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1. �«ï «î¡®£® ª« áá  £àã¯¯ K ¨ ¯à®¨§¢®«ì­®© £àã¯¯ë G ç¥à¥§
σK(G) ¡ã¤¥¬ ®¡®§­ ç âì ¯¥à¥á¥ç¥­¨¥ ¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯ £àã¯-
¯ë G, ä ªâ®à-£àã¯¯ë ¯® ª®â®àë¬ ¯à¨­ ¤«¥¦ â ª« ááã K. �ç¥¢¨¤­®, çâ®
£àã¯¯  G ï¢«ï¥âáï K- ¯¯à®ªá¨¬¨àã¥¬®© (â. ¥.  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯-
¯ ¬¨ ¨§ ª« áá  K) ¢ â®ç­®áâ¨ â®£¤ , ª®£¤  σK(G) á®¢¯ ¤ ¥â á ¥¤¨­¨ç­®©
¯®¤£àã¯¯®©; ¡®«¥¥ â®£®, σK(G) ï¢«ï¥âáï ­ ¨¬¥­ìè¥© ¨§ ­®à¬ «ì­ëå ¯®¤-
£àã¯¯ £àã¯¯ë G, ä ªâ®à-£àã¯¯ë ¯® ª®â®àë¬ K- ¯¯à®ªá¨¬¨àã¥¬ë.

� á«ãç ¥, ª®£¤  K á®¢¯ ¤ ¥â á ª« áá®¬ F ¢á¥å ª®­¥ç­ëå £àã¯¯, ¢¬¥-
áâ® σK(G) ¡ã¤¥¬ ¯¨á âì σ(G), ¨ ¥á«¨ K á®¢¯ ¤ ¥â á ª« áá®¬ Fp ¢á¥å ª®-
­¥ç­ëå p-£àã¯¯, ¢¬¥áâ® σK(G) ¤®£®¢®à¨¬áï ¯¨á âì σp(G).

� ¤ çã ®¯¨á ­¨ï ¯®¤£àã¯¯ë σK(G) ¯à®¨§¢®«ì­®© £àã¯¯ë G ­¥ª®-
â®à®£® á¥¬¥©áâ¢  £àã¯¯ ¬®¦­® à áá¬ âà¨¢ âì ª ª ¡®«¥¥ ®¡éãî ¯®-
áâ ­®¢ªã § ¤ ç¨ ¢ë¤¥«¥­¨ï ¢ íâ®¬ á¥¬¥©áâ¢¥ â¥å £àã¯¯, ª®â®àë¥ ï¢-
«ïîâáï K- ¯¯à®ªá¨¬¨àã¥¬ë¬¨. �à¨ íâ®¬ ¢ ®¤­¨å á«ãç ïå ¢ëç¨á«¥-
­¨¥ ¯®¤£àã¯¯ë σK(G) ®¯¨à ¥âáï ­  ãáâ ­®¢«¥­­ë© à ­¥¥ ªà¨â¥à¨©
K- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ à áá¬ âà¨¢ ¥¬®£® á¥¬¥©áâ¢ ,   ¢ ¤àã£¨å
íâã ¡®«¥¥ ®¡éãî § ¤ çã ã¤ ¥âáï à¥è¨âì ¡¥§ ¨á¯®«ì§®¢ ­¨ï ªà¨â¥à¨ï
K- ¯¯à®ªá¨¬¨àã¥¬®áâ¨,   á ¬ ªà¨â¥à¨© ¯®«ãç¨âì ª ª á«¥¤áâ¢¨¥ íâ®£® ¡®-
«¥¥ ®¡é¥£® à¥§ã«ìâ â .

�à¨ K = F ¤¢  à¥§ã«ìâ â  ¯¥à¢®£® â¨¯  ¯à¨¢¥¤¥­ë ¢ à ¡®â¥ [3],
£¤¥ ®¯¨á ­¨¥ ¯®¤£àã¯¯ë σ(G) ­ ©¤¥­® ¤«ï £àã¯¯, ï¢«ïîé¨åáï ­¨áå®¤ï-
é¨¬¨ HNN -à áè¨à¥­¨ï¬¨,   â ª¦¥ ¤«ï ­¥ª®â®àëå ®¡®¡é¥­­ëå á¢®¡®¤-
­ëå ¯à®¨§¢¥¤¥­¨©. �à¨¬¥à à¥§ã«ìâ â  ¢â®à®£® â¨¯  | ¯®«ãç¥­­®¥ ¢ [2]
®¯¨á ­¨¥ ¯¥à¥á¥ç¥­¨ï ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® ¨­¤¥ªá  ¢ £àã¯¯ å
� ã¬á« £  | �®«¨âíà .

� ¯®¬­¨¬, çâ® £àã¯¯ ¬¨ � ã¬á« £  | �®«¨âíà  ­ §ë¢ îâáï
£àã¯¯ë ¢¨¤ 

G(m,n) = 〈a, b; a−1bma = bn〉,
£¤¥ m ¨ n | ­¥­ã«¥¢ë¥ æ¥«ë¥ ç¨á«  (¯à¨ç¥¬ ¡¥§ ã¬¥­ìè¥­¨ï ®¡é­®-
áâ¨ ¬®¦­® áç¨â âì, çâ® m > 0 ¨ m 6 |n|). � ¯®¬­¨¬ â ª¦¥ (á¬. [4, 5]),
çâ® (¢ ¯à¥¤¯®«®¦¥­¨¨ m > 0 ¨ m 6 |n|) £àã¯¯  G(m, n) ï¢«ï¥âáï
F- ¯¯à®ªá¨¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨«¨ m = 1, ¨«¨ |n| = m.
�á­®¢­®© à¥§ã«ìâ â à ¡®âë [2] | á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥:

�à¥¤«®¦¥­¨¥ 1 (á¬. [2, â¥®à¥¬  1]). �ãáâì d = (m,n) | ­ ¨¡®«ì-
è¨© ®¡é¨© ¤¥«¨â¥«ì ç¨á¥« m ¨ n. �®¤£àã¯¯  σ (G(m,n)) á®¢¯ ¤ ¥â á ­®à-
¬ «ì­ë¬ § ¬ëª ­¨¥¬ ¢ £àã¯¯¥ G(m,n) ¬­®¦¥áâ¢  ¢á¥å ª®¬¬ãâ â®à®¢[
akbda−k, b

]
, £¤¥ k ¯à¨­¨¬ ¥â ¢á¥¢®§¬®¦­ë¥ æ¥«®ç¨á«¥­­ë¥ §­ ç¥­¨ï.

�â¬¥â¨¬ ¥é¥ à §, çâ® ¯à¨ ¤®ª § â¥«ìáâ¢¥ íâ®© â¥®à¥¬ë ¯à¨¢¥¤¥­­ë©
¢ëè¥ ªà¨â¥à¨© F- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ G(m,n) ­¥ ¨á¯®«ì§ã¥âáï ¨
ï¢«ï¥âáï ¥¥ ­¥¯®áà¥¤áâ¢¥­­ë¬ á«¥¤áâ¢¨¥¬.
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�áâ ­®¢«¥­­ë© ¢ [1] ªà¨â¥à¨© Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë
G(m,n) ¢ ¯à¥¤¯®«®¦¥­¨¨ m > 0 ¨ m 6 |n| ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬
®¡à §®¬: £àã¯¯  G(m,n) Fp- ¯¯à®ªá¨¬¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¨«¨ m = 1 ¨ n ≡ 1(mod p), ¨«¨ |n| = m = pr ¤«ï ­¥ª®â®à®£® r > 0, ¯à¨ç¥¬
¥á«¨ n = −m, â® p = 2.

�¥«ì ¤ ­­®© à ¡®âë | ¯®«ãç¥­¨¥ á«¥¤ãîé¥£® ®¡®¡é¥­¨ï íâ®£® ªà¨-
â¥à¨ï:

�¥®à¥¬ . �ãáâì G(m,n) = 〈a, b; a−1bma = bn〉 ¨ p | ¯à®áâ®¥
ç¨á«®. � ¯¨è¥¬ ç¨á«  m ¨ n ¢ ¢¨¤¥ m = prm1 ¨ n = psn1, £¤¥ r, s > 0 ¨
ª ¦¤®¥ ¨§ ç¨á¥« m1 ¨ n1 ¢§ ¨¬­® ¯à®áâ® á p. �¡®§­ ç¨¬ â ª¦¥ ç¥à¥§ d
­ ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ç¨á¥« m1 ¨ n1 ¨ § ¯¨è¥¬ m1 = du ¨ n1 = dv.
�®£¤ 

(1) ¥á«¨ r 6= s ¨«¨ ¥á«¨ ç¨á«  m1 ¨ n1 ­¥ áà ¢­¨¬ë ¯® ¬®¤ã«î p,
â® ¯®¤£àã¯¯  σp(G(m,n)) á®¢¯ ¤ ¥â á ­®à¬ «ì­ë¬ § ¬ëª ­¨¥¬ ¢
£àã¯¯¥ G(m,n) í«¥¬¥­â  bpt , £¤¥ t = min{r, s};

(2) ¥á«¨ r = s ¨ m1 ≡ n1 (mod p), â® ¯®¤£àã¯¯  σp(G(m,n)) á®¢¯ ¤ ¥â
á ­®à¬ «ì­ë¬ § ¬ëª ­¨¥¬ ¢ £àã¯¯¥ G(m, n) ¬­®¦¥áâ¢ , á®áâ®ï-
é¥£® ¨§ í«¥¬¥­â  a−1bpruab−prv ¨ ¢á¥¢®§¬®¦­ëå ª®¬¬ãâ â®à®¢
¢¨¤ 

[
akbpr

a−k, b
]

(k ∈ Z).

� ª ¨ ¢ [2], ¯à¨ ¤®ª § â¥«ìáâ¢¥ íâ®© â¥®à¥¬ë ªà¨â¥à¨© Fp- ¯¯à®ª-
á¨¬¨àã¥¬®áâ¨ £àã¯¯ë G(m,n) ­¥ ¨á¯®«ì§ã¥âáï ¨ ¬®¦¥â ¡ëâì ¯®«ãç¥­ ¨§
­¥¥ á«¥¤ãîé¨¬ ¤®áâ â®ç­® ¯à®áâë¬ à ááã¦¤¥­¨¥¬, ª®â®à®¥ ®¯¨à ¥âáï ­ 
â®â ®ç¥¢¨¤­ë© ä ªâ, çâ® £àã¯¯  G(m,n) ï¢«ï¥âáï HNN -à áè¨à¥­¨¥¬ á
¯à®å®¤­®© ¡ãª¢®© a ¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë á ¯®à®¦¤ îé¨¬ b
¨ á¢ï§ ­­ë¬¨ ¯®¤£àã¯¯ ¬¨, ¯®à®¦¤ ¥¬ë¬¨ í«¥¬¥­â ¬¨ bm ¨ bn á®®â¢¥â-
áâ¢¥­­®. �ã¤¥¬ áç¨â âì, çâ® m > 0 ¨ m 6 |n|.

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® £àã¯¯  G(m,n) Fp- ¯¯à®ªá¨¬¨àã¥¬  ¨
¯®â®¬ã ¯®¤£àã¯¯  σp(G(m,n)) ¥¤¨­¨ç­ . �á«¨ m = 1, â® (¢ ®¡®§­ ç¥­¨ïå
ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë) r = 0 ¨ m1 = 1. �®áª®«ìªã í«¥¬¥­â b ®â«¨ç¥­
®â ¥¤¨­¨æë, ¨§ ¯ã­ªâ  (1) â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® s = 0, ¨, á«¥¤®¢ â¥«ì­®,
n = n1 ≡ 1 (mod p).

�ãáâì m > 1. � ª ª ª ¯®àï¤®ª í«¥¬¥­â  b ¡¥áª®­¥ç¥­, ¨§ ¯ã­ªâ  (1)
â¥®à¥¬ë á«¥¤ã¥â, çâ® r = s ¨ m1 ≡ n1 (mod p). �®íâ®¬ã ¢ á¨«ã ¯ã­ªâ  (2)
¢ £àã¯¯¥ G(m,n) ¢á¥ ª®¬¬ãâ â®àë ¢¨¤ 

[
akbpr

a−k, b
]

¤®«¦­ë ¡ëâì à ¢­ë
¥¤¨­¨æ¥. �®ª ¦¥¬, çâ® â®£¤  m1 = 1 = |n1|.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ m1 > 1, â® í«¥¬¥­â bpr ­¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã,
¯®à®¦¤¥­­ãî í«¥¬¥­â®¬ bm. �à®¬¥ â®£®, ¯®áª®«ìªã |n| > 1, í«¥¬¥­â b ­¥
¢å®¤¨â ¢ ¯®¤£àã¯¯ã, ¯®à®¦¤¥­­ãî í«¥¬¥­â®¬ bn. �®íâ®¬ã § ¯¨áì

[
a−1bpr

a, b
]

= a−1b−pr

ab−1a−1bpr

ab

ª®¬¬ãâ â®à 
[
a−1bpr

a, b
]

ï¢«ï¥âáï ¯à¨¢¥¤¥­­®© ¢ HNN -à áè¨à¥­¨¨
G(m,n), ¨ ¯®â®¬ã íâ®â ª®¬¬ãâ â®à ­¥ ¬®¦¥â ¡ëâì à ¢­ë¬ 1. �®ç­® â ª
¦¥ ¯à¥¤¯®«®¦¥­¨¥ |n1| > 1 ¢«¥ç¥â ­¥¢®§¬®¦­®áâì à ¢¥­áâ¢  ¥¤¨­¨æ¥ ª®¬-
¬ãâ â®à 

[
abpr

a−1, b
]
.

� ª¨¬ ®¡à §®¬, ¨¬¥¥¬ m = pr ¨ n = prε ¤«ï ­¥ª®â®à®£® ε = ±1.
� ª®­¥æ, ¯à¨ ε = −1 áà ¢­¥­¨¥ m1 ≡ n1 (mod p) ¤ ¥â p = 2.

�¡à â­®, ¥á«¨ m = 1 ¨ n ≡ 1(mod p), â® r = s = 0, ¨, ¯®áª®«ìªã
m1 = 1 ¨ n1 = n, ¢ë¯®«­¥­® áà ¢­¥­¨¥ m1 ≡ n1 (mod p). �®íâ®¬ã ¢
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¤ ­­®¬ á«ãç ¥ ¯®¤£àã¯¯  σp(G(m,n)) | ­®à¬ «ì­®¥ § ¬ëª ­¨¥ ¬­®¦¥-
áâ¢  í«¥¬¥­â®¢, ãª § ­­®£® ¢ ¯ã­ªâ¥ (2) â¥®à¥¬ë. � ª ª ª ¯à¨ m = 1
­®à¬ «ì­®¥ § ¬ëª ­¨¥ ¢ £àã¯¯¥ G(m,n) í«¥¬¥­â  b ï¢«ï¥âáï  ¡¥«¥¢®©
£àã¯¯®©, ¢á¥ ª®¬¬ãâ â®àë ¨§ íâ®£® ¬­®¦¥áâ¢  à ¢­ë 1. �®áª®«ìªã, ªà®¬¥
â®£®, pru = m ¨ prv = n, í«¥¬¥­â a−1bpruab−prv â ª¦¥ à ¢¥­ 1. �«¥¤®¢ -
â¥«ì­®, ¯®¤£àã¯¯  σp(G(m,n)) á®¢¯ ¤ ¥â á ¥¤¨­¨ç­®©, â. ¥. £àã¯¯  G(m, n)
Fp- ¯¯à®ªá¨¬¨àã¥¬ .

�á«¨ m = n = pr ¨«¨ m = 2r ¨ n = −2r, â® ®ç¥¢¨¤­®, çâ® ¯®¤£àã¯¯ 
σp(G(m,n)) á­®¢  ï¢«ï¥âáï ­®à¬ «ì­ë¬ § ¬ëª ­¨¥¬ ¬­®¦¥áâ¢  í«¥¬¥­-
â®¢, ãª § ­­®£® ¢ ¯ã­ªâ¥ (2) â¥®à¥¬ë, ¨ çâ® ¢á¥ íâ¨ í«¥¬¥­âë à ¢­ë 1.
� ª¨¬ ®¡à §®¬, ¢ íâ¨å á«ãç ïå £àã¯¯  G(m,n) Fp- ¯¯à®ªá¨¬¨àã¥¬  ¨
F2- ¯¯à®ªá¨¬¨àã¥¬  á®®â¢¥âáâ¢¥­­®.

�ª ¦¥¬ ¥é¥ ­  ®¤­® à §«¨ç¨¥ ¢ áâà®¥­¨¨ ¯®¤£àã¯¯ σ(G(m,n)) ¨
σp(G(m,n)) £àã¯¯ë G(m,n). �¥®à¥¬  2 ¨§ áâ âì¨ [2] ãâ¢¥à¦¤ ¥â, çâ® ¥á«¨
¯®¤£àã¯¯  σ (G(m,n)) £àã¯¯ë G(m,n) ­¥¥¤¨­¨ç­ , â® ®­  ­¥ ¬®¦¥â ¡ëâì
­®à¬ «ì­ë¬ § ¬ëª ­¨¥¬ ¢ £àã¯¯¥ G(m,n) ­¨ª ª®£® ª®­¥ç­®£® ¬­®¦¥-
áâ¢  í«¥¬¥­â®¢ íâ®© £àã¯¯ë. �§ áä®à¬ã«¨à®¢ ­­®© §¤¥áì â¥®à¥¬ë ¢¨¤­®,
çâ® ¯®¤£àã¯¯  σp(G(m, n)), ­ ¯à®â¨¢, ¬®¦¥â á®¢¯ ¤ âì á ­®à¬ «ì­ë¬ § -
¬ëª ­¨¥¬ ®¤­®£® ­¥¥¤¨­¨ç­®£® í«¥¬¥­â  £àã¯¯ë G(m,n). � ¯à¨¬¥à, ¢
£àã¯¯¥ G(2, 4) ¯®¤£àã¯¯  σ2(G(2, 4)) ï¢«ï¥âáï ­®à¬ «ì­ë¬ § ¬ëª ­¨¥¬
í«¥¬¥­â  b2.

2. �¥à¥å®¤ï ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë (¨ áç¨â ï ä¨ªá¨à®¢ ­­ë¬¨
®¡®§­ ç¥­¨ï, ¢¢¥¤¥­­ë¥ ¢ ¥¥ ä®à¬ã«¨à®¢ª¥), ¯à¥¤¯®«®¦¨¬ á­ ç « , çâ®
í«¥¬¥­âë bm ¨ bn £àã¯¯ë G(m, n) ­¥ ¢å®¤ïâ ¢ ­¥ª®â®àãî ­®à¬ «ì­ãî ¯®¤-
£àã¯¯ã N ª®­¥ç­®£® p-¨­¤¥ªá  íâ®© £àã¯¯ë. �®£¤  ¯®àï¤®ª ¯® ¬®¤ã«î N
í«¥¬¥­â  b à ¢¥­ ç¨á«ã pt, £¤¥ t > r, s. � ª ª ª â®£¤  ¯®àï¤ª¨ ¯® ¬®¤ã«î N
í«¥¬¥­â®¢ bm ¨ bn à ¢­ë ç¨á« ¬ pt−r ¨ pt−s á®®â¢¥âáâ¢¥­­® ¨ â ª ª ª íâ¨
í«¥¬¥­âë á®¯àï¦¥­ë, ¨¬¥¥¬ r = s.

�«¥¤®¢ â¥«ì­®, ¥á«¨ r 6= s, â® í«¥¬¥­âë bm ¨ bn ¯à¨­ ¤«¥¦ â ª ¦-
¤®© ­®à¬ «ì­®© ¯®¤£àã¯¯¥ ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G(m, n),   ¯®â®¬ã
¯®àï¤®ª í«¥¬¥­â  b ¯® ¬®¤ã«î ª ¦¤®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë ª®­¥ç­®£®
p-¨­¤¥ªá  ¤®«¦¥­ ¡ëâì ¤¥«¨â¥«¥¬ ç¨á¥« pr ¨ ps. �­ ç¥ £®¢®àï, ª ¦¤ ï
­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G(m,n) á®¤¥à¦¨â í«¥-
¬¥­â bpt , £¤¥ t = min{r, s}.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® r = s. �ç¥¢¨¤­ ï ¨­¤ãªæ¨ï ¯®ª §ë¢ ¥â,
çâ® â®£¤  ¤«ï «î¡®£® æ¥«®£® ç¨á«  k > 0 ¢ £àã¯¯¥ G(m,n) ¢ë¯®«­¥­®
à ¢¥­áâ¢®

a−kbprmk
1 ak = bprnk

1 .

�ãáâì ¯® ¬®¤ã«î ­¥ª®â®à®© ­®à¬ «ì­®© ¯®¤£àã¯¯ë N ª®­¥ç­®£® p-¨­¤¥ª-
á  £àã¯¯ë G(m, n) ¯®àï¤ª¨ í«¥¬¥­â®¢ a ¨ b à ¢­ë ç¨á« ¬ pi ¨ pj á®®â¢¥â-
áâ¢¥­­®. �®£¤  ãª § ­­®¥ ¢ëè¥ à ¢¥­áâ¢® ¯à¨ k = pi ¤ ¥â áà ¢­¥­¨¥

bprmpi

1 ≡ bprnpi

1 (mod N),

çâ® à ¢­®á¨«ì­® áà ¢­¥­¨î

prmpi

1 ≡ prnpi

1 (mod pj).
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�âáî¤  ¯à¨ j > r ¯®«ãç ¥¬ mpi

1 ≡ npi

1 (mod p). � ª ª ª ª â®¬ã ¦¥
¢ á¨«ã â¥®à¥¬ë �¥à¬  mp−1

1 ≡ np−1
1 (mod p) ¨ ç¨á«  pi ¨ p − 1 ¢§ ¨¬­®

¯à®áâë, ¨¬¥¥¬ m1 ≡ n1 (mod p). �«¥¤®¢ â¥«ì­®, ¥á«¨ ç¨á«  m1 ¨ n1 ­¥
áà ¢­¨¬ë ¯® ¬®¤ã«î p, â® ¯®àï¤®ª í«¥¬¥­â  b ¯® ¬®¤ã«î ª ¦¤®© ­®à-
¬ «ì­®© ¯®¤£àã¯¯ë ª®­¥ç­®£® p-¨­¤¥ªá  ¤¥«¨â ç¨á«® pr.

�ë ¢¨¤¨¬, â ª¨¬ ®¡à §®¬, çâ® ¥á«¨ ç¨á«  m ¨ n ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬ ¯ã­ªâ  (1) ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ë, â® ¢ ª ¦¤®© ­®à¬ «ì­®©
¯®¤£àã¯¯¥ ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G(m, n) á®¤¥à¦¨âáï í«¥¬¥­â bpt ,
£¤¥ t = min{r, s}, ¨, á«¥¤®¢ â¥«ì­®, ¯®¤£àã¯¯  σp(G(m, n)) á®¤¥à¦¨â ­®à-
¬ «ì­®¥ § ¬ëª ­¨¥ ¢ £àã¯¯¥ G(m, n) íâ®£® í«¥¬¥­â . �à®â¨¢®¯®«®¦­®¥
¢ª«îç¥­¨¥ á«¥¤ã¥â ¨§ â®£®, çâ® ä ªâ®à-£àã¯¯  £àã¯¯ë G(m,n) ¯® ­®à-
¬ «ì­®¬ã § ¬ëª ­¨î í«¥¬¥­â  bpt ï¢«ï¥âáï á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬
¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë ¨ æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  pt, ¨
¯®â®¬ã Fp- ¯¯à®ªá¨¬¨àã¥¬ .

� «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® r = s ¨ m1 ≡ n1 (mod p). �â¬¥â¨¬, çâ®,
¯®áª®«ìªã (d, p) = 1, â®£¤  ¨¬¥¥â ¬¥áâ® ¨ áà ¢­¥­¨¥ u ≡ v (mod p).

�ç¥¢¨¤­®, çâ® ¤«ï ¯à®¨§¢®«ì­®© £àã¯¯ë G ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
σ(G) ⊆ σp(G). �®íâ®¬ã ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 1 ¯®¤£àã¯¯  σp(G(m,n)) á®-
¤¥à¦¨â ¢á¥ ª®¬¬ãâ â®àë ¢¨¤ 

[
akbprda−k, b

]
. �®ª ¦¥¬, çâ® ¢ ¤¥©áâ¢¨-

â¥«ì­®áâ¨ ¯®¤£àã¯¯¥ σp(G(m,n)) ¯à¨­ ¤«¥¦¨â «î¡®© ª®¬¬ãâ â®à ¢¨¤ [
akbpr

a−k, b
]
.

�ãáâì N | á­®¢  ¯à®¨§¢®«ì­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£®
p-¨­¤¥ªá  £àã¯¯ë G(m,n) ¨ ¯ãáâì ¯®àï¤®ª ¯® ¬®¤ã«î N í«¥¬¥­â  b à ¢¥­
ç¨á«ã pt. �á«¨ t 6 r, ¢ª«îç¥­¨¥

[
akbpr

a−k, b
] ∈ N ®ç¥¢¨¤­®. �à¥¤¯®«®-

¦¨¬, çâ® t > r. � ª ª ª ç¨á«  d ¨ pt−r ¢§ ¨¬­® ¯à®áâë, ¤«ï ­¥ª®â®à®£®
æ¥«®£® x ¢ë¯®«­¥­® áà ¢­¥­¨¥ dx ≡ 1(mod pt−r). �âáî¤ 

prdx ≡ pr (mod pt)
¨ ¯®â®¬ã bpr ≡ (bprd)x (mod N). �«¥¤®¢ â¥«ì­®,

[
akbpr

a−k, b
] ≡ [

(akbprda−k)x, b
] ≡ 1 (mod N),

¨ á­®¢  ¨¬¥¥¬
[
akbpr

a−k, b
] ∈ N .

�­ «®£¨ç­®¥ à ááã¦¤¥­¨¥ ¯®ª §ë¢ ¥â, çâ® ¤«ï «î¡®© ­®à¬ «ì-
­®© ¯®¤£àã¯¯ë N ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G(m,n) ¨§ á®®â­®è¥­¨ï
a−1bma = bn á«¥¤ã¥â áà ¢­¥­¨¥ a−1bprua ≡ bprv (mod N), â. ¥. ¢ª«îç¥­¨¥
a−1bpruab−prv ∈ N .

� ª¨¬ ®¡à §®¬, ­®à¬ «ì­®¥ § ¬ëª ­¨¥ U ¬­®¦¥áâ¢ , á®áâ®ïé¥£® ¨§
í«¥¬¥­â  a−1bpruab−prv ¨ ¢á¥¢®§¬®¦­ëå ª®¬¬ãâ â®à®¢

[
akbpr

a−k, b
]
, á®-

¤¥à¦¨âáï ¢ ¯®¤£àã¯¯¥ σp(G(m,n)). �áâ ¥âáï ¯®ª § âì, çâ® ä ªâ®à-£àã¯¯ 
G = G(m,n)/U £àã¯¯ë G(m,n) ¯® ¯®¤£àã¯¯¥ U ï¢«ï¥âáï Fp- ¯¯à®ªá¨-
¬¨àã¥¬®©.

�àã¯¯  G ¨¬¥¥â á«¥¤ãîé¥¥ § ¤ ­¨¥ ¯®à®¦¤ îé¨¬¨ ¨ ®¯à¥¤¥«ïî-
é¨¬¨ á®®â­®è¥­¨ï¬¨:

G = 〈a, b; a−1bprua = bprv,
[
akbpr

a−k, b
]

= 1 (k ∈ Z)〉.
�®áª®«ìªã ç¨á«  u ¨ v ¢§ ¨¬­® ¯à®áâë (¨ ¯®â®¬ã ­ ¨¡®«ìè¨© ®¡-

é¨© ¤¥«¨â¥«ì ç¨á¥« pru ¨ prv à ¢¥­ pr), ¬ë ¬®¦¥¬ ¢®á¯®«ì§®¢ âìáï ­¥®¡-
å®¤¨¬ë¬¨ ­ ¬ á¢®©áâ¢ ¬¨ £àã¯¯ë G, ãáâ ­®¢«¥­­ë¬¨ ¢ [2]. �«ï ¯à®¨§-
¢®«ì­®£® æ¥«®£® ç¨á«  i ¯®« £ ¥¬ ci = aibpr

a−i. �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥
ãâ¢¥à¦¤¥­¨ï:
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�à¥¤«®¦¥­¨¥ 2 (á¬. [2, ¯à¥¤«®¦¥­¨¥ 3]). �®¤£àã¯¯  C £àã¯¯ë G,
¯®à®¦¤ ¥¬ ï í«¥¬¥­â ¬¨ ci (i ∈ Z), ¢ íâ®© á¨áâ¥¬¥ ¯®à®¦¤ îé¨å ®¯à¥-
¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨

[
ci, cj

]
= 1, cu

i = cv
i+1 (i, j ∈ Z)

¨ ï¢«ï¥âáï ­®à¬ «ì­®© ¯®¤£àã¯¯®© £àã¯¯ë G. � ªâ®à-£àã¯¯  G/C ï¢«ï-
¥âáï á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë ¨ æ¨ª-
«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  pr.

�à¥¤«®¦¥­¨¥ 3 (á¬. [2, ¯à¥¤«®¦¥­¨¥ 4]). �ãáâì ¤«ï ª ¦¤®£® æ¥-
«®£® ç¨á«  k > 0 ä¨ªá¨à®¢ ­  ¯ à  æ¥«ëå ç¨á¥« αk ¨ βk â ª¨å, çâ®

αkv2k + βku2k = 1,

¨ ¯ãáâì
ek = cαk

−kcβk

k .

�àã¯¯  C ¯®à®¦¤ ¥âáï í«¥¬¥­â ¬¨ e1, e2, . . . ¨ ¢ íâ®© á¨áâ¥¬¥ ¯®à®¦-
¤ îé¨å ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨ ek = euv

k+1 (k = 1, 2, . . . ).
�¢¥¤¥¬ â¥¯¥àì ¢ à áá¬®âà¥­¨¥ ®¤­® á¥¬¥©áâ¢® £®¬®¬®àä­ëå ®¡à §®¢

£àã¯¯ë G.
�¨ªá¨àã¥¬ æ¥«®¥ ç¨á«® s > 0 ¨ æ¥«®¥ ç¨á«® t, ã¤®¢«¥â¢®àïîé¥¥

áà ¢­¥­¨î ut ≡ v (mod ps). �ç¥¢¨¤­®, çâ® ¢§ ¨¬­ ï ¯à®áâ®â  ç¨á¥« u ¨
p ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ­¨¥ t,   ¨§ áà ¢­¥­¨ï u ≡ v (mod p) á«¥¤ã¥â
áà ¢­¥­¨¥ t ≡ 1 (mod p). �ãáâì

Ys = 〈y; ypr+s = 1〉

| æ¨ª«¨ç¥áª ï £àã¯¯  ¯®àï¤ª  pr+s. �®¤£àã¯¯  Z £àã¯¯ë Ys, ¯®à®¦-
¤¥­­ ï í«¥¬¥­â®¬ z = ypr , ¯®à®¦¤ ¥âáï â ª¦¥ ¨ í«¥¬¥­â®¬ zt, ¯à¨ç¥¬
®â®¡à ¦¥­¨¥ z 7→ zt ®¯à¥¤¥«ï¥â  ¢â®¬®àä¨§¬ íâ®© ¯®¤£àã¯¯ë. �®íâ®¬ã
£àã¯¯ 

Y ∗
s = 〈x, y; ypr+s = 1, x−1ypr

x = yprt〉
ï¢«ï¥âáï HNN -à áè¨à¥­¨¥¬ £àã¯¯ë Ys á ¯à®å®¤­®© ¡ãª¢®© x. �â¬¥â¨¬,
çâ® â ª ª ª t ≡ 1 (mod p), â® ¢ á¨«ã á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë 1 áâ âì¨ [1]
£àã¯¯  Y ∗

s ï¢«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®©.
�®áª®«ìªã ¯®àï¤®ª í«¥¬¥­â  ypr £àã¯¯ë Ys à ¢¥­ ps, ¨§ áà ¢­¥­¨ï

ut ≡ v (mod ps) á«¥¤ã¥â, çâ® yprut = yprv, ®âªã¤  ¨¬¥¥¬

x−1yprux = yprut = yprv.

�à®¬¥ â®£®, â ª ª ª ¤«ï «î¡®£® k > 0 ¢ £àã¯¯¥ Y ∗
s ¢ë¯®«­¥­ë à ¢¥­áâ¢ 

x−kypr

xk = yprtk ¨ xkypr

x−k = ypr(t′)k (*)

(£¤¥ ç¨á«® t′ ã¤®¢«¥â¢®àï¥â áà ¢­¥­¨î tt′ ≡ 1 (mod ps)), â® ¯à®¨§¢®«ì-
­ë© ª®¬¬ãâ â®à

[
xkypr

x−k, y
]

(k ∈ Z) à ¢¥­ ¥¤¨­¨æ¥ ¢ £àã¯¯¥ Y ∗
s . �®-

íâ®¬ã ®â®¡à ¦¥­¨¥ a 7→ x, b 7→ y ®¯à¥¤¥«ï¥â £®¬®¬®àä¨§¬ ρs £àã¯¯ë G
¢ £àã¯¯ã Y ∗

s .
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�¥¯¥àì ¬ë £®â®¢ë ¤®ª § âì Fp- ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G. �«ï
íâ®£® ¤®áâ â®ç­® ¤«ï «î¡®£® ­¥¥¤¨­¨ç­®£® í«¥¬¥­â  g íâ®© £àã¯¯ë ãª -
§ âì £®¬®¬®àä¨§¬ ¥¥ ­  Fp- ¯¯à®ªá¨¬¨àã¥¬ãî £àã¯¯ã, ®¡à § í«¥¬¥­â  g
¯à¨ ª®â®à®¬ ®â«¨ç¥­ ®â ¥¤¨­¨æë.

�®áª®«ìªã á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ Fp- ¯¯à®ªá¨¬¨àã¥¬ëå £àã¯¯ ï¢-
«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®©, áãé¥áâ¢®¢ ­¨¥ â ª®£® £®¬®¬®à-
ä¨§¬  ¤«ï í«¥¬¥­â  g, ­¥ ¯à¨­ ¤«¥¦ é¥£® ¯®¤£àã¯¯¥ C, ®¡¥á¯¥ç¨¢ ¥âáï
¯à¥¤«®¦¥­¨¥¬ 2.

�ãáâì g ∈ C. � á¨«ã ¯à¥¤«®¦¥­¨ï 3 ¬®¦­® áç¨â âì, çâ® g = el
k

¤«ï ­¥ª®â®àëå æ¥«ëå ç¨á¥« k > 0 ¨ l 6= 0. �®ª ¦¥¬, çâ® ¥á«¨ æ¥«®¥
ç¨á«® s > 0 ¢ë¡à ­® â ª, çâ®¡ë l ­¥ ¤¥«¨«®áì ­  ps, â® ®¡à § í«¥¬¥­â  g
¯à¨ £®¬®¬®àä¨§¬¥ ρs ï¢«ï¥âáï ­¥¥¤¨­¨ç­ë¬ í«¥¬¥­â®¬ £àã¯¯ë Y ∗

s . �®-
áª®«ìªã, ª ª ®â¬¥ç¥­® ¢ëè¥, £àã¯¯  Y ∗

s Fp- ¯¯à®ªá¨¬¨àã¥¬ , ¤®ª § â¥«ì-
áâ¢® Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G ¡ã¤¥â íâ¨¬ § ª®­ç¥­®.

� ª ª ª
ek = cαk

−kcβk

k = a−kbprαkak · akbprβka−k,

¨§ à ¢¥­áâ¢ (*) á«¥¤ã¥â, çâ®

gρs = el
kρs = ylpr(αktk+βk(t′)k).

�®íâ®¬ã ¯à¥¤¯®«®¦¥­¨¥ ® â®¬, çâ® gρs = 1, ®§­ ç ¥â ¤¥«¨¬®áâì ç¨á« 
lpr(αktk + βk(t′)k) ­  ¯®àï¤®ª pr+s í«¥¬¥­â  y, ®âªã¤  ¢ á¨«ã ¢ë¡®à 
ç¨á«  s á«¥¤ã¥â áà ¢­¥­¨¥

αktk + βk(t′)k ≡ 0 (mod p).

� ª ª ª ¨§ áà ¢­¥­¨© ut ≡ v (mod ps) ¨ tt′ ≡ 1 (mod ps) á«¥¤ãîâ áà ¢-
­¥­¨ï ut ≡ v (mod p) ¨ tt′ ≡ 1 (mod p), ã¬­®¦¨¢ ®¡¥ ç áâ¨ áà ¢­¥­¨ï
αktk + βk(t′)k ≡ 0 (mod p) ­  ç¨á«® tku2k ¯®á«¥ ®ç¥¢¨¤­ëå ¯à¥®¡à §®-
¢ ­¨© ¯®«ãç ¥¬ αkv2k + βku2k ≡ 0 (mod p), çâ® ­¥¢®§¬®¦­®, ¯®áª®«ìªã
αkv2k + βku2k = 1.
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