¯  L ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G â ª ï, çâ® a /∈ 〈x〉L. �® ¢ íâ®¬
á«ãç ¥ a /∈ 〈x〉(L∩A),   ¯®¤£àã¯¯  L∩A ¢¢¨¤ã á¤¥« ­­®£® ¢ëè¥ § ¬¥ç ­¨ï
¯à¨­ ¤«¥¦¨â á¥¬¥©áâ¢ã �A(H, K, ϕ). � ª¨¬ ®¡à §®¬, ¯®¤£àã¯¯  〈x〉 ®â¤¥-
«¨¬  ¢ £àã¯¯¥ A á¥¬¥©áâ¢®¬ �A(H, K,ϕ), ¨ ¬ë ¯à¨è«¨ ª ¯à®â¨¢®à¥ç¨î.

�«¥¤®¢ â¥«ì­®, ¯®¤£àã¯¯  〈x〉 ­¥ ï¢«ï¥âáï ä¨­¨â­® ®â¤¥«¨¬®© ¢
£àã¯¯¥ G. �ç¥¢¨¤­®, çâ® ¨ ¢á¥ á®¯àï¦¥­­ë¥ á ­¥© ¯®¤£àã¯¯ë â ª¦¥ ­¥
¡ã¤ãâ ä¨­¨â­® ®â¤¥«¨¬ë¬¨ ¢ G.

�¥®¡å®¤¨¬®áâì. �à¥¦¤¥ ¢á¥£® ­ ¯®¬­¨¬, çâ® «î¡®© í«¥¬¥­â g ∈ G
¬®¦¥â ¡ëâì § ¯¨á ­ ¢ ¯à¨¢¥¤¥­­®© ä®à¬¥:

g = g0t
ε0g1t

ε1 . . . gn−1t
εn−1gn,
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£¤¥ gi ∈ A, εi = ±1 ¨, ¥á«¨ εi−1 = −1, εi = 1, â® gi /∈ H, ¥á«¨ ¦¥ εi−1 = 1,
εi = −1, â® gi /∈ K. �¥¬¬  �à¨ââ®­  (á¬., ­ ¯à., [1, £«. IV, § 2]) ãâ¢¥à-
¦¤ ¥â, çâ® «î¡®© í«¥¬¥­â, ®¡« ¤ îé¨© ¯à¨¢¥¤¥­­®© § ¯¨áìî, ¢ ª®â®à®©
¥áâì å®âï ¡ë ®¤­  ¡ãª¢  t ¨«¨ t−1, ®â«¨ç¥­ ®â ¥¤¨­¨æë ¢ £àã¯¯¥ G. �â-
áî¤  á«¥¤ã¥â, çâ® å®âï ®¤¨­ ¨ â®â ¦¥ í«¥¬¥­â ¬®¦¥â ¨¬¥âì à §«¨ç­ë¥
¯à¨¢¥¤¥­­ë¥ § ¯¨á¨, ®¤­ ª® ç¨á«® ¢å®¦¤¥­¨© ¡ãª¢ t ¨ t−1 ¢® ¢á¥å ­¨å
®¤¨­ ª®¢®. �­® ­ §ë¢ ¥âáï ¤«¨­®© í«¥¬¥­â  g ¨ ®¡®§­ ç ¥âáï |g|.

�«¥¬¥­â g = g0tε0g1tε1 . . . gn−1tεn−1 ­ §ë¢ ¥âáï æ¨ª«¨ç¥áª¨ ¯à¨¢¥-
¤¥­­ë¬, ¥á«¨ ¢á¥ ¥£® æ¨ª«¨ç¥áª¨¥ ¯¥à¥áâ ­®¢ª¨

git
εigi+1 . . . gn−1t

εn−1g0t
ε0g1 . . . gi−1t

εi−1

¯à¨¢¥¤¥­ë. �®­ïâ­®, çâ® ª ¦¤ë© í«¥¬¥­â £àã¯¯ë G á®¯àï¦¥­ á ­¥ª®â®-
àë¬ æ¨ª«¨ç¥áª¨ ¯à¨¢¥¤¥­­ë¬.

� «¥¥, ­¥âàã¤­® ¯®ª § âì, çâ® ¥á«¨ N | ­®à¬ «ì­ ï (H,K, ϕ)-á®¢-
¬¥áâ¨¬ ï ¯®¤£àã¯¯  £àã¯¯ë A, â® ®â®¡à ¦¥­¨¥ ϕN : HN/N → KN/N ,
(hN)ϕN = (hϕ)N (h ∈ H), ª®àà¥ªâ­® ®¯à¥¤¥«¥­® ¨ ï¢«ï¥âáï ¨§®¬®à-
ä¨§¬®¬ ¯®¤£àã¯¯. �®íâ®¬ã ¬ë ¬®¦¥¬ à áá¬®âà¥âì HNN-à áè¨à¥­¨¥
£àã¯¯ë A/N

GN = 〈A/N, τ ; τ−1(HN/N)τ = (KN/N), ϕN 〉

¨ ®â®¡à ¦¥­¨¥ ρN : G → GN , ¯à®¤®«¦ îé¥¥ ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬
£àã¯¯ë A ­  ä ªâ®à-£àã¯¯ã A/N ¨ ¯¥à¥¢®¤ïé¥¥ t ¢ τ . � á¨«ã ®¯à¥¤¥«¥-
­¨ï ¨§®¬®àä¨§¬  ϕN ®â®¡à ¦¥­¨¥ ρN ¯¥à¥¢®¤¨â ¢á¥ ®¯à¥¤¥«ïîé¨¥ á®®â-
­®è¥­¨ï £àã¯¯ë G ¢ à ¢¥­áâ¢ , ¢¥à­ë¥ ¢ £àã¯¯¥ GN , ¨ ¯®â®¬ã ï¢«ï¥âáï
£®¬®¬®àä¨§¬®¬ G ­  GN .

�¥à¥©¤¥¬ â¥¯¥àì ­¥¯®áà¥¤áâ¢¥­­® ª ¯à®¢¥àª¥ ­¥®¡å®¤¨¬®áâ¨ ãá«®-
¢¨ï â¥®à¥¬ë. �ãáâì g, x | ¯à®¨§¢®«ì­ë¥ í«¥¬¥­âë £àã¯¯ë G, ¨¬¥îé¨¥
¯à¨¢¥¤¥­­ë¥ § ¯¨á¨

x = x0t
δ0 . . . xm−1t

δm−1xm, g = g0t
ε0 . . . gn−1t

εn−1gn.

�ãáâì â ª¦¥ ¯®¤£àã¯¯  〈x〉 ­¥ á®¯àï¦¥­  ­¨ á ª ª®© ¯®¤£àã¯¯®© £àã¯¯ë A,
­¥ ®â¤¥«¨¬®© ¢ ­¥© á¥¬¥©áâ¢®¬ �A(H,K, ϕ), ¨ g /∈ 〈x〉. �ë¯®«­ïï ¯à¨ ­¥®¡-
å®¤¨¬®áâ¨ ¯®¤å®¤ïé¨© ¢­ãâà¥­­¨©  ¢â®¬®àä¨§¬ £àã¯¯ë G, ¬ë ¬®¦¥¬
áç¨â âì ¤ «¥¥, çâ® x | æ¨ª«¨ç¥áª¨ ¯à¨¢¥¤¥­­ë© í«¥¬¥­â, â. ¥. xm = 1.

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ­ ¬ ¤®áâ â®ç­® ­ ©â¨ ­®à¬ «ì­ãî
¯®¤£àã¯¯ã L ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G â ªãî, çâ® g /∈ 〈x〉L.

�«ãç © 1. �ãáâì ¢ë¯®«­ï¥âáï ®¤¨­ ¨§ á«¥¤ãîé¨å ¯®¤á«ãç ¥¢:
1.1. |x| = 0, |g| > 1;
1.2. |g| = 0, |x| > 1;
1.3. |g| > 1, |x| > 1 ¨ |x| ­¥ ¤¥«¨â |g|.
�ãáâì ¤«ï ­¥ª®â®à®£® i (1 6 i 6 n − 1) εi−1 = −1 ¨ εi = 1. �®£¤ 

gi /∈ H ¨, â ª ª ª ¯®¤£àã¯¯  H ®â¤¥«¨¬  á¥¬¥©áâ¢®¬ �A(H, K,ϕ), ­ ©¤¥âáï
¯®¤£àã¯¯  Ri ∈ �A(H, K, ϕ) â ª ï, çâ® gi /∈ HRi.

�­ «®£¨ç­®, ¥á«¨ ¤«ï ­¥ª®â®à®£® i εi−1 = 1 ¨ εi = −1, â® gi /∈ K ¨
áãé¥áâ¢ã¥â â ª ï ¯®¤£àã¯¯  Ri ∈ �A(H, K,ϕ), çâ® gi /∈ KRi.
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�«ï ®áâ «ì­ëå i (0 6 i 6 n) ®¯à¥¤¥«¨¬ ¯®¤£àã¯¯ã Ri á«¥¤ãîé¨¬
®¡à §®¬. �á«¨ gi 6= 1, ¢®á¯®«ì§ã¥¬áï â¥¬, çâ® ¥¤¨­¨ç­ ï ¯®¤£àã¯¯  ®â¤¥-
«¨¬  á¥¬¥©áâ¢®¬ �A(H, K,ϕ), ¨ ¢ë¡¥à¥¬ ¯®¤£àã¯¯ã Ri ∈ �A(H,K, ϕ) â ª,
çâ®¡ë gi /∈ Ri. � ¯à®â¨¢­®¬ á«ãç ¥ ¯®«®¦¨¬ Ri = A.

�®ç­® â ª ¦¥, à áá¬ âà¨¢ ï æ¨ª«¨ç¥áª¨ ¯à¨¢¥¤¥­­ãî § ¯¨áì í«¥-
¬¥­â  x, ®¯à¥¤¥«¨¬ ¯®¤£àã¯¯ë Sj ∈ �A(H, K, ϕ), 0 6 j 6 m − 1.
�á«¨ δj−1 = −1 ¨ δj = 1, ¢ë¡¥à¥¬ Sj â ª, çâ®¡ë xj /∈ HSj , ¥á«¨ ¦¥ δj−1 = 1
¨ δj = −1, ¢ë¡¥à¥¬ â ª, çâ®¡ë xj /∈ KSj (§¤¥áì ¨­¤¥ªáë à áá¬ âà¨¢ îâáï
¯® ¬®¤ã«î m).

�®«®¦¨¬

N = R0 ∩R1 ∩ . . . ∩Rn ∩ S0 ∩ S1 ∩ . . . ∩ Sm−1.

�¥£ª® ¢¨¤¥âì, çâ® â®£¤  N ∈ �A(H, K,ϕ) ¨ ¬ë ¬®¦¥¬ à áá¬®âà¥âì
£àã¯¯ã

GN = 〈A/N, τ ; τ−1(HN/N)τ = (KN/N), ϕN 〉.
� á¨«ã ¢ë¡®à  ¯®¤£àã¯¯ë N xjρN /∈ HN/N , ¥á«¨ δj−1 = −1 ¨ δj = 1,

¨ xjρN /∈ KN/N , ¥á«¨ δj−1 = 1 ¨ δj = −1. �®íâ®¬ã

(x0ρN )τ δ0 . . . (xm−1ρN )τ δm−1

| æ¨ª«¨ç¥áª¨ ¯à¨¢¥¤¥­­ ï § ¯¨áì í«¥¬¥­â  xρN ¢ £àã¯¯¥ GN ¤«¨­ë m.
�­ «®£¨ç­®

(g0ρN )τε0 . . . (gn−1ρN )τεn−1(gnρN )

| ¯à¨¢¥¤¥­­ ï § ¯¨áì í«¥¬¥­â  gρN ¢ £àã¯¯¥ GN ¤«¨­ë n. �®«¥¥ â®£®,
¥á«¨ n = 0, â® g0 = g 6= 1 ¨ ¯®â®¬ã gρN = g0ρN 6= 1.

�¢¨¤ã ¯®á«¥¤­¥£® § ¬¥ç ­¨ï ¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨© ® á®®â-
­®è¥­¨¨ ¤«¨­ í«¥¬¥­â®¢ x ¨ g gρN /∈ 〈xρN 〉. � ª ª ª A/N | ª®­¥ç-
­ ï £àã¯¯ , â® GN ï¢«ï¥âáï πc-£àã¯¯®© [4]. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â
­®à¬ «ì­ ï ¯®¤£àã¯¯  LN ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë GN â ª ï, çâ®
gρN /∈ 〈xρN 〉LN . �à®®¡à § L íâ®© ¯®¤£àã¯¯ë ¢ £àã¯¯¥ G ®â­®á¨â¥«ì­® £®-
¬®¬®àä¨§¬  ρN ¨ ¡ã¤¥â ¨áª®¬®© ¯®¤£àã¯¯®©, â ª ª ª, ®ç¥¢¨¤­®, g /∈ 〈x〉L.

�«ãç © 2. |x| = 0 = |g|.
�®áª®«ìªã ¢ ¤ ­­®¬ á«ãç ¥ ¯®¤£àã¯¯  〈x〉 «¥¦¨â ¢ £àã¯¯¥ A ¨ ¯®

ãá«®¢¨î ­¥ á®¯àï¦¥­  ­¨ á ª ª®© ¥¥ ¯®¤£àã¯¯®©, ­¥ ï¢«ïîé¥©áï ®â¤¥«¨-
¬®© á¥¬¥©áâ¢®¬ �A(H, K, ϕ), ®­  á ¬  ®â¤¥«¨¬  íâ¨¬ á¥¬¥©áâ¢®¬. �«¥¤®-
¢ â¥«ì­®, áãé¥áâ¢ã¥â ¯®¤£àã¯¯  N ∈ �A(H, K, ϕ) â ª ï, çâ® g /∈ 〈x〉N . � ª
ª ª £®¬®¬®àä¨§¬ ρN ¯à®¤®«¦ ¥â ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ £àã¯¯ë A
­  ä ªâ®à-£àã¯¯ã A/N , â® gρN /∈ 〈xρN 〉. �áª®¬ ï ¯®¤£àã¯¯  L â¥¯¥àì
áâà®¨âáï â ª ¦¥, ª ª ¨ ¢ ¯¥à¢®¬ á«ãç ¥.

�«ãç © 3. |g| > 1, |x| > 1 ¨ |g| = |x|l ¤«ï ­¥ª®â®à®£® ­ âãà «ì­®£® l.
�®áª®«ìªã g /∈ 〈x〉, g−1xl 6= 1 6= gxl. �®  ­ «®£¨¨ á® á«ãç ¥¬ 1 ­ ©¤¥¬

â ªãî ¯®¤£àã¯¯ã N ∈ �A(H, K, ϕ), çâ® í«¥¬¥­âë gρN ¨ xρN ¨¬¥îâ ¯à¨-
¢¥¤¥­­ãî ¨ æ¨ª«¨ç¥áª¨ ¯à¨¢¥¤¥­­ãî § ¯¨á¨ ¤«¨­ n ¨ m á®®â¢¥âáâ¢¥­­®,
  í«¥¬¥­âë (g−1xl)ρN ¨ (gxl)ρN ¯®-¯à¥¦­¥¬ã ®â«¨ç­ë ®â 1.
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�®£¤  |gρN | = |(xρN )l|, ­® gρN 6= (xρN )±l. �«¥¤®¢ â¥«ì­®, gρN /∈
〈xρN 〉. �áª®¬ ï ¯®¤£àã¯¯  L â¥¯¥àì ¬®¦¥â ¡ëâì ­ ©¤¥­  ã¦¥ ¯à¨¢ëç­ë¬
®¡à §®¬.

�¥®à¥¬  2. � ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¢áïª ï ¯®¤£àã¯¯  B £àã¯-
¯ë A ï¢«ï¥âáï ä¨­¨â­® ®â¤¥«¨¬®© ¢ íâ®© £àã¯¯¥ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®­  ®â¤¥«¨¬  ¢ ­¥© á¥¬¥©áâ¢®¬ �A(H, K,ϕ).

�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¯®¤£àã¯¯  B ä¨­¨â­® ®â¤¥«¨¬  ¨ x ∈ A\B
| ¯à®¨§¢®«ì­ë© í«¥¬¥­â, â® x /∈ BN ¤«ï ­¥ª®â®à®© ­®à¬ «ì­®© ¯®¤-
£àã¯¯ë N ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A. �®£« á­® ãá«®¢¨î â¥®à¥¬ë áã-
é¥áâ¢ã¥â ¯®¤£àã¯¯  M ∈ �A(H,K, ϕ) â ª ï, çâ® M 6 N . �®£¤  x /∈ BM ,
¨ ¢¢¨¤ã ¯à®¨§¢®«ì­®áâ¨ í«¥¬¥­â  x ¯®¤£àã¯¯  B ®â¤¥«¨¬  á¥¬¥©áâ¢®¬
�A(H, K, ϕ).

�®áª®«ìªã «î¡ ï ¯®¤£àã¯¯  ¨§ �A(H,K, ϕ) ï¢«ï¥âáï ­®à¬ «ì­®© ¨
¨¬¥¥â ª®­¥ç­ë© ¨­¤¥ªá ¢ £àã¯¯¥ A, ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­® ¨
¢á¥£¤  ¢ë¯®«­¥­®.

�¥¯¥àì âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥ «¥£ª® ¯®«ãç ¥âáï ¨§ â¥®à¥¬ë 1.
� ª ª ª £àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , ¥¥ ¥¤¨­¨ç­ ï ¯®¤-

£àã¯¯  ä¨­¨â­® ®â¤¥«¨¬ . �® ãá«®¢¨î ä¨­¨â­® ®â¤¥«¨¬ë¬¨ ï¢«ïîâáï
â ª¦¥ ¨ ¯®¤£àã¯¯ë H ¨ K. �«¥¤®¢ â¥«ì­®, ¢á¥ íâ¨ âà¨ ¯®¤£àã¯¯ë ®â-
¤¥«¨¬ë ¢ £àã¯¯¥ A á¥¬¥©áâ¢®¬ �A(H, K, ϕ). � ª¨¬ ®¡à §®¬, ¢ë¯®«­ï-
¥âáï ãá«®¢¨¥ â¥®à¥¬ë 1, á®£« á­® ª®â®à®© æ¨ª«¨ç¥áª ï ¯®¤£àã¯¯  £àã¯-
¯ë G ­¥ ï¢«ï¥âáï ä¨­¨â­® ®â¤¥«¨¬®© ¢ íâ®© £àã¯¯¥ â®£¤  ¨ â®«ìª® â®-
£¤ , ª®£¤  ®­  á®¯àï¦¥­  á ¯®¤£àã¯¯®© £àã¯¯ë A, ­¥ ®â¤¥«¨¬®© ¢ ­¥© á¥-
¬¥©áâ¢®¬ �A(H,K, ϕ). �® ®â¤¥«¨¬®áâì ¯®¤£àã¯¯ë £àã¯¯ë A á¥¬¥©áâ¢®¬
�A(H, K, ϕ) à ¢­®á¨«ì­  ®¡ëç­®© ä¨­¨â­®© ®â¤¥«¨¬®áâ¨ ¢ íâ®© £àã¯¯¥.
�¥¬ á ¬ë¬ ¬ë ¯®«ãç ¥¬ ¨áª®¬®¥ ãâ¢¥à¦¤¥­¨¥ ¨ â¥®à¥¬  ¤®ª § ­ .

§ 3. �®ª § â¥«ìáâ¢  á«¥¤áâ¢¨©
�«¥¤áâ¢¨¥ 2. �®áª®«ìªã ¯®¤£àã¯¯ë H ¨ K ª®­¥ç­ë, ®­¨ ï¢«ïîâáï

ä¨­¨â­® ®â¤¥«¨¬ë¬¨ ¢ £àã¯¯¥ A. �®«¥¥ â®£®, áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤-
£àã¯¯  M ª®­¥ç­®£® ¨­¤¥ªá  íâ®© £àã¯¯ë â ª ï, çâ® M ∩ (H ∪ K) = 1.
�®íâ®¬ã ¥á«¨ N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ë A, â® ¯¥à¥á¥ç¥­¨¥ N ∩ M «¥¦¨â ¢ N , ï¢«ï¥âáï ­®à¬ «ì-
­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
(H, K, ϕ)-á®¢¬¥áâ¨¬®áâ¨, â ª ª ª

((N ∩M) ∩H)ϕ = 1 = (N ∩M) ∩K.

� ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 2 ¨ á«¥¤áâ¢¨¥ ¤®ª -
§ ­®.

�ãáâì α |  ¢â®¬®àä¨§¬ £àã¯¯ë A ¨ N 6 A. �®¤£àã¯¯ã N ¡ã¤¥¬
­ §ë¢ âì α-¤®¯ãáâ¨¬®©, ¥á«¨ Nα = N . �«ï ¤ «ì­¥©è¨å à ááã¦¤¥­¨© ­ ¬
¯®âà¥¡ã¥âáï á«¥¤ãîé¥¥ ¢á¯®¬®£ â¥«ì­®¥

�à¥¤«®¦¥­¨¥. �ãáâì ¨§®¬®àä¨§¬ ϕ á®¢¯ ¤ ¥â á ®£à ­¨ç¥­¨¥¬ ­ 
¯®¤£àã¯¯ã H ­¥ª®â®à®£®  ¢â®¬®àä¨§¬  α £àã¯¯ë A. �ãáâì â ª¦¥ ¢
ª ¦¤®© ¯®¤£àã¯¯¥ ¨§ á¥¬¥©áâ¢  �A(H,K, ϕ) á®¤¥à¦¨âáï α-¤®¯ãáâ¨¬ ï
¯®¤£àã¯¯  ¨§ íâ®£® ¦¥ á¥¬¥©áâ¢ . �®£¤  ¨§ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®-
áâ¨ £àã¯¯ë G á«¥¤ã¥â, çâ® ¯®¤£àã¯¯ë H, K ¨ {1} ®â¤¥«¨¬ë á¥¬¥©áâ¢®¬
�A(H, K, ϕ).
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�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ®, ¯®áª®«ìªã £àã¯¯  G
ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , ¥¥ ¥¤¨­¨ç­ ï ¯®¤£àã¯¯  ®â¤¥«¨¬  á¥¬¥©áâ¢®¬
�A(H, K, ϕ) [7]. � «¥¥ ¡ã¤¥¬ à ááã¦¤ âì ®â ¯à®â¨¢­®£®.

�à¥¤¯®«®¦¨¬, çâ® ¯®¤£àã¯¯  H ­¥ ï¢«ï¥âáï ®â¤¥«¨¬®© á¥¬¥©áâ¢®¬
�A(H, K, ϕ). �®£¤  áãé¥áâ¢ã¥â í«¥¬¥­â a ∈ A\H â ª®©, çâ® ¤«ï ¢áïª®©
¯®¤£àã¯¯ë N ∈ �A(H, K,ϕ) a ∈ HN .

� áá¬®âà¨¬ í«¥¬¥­â g = t−1at(aα)−1.
� ª ª ª a /∈ H, â® g ¨¬¥¥â ¤«¨­ã 2 ¨ ¨§ «¥¬¬ë �à¨ââ®­  á«¥¤ã¥â,

çâ® g 6= 1.
�ãáâì σ | ¯à®¨§¢®«ì­ë© £®¬®¬®àä¨§¬ £àã¯¯ë G ­  ª®­¥ç­ãî

£àã¯¯ã, L = ker σ ¨ M = L ∩ A. �®£¤  ¯®¤£àã¯¯  M ¯à¨­ ¤«¥¦¨â á¥-
¬¥©áâ¢ã �A(H,K, ϕ) ¨ ¯® ãá«®¢¨î á®¤¥à¦¨â α-¤®¯ãáâ¨¬ãî ¯®¤£àã¯¯ã N
¨§ íâ®£® ¦¥ á¥¬¥©áâ¢ .

�® ¯à¥¤¯®«®¦¥­¨î a ∈ HN ¨ ¤«ï ¯®¤å®¤ïé¨å í«¥¬¥­â®¢ h ∈ H,
n ∈ N a = hn. �®íâ®¬ã, ãç¨âë¢ ï, çâ® α|H = ϕ, ¨¬¥¥¬

g = t−1at(aα)−1 = t−1(hn)t((hn)α)−1 = t−1hnt(hϕnα)−1 =
t−1htt−1nt(nα)−1(hϕ)−1 = (hϕ)t−1nt(nα)−1(hϕ)−1.

� ª ª ª ¯®¤£àã¯¯  N α-¤®¯ãáâ¨¬  ¨ n ∈ N , â® nα ∈ N . � «¥¥,
¯®áª®«ìªã N 6 L,   ¯®¤£àã¯¯  L ­®à¬ «ì­  ¢ G, t−1nt ∈ L. �âáî¤ 
t−1nt(nα)−1 ∈ L ¨, á­®¢  ¢ á¨«ã ­®à¬ «ì­®áâ¨ íâ®© ¯®¤£àã¯¯ë, g ∈ L.

� ª¨¬ ®¡à §®¬, í«¥¬¥­â g ¯¥à¥å®¤¨â ¢ ¥¤¨­¨æã ¯à¨ «î¡®¬ £®¬®-
¬®àä¨§¬¥ σ £àã¯¯ë G ­  ª®­¥ç­ãî £àã¯¯ã. �â® ¯à®â¨¢®à¥ç¨â ä¨­¨â­®©
 ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G, ¨, á«¥¤®¢ â¥«ì­®, ¯®¤£àã¯¯  H ®â¤¥«¨¬ 
á¥¬¥©áâ¢®¬ �A(H, K, ϕ).

�­ «®£¨ç­ë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï, çâ® á¥¬¥©áâ¢®¬ �A(H, K,ϕ) ®â-
¤¥«¨¬  ¯®¤£àã¯¯  K. �á«¨ íâ® ­¥ â ª, â® áãé¥áâ¢ã¥â í«¥¬¥­â b ∈ A\K
â ª®©, çâ® ¤«ï ¢áïª®© ¯®¤£àã¯¯ë N ∈ �A(H, K, ϕ) b ∈ KN , ¨ ­ ¬ ¤®áâ -
â®ç­® à áá¬®âà¥âì í«¥¬¥­â g′ = tbt−1(bα−1)−1, ª®â®àë© â ª¦¥ ¯¥à¥å®¤¨â
¢ ¥¤¨­¨æã ¯à¨ «î¡®¬ £®¬®¬®àä¨§¬¥ σ £àã¯¯ë G ­  ª®­¥ç­ãî £àã¯¯ã.

�à¥¤«®¦¥­¨¥ ¤®ª § ­®.
�«¥¤áâ¢¨¥ 4. �ãáâì N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®-

­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A. �á«¨ x ∈ N ∩H, â® xϕ ∈ K ¯® ®¯à¥¤¥«¥­¨î
£àã¯¯ë G ¨ xϕ = a−1xa ∈ N , â ª ª ª ¯®¤£àã¯¯  N ­®à¬ «ì­  ¢ A. �«¥-
¤®¢ â¥«ì­®, xϕ ∈ N ∩K ¨ (N ∩H)ϕ ⊆ N ∩K. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï
¨ ®¡à â­®¥ ¢ª«îç¥­¨¥ (N ∩H)ϕ ⊇ N ∩K.

� ª¨¬ ®¡à §®¬, ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­-
¤¥ªá  £àã¯¯ë A ¯à¨­ ¤«¥¦¨â á¥¬¥©áâ¢ã �A(H, K,ϕ). �®íâ®¬ã ¥á«¨
£àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  ¨ ¯®¤£àã¯¯ë H ¨ K ä¨­¨â­® ®â-
¤¥«¨¬ë ¢ ­¥©, â® ¢ë¯®«­ïîâáï ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 2 ¨ âà¥¡ã¥¬®¥ ãâ¢¥à-
¦¤¥­¨¥ ¨¬¥¥â ¬¥áâ®.

�ª¢¨¢ «¥­â­®áâì ãá«®¢¨© 1 ¨ 2 á«¥¤ã¥â ¨§ ¯à¨¢¥¤¥­­®£® ¢ ª®­æ¥ § 1
§ ¬¥ç ­¨ï ® â®¬, çâ® ¨§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â ä¨­¨â­ ï  ¯¯à®ªá¨¬¨àã-
¥¬®áâì £àã¯¯ë G, ¨ ¤®ª § ­­®£® ¢ëè¥ ¯à¥¤«®¦¥­¨ï. �®á«¥¤­¥¥ ¯à¨¬¥-
­¨¬®, ¯®áª®«ìªã ¯à®¨§¢®«ì­ ï ¯®¤£àã¯¯  ¨§ á¥¬¥©áâ¢  �A(H, K, ϕ) ­®à-
¬ «ì­  ¢ £àã¯¯¥ A ¨, á«¥¤®¢ â¥«ì­®, ¤®¯ãáâ¨¬  ®â­®á¨â¥«ì­® ¢­ãâà¥­­¥£®
 ¢â®¬®àä¨§¬ , ¯à®¨§¢®¤¨¬®£® í«¥¬¥­â®¬ a.

�®£« á­® ¯à¥¤«®¦¥­¨î, ¥á«¨ £àã¯¯  G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ,
â® ¯®¤£àã¯¯ë {1}, H ¨ K ®â¤¥«¨¬ë á¥¬¥©áâ¢®¬ �A(H, K,ϕ). � ç áâ­®áâ¨,
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®­¨ ä¨­¨â­® ®â¤¥«¨¬ë ¢ £àã¯¯¥ A, ¨ à ¢­®á¨«ì­®áâì ãá«®¢¨© â¥¬ á ¬ë¬
ãáâ ­®¢«¥­ .

�«¥¤áâ¢¨¥ 5. �¤¥áì ¨á¯®«ì§ã¥âáï â  ¦¥ áå¥¬  à ááã¦¤¥­¨©, çâ® ¨
¯à¨ ¤®ª § â¥«ìáâ¢¥ á«¥¤áâ¢¨ï 4.

�ãáâì N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá 
£àã¯¯ë A. �¡®§­ ç¨¬ ç¥à¥§ M ¯¥à¥á¥ç¥­¨¥ ®¡à §®¢ íâ®© ¯®¤£àã¯¯ë ®â-
­®á¨â¥«ì­® ¢á¥å  ¢â®¬®àä¨§¬®¢ £àã¯¯ë A. �¥âàã¤­® ¯®ª § âì, çâ® ¯®¤-
£àã¯¯  M ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª®© ¨ ¯®â®¬ã α-¤®¯ãáâ¨¬®©. � ª ¨
¢ëè¥, ®âáî¤  «¥£ª® ¢ëâ¥ª ¥â ¥¥ (H, K, ϕ)-á®¢¬¥áâ¨¬®áâì.

� ª ª ª ¢á¥ ®¡à §ë ¯®¤£àã¯¯ë N ¨¬¥îâ à ¢­ë¥ ª®­¥ç­ë¥ ¨­¤¥ªáë ¢
£àã¯¯¥ A, â® á®£« á­® ãá«®¢¨î á«¥¤áâ¢¨ï áà¥¤¨ ­¨å «¨èì ª®­¥ç­®¥ ç¨á«®
à §«¨ç­ëå. �â® ®§­ ç ¥â, çâ® ¯®¤£àã¯¯  M , ¡ã¤ãç¨ ¯¥à¥á¥ç¥­¨¥¬ ª®­¥ç-
­®£® ç¨á«  ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá , á ¬  ¨¬¥¥â ª®­¥ç­ë© ¨­¤¥ªá ¢
£àã¯¯¥ A.

� ª¨¬ ®¡à §®¬, ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£®
¨­¤¥ªá  £àã¯¯ë A á®¤¥à¦¨â α-¤®¯ãáâ¨¬ãî ¯®¤£àã¯¯ã ¨§ á¥¬¥©áâ¢ 
�A(H, K, ϕ). �®ª § â¥«ìáâ¢® â¥¯¥àì § ¢¥àè ¥âáï â ª ¦¥, ª ª ¨ ¤«ï á«¥¤-
áâ¢¨ï 4.

�«¥¤áâ¢¨¥ 6. �ãáâì á­®¢  N | ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤-
£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A, N ∩H = Hu, N ∩K = Kv. �®«®¦¨¬
l = uv. �®£¤  ¨§ ª¢ §¨à¥£ã«ïà­®áâ¨ £àã¯¯ë A ¯® ¯ à¥ ¯®¤£àã¯¯ {H,K}
á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ ç¨á«® m ¨ ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­-
¤¥ªá  Nl £àã¯¯ë A â ª¨¥, çâ®

Nl ∩H = Hml, Nl ∩K = Kml.

�ãáâì L = N ∩ Nl. �®£¤  L | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£®
¨­¤¥ªá  £àã¯¯ë A, «¥¦ é ï ¢ N . � ª ª ª ç¨á«  u ¨ v ¤¥«ïâ l, â®

L ∩H = (N ∩Nl) ∩H = (N ∩H) ∩ (Nl ∩H) = Hu ∩Hml = Hml

¨  ­ «®£¨ç­® L ∩ K = Kml. � ª¨¬ ®¡à §®¬, (L ∩ H)ϕ = L ∩ K ¨ L ∈
�A(H, K, ϕ).

�¥¬ á ¬ë¬ ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 2 ¨ á«¥¤áâ¢¨¥ ¤®ª § ­®.
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