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�®ª § ­®, çâ® ¯à®¨§¢®«ì­ ï £àã¯¯  ¢¨¤  〈a, b; a−1ba = bk〉, £¤¥
k ®â«¨ç­® ®â ­ã«ï ¨ ±1, ­¥ ï¢«ï¥âáï  ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­®
á®¯àï¦¥­­®áâ¨ ª®­¥ç­ë¬¨ π-£àã¯¯ ¬¨ ¤«ï «î¡®£® ¬­®¦¥áâ¢  π, á®áâ®ï-
é¥£® ¨§ ¤¢ãå ¯à®áâëå ç¨á¥«.

�«îç¥¢ë¥ á«®¢ : £àã¯¯ë � ã¬á« £  | �®«¨âíà ,  ¯¯à®ªá¨¬¨àã¥-
¬®áâì ª®­¥ç­ë¬¨ π-£àã¯¯ ¬¨,  ¯¯à®ªá¨¬¨àã¥¬®áâì ®â­®á¨â¥«ì­® á®¯àï-
¦¥­­®áâ¨ ª®­¥ç­ë¬¨ π-£àã¯¯ ¬¨.

It is shown that any group 〈a, b; a−1ba = bk〉 where integer k di�ers
from zero and ±1 is not conjugacy separable by �nite π-groups for every set π
consisting of two prime numbers.

Key words: Baumslag | Solitar groups, residuality a �nite π-groups,
conjugacy separability by �nite π-groups.

� ¯®¬­¨¬, çâ® ¥á«¨ K | ­¥ª®â®àë© ª« áá £àã¯¯, â® £àã¯¯  G ­ §ë-
¢ ¥âáï K- ¯¯à®ªá¨¬¨àã¥¬®© (K- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï-
¦¥­­®áâ¨), ¥á«¨ ¤«ï «î¡ëå à §«¨ç­ëå (á®®â¢¥âáâ¢¥­­® ­¥ á®¯àï¦¥­­ëå)
¥¥ í«¥¬¥­â®¢ a ¨ b áãé¥áâ¢ã¥â â ª®© £®¬®¬®àä¨§¬ £àã¯¯ë G ­  ­¥ª®â®-
àãî £àã¯¯ã X ¨§ ª« áá  K, çâ® ®¡à §ë íâ¨å í«¥¬¥­â®¢ à §«¨ç­ë (á®®â-
¢¥âáâ¢¥­­® ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ X).

�¥à¥§ F ¡ã¤¥â ®¡®§­ ç âìáï ª« áá ¢á¥å ª®­¥ç­ëå £àã¯¯, ¨ ¤«ï ­¥ª®-
â®à®£® ¯à®áâ®£® ç¨á«  p ¨ ­¥ª®â®à®£® ¬­®¦¥áâ¢  π ¯à®áâëå ç¨á¥« á¨¬¢®«ë
Fp ¨ Fπ ¡ã¤ãâ ®¡®§­ ç âì á®®â¢¥âáâ¢¥­­® ª« áá ¢á¥å ª®­¥ç­ëå p-£àã¯¯ ¨
ª« áá ¢á¥å ª®­¥ç­ëå π-£àã¯¯.

�«ï ¯à®¨§¢®«ì­®£® æ¥«®£® ç¨á«  k 6= 0 ç¥à¥§ Gk ¡ã¤¥¬ ®¡®§­ -
ç âì £àã¯¯ã, § ¤ ¢ ¥¬ãî ¯à¥¤áâ ¢«¥­¨¥¬ ¢¨¤  〈a, b; a−1ba = bk〉. �àã¯¯ë
Gk ¢å®¤ïâ ¢ ¨§¢¥áâ­ë© ª« áá £àã¯¯ � ã¬á« £  | �®«¨âíà , ¨ ¬­®-
£¨¥ ¨å á¢®©áâ¢  å®à®è® ¨§ãç¥­ë. �§¢¥áâ­®, ¢ ç áâ­®áâ¨, çâ® ¢á¥ ®­¨
à §à¥è¨¬ë (â®ç­¥¥, ¬¥â ¡¥«¥¢ë) ¨ çâ® ­¥æ¨ª«¨ç¥áª ï £àã¯¯  á ®¤-
­¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â­®è¥­¨¥¬ ã¤®¢«¥â¢®àï¥â ­¥âà¨¢¨ «ì­®¬ã â®¦-
¤¥áâ¢ã â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ¨§®¬®àä­  ­¥ª®â®à®© £àã¯¯¥ Gk.
F- ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ íâ®£® á¥¬¥©áâ¢ , ®â¬¥ç¥­­ ï ¢ [10], ¢ëâ¥-
ª ¥â, ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨, ã¦¥ ¨§ ®á­®¢­®£® à¥§ã«ìâ â  áâ âì¨ [11], ãâ¢¥à-
¦¤ îé¥£® F- ¯¯à®ªá¨¬¨àã¥¬®áâì ¯à®¨§¢®«ì­ëå ª®­¥ç­® ¯®à®¦¤¥­­ëå
¬¥â ¡¥«¥¢ëå £àã¯¯. �â¢¥à¦¤¥­¨¥ ®¡ F- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ®â­®á¨â¥«ì­®
á®¯àï¦¥­­®áâ¨ £àã¯¯ Gk, ¤®ª § ­­®¥ ¢ [8], ¢ëâ¥ª ¥â ¨ ¨§ ¯®«ãç¥­­®£® ¢ [9]
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¡®«¥¥ ®¡é¥£® à¥§ã«ìâ â  ®¡ F- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ®â­®á¨â¥«ì­® á®¯àï-
¦¥­­®áâ¨ «î¡®£® ­¨áå®¤ïé¥£® HNN -à áè¨à¥­¨ï ª®­¥ç­® ¯®à®¦¤¥­­®©
 ¡¥«¥¢®© £àã¯¯ë.

�§¢¥áâ­® â ª¦¥ [6], çâ® £àã¯¯  Gk ï¢«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®©
¢ â®ç­®áâ¨ â®£¤ , ª®£¤  ç¨á«® k − 1 ¤¥«¨âáï ­  p. � à ¡®â¥ [2] ¤®ª § ­®,
çâ® £àã¯¯  Gk ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬  (â. ¥. ®¡« ¤ ¥â Fp- ¯¯à®ªá¨¬¨-
àã¥¬®© ­®à¬ «ì­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá ) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  k ­¥ ¤¥«¨âáï ­  p. �¥®à¥¬  2 ¨§ à ¡®âë [4] ãâ¢¥à¦¤ ¥â, çâ® ¥á«¨
π =

{
p, q

}
, £¤¥ p < q | ¯à®áâë¥ ç¨á« , ­¥ ¤¥«ïé¨¥ ç¨á«® k − 1, â®

£àã¯¯  Gk Fπ- ¯¯à®ªá¨¬¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (k, q) = 1,
p ï¢«ï¥âáï ¤¥«¨â¥«¥¬ ç¨á«  q − 1 ¨ ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q ï¢«ï-
¥âáï p-ç¨á«®¬. (�¤¥áì, ª ª ®¡ëç­®, (x, y) ®¡®§­ ç ¥â ­ ¨¡®«ìè¨© ®¡é¨©
¤¥«¨â¥«ì ç¨á¥« x ¨ y. � ¯®¬­¨¬ â ª¦¥ (á¬. [3, á. 60]), çâ® ¤«ï «î¡®£®
æ¥«®£® ç¨á«  k, ¢§ ¨¬­® ¯à®áâ®£® á æ¥«ë¬ ç¨á«®¬ m > 0, ¯®àï¤ª®¬ ç¨á« 
k ¯® ¬®¤ã«î m ­ §ë¢ ¥âáï ­ ¨¬¥­ìè¥¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® r â ª®¥, çâ®
kr ≡ 1 (mod m).)

� ¤àã£®© áâ®à®­ë, ¢ à ¡®â¥ [7] ¡ë«® ¤®ª § ­®, çâ® ¥á«¨ ç¨á«® k
®â«¨ç­® ®â ±1, â® ¤«ï «î¡®£® ¯à®áâ®£® ç¨á«  p £àã¯¯  Gk ­¥ ï¢«ï¥âáï
Fp- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨. �á­®¢­ë¬ à¥§ã«ìâ -
â®¬ ¤ ­­®© áâ âì¨ ï¢«ï¥âáï á¯à ¢¥¤«¨¢®áâì  ­ «®£¨ç­®£® ãâ¢¥à¦¤¥­¨ï
¤«ï «î¡®£® ¬­®¦¥áâ¢  π, á®áâ®ïé¥£® ¨§ ¤¢ãå ¯à®áâëå ç¨á¥«. � ¨¬¥­­®
§¤¥áì ¡ã¤¥â ¤®ª § ­ 

�¥®à¥¬ . �«ï «î¡®£® æ¥«®£® ç¨á«  k, ®â«¨ç­®£® ®â 0 ¨ ±1, ¨ ¤«ï
«î¡®£® ¬­®¦¥áâ¢  π =

{
p, q

}
, á®áâ®ïé¥£® ¨§ ¤¢ãå à §«¨ç­ëå ¯à®áâëå

ç¨á¥« p ¨ q, £àã¯¯  Gk ­¥ ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­®
á®¯àï¦¥­­®áâ¨.

�® ¯®¢®¤ã ®£à ­¨ç¥­¨ï k 6= ±1 á«¥¤ã¥â § ¬¥â¨âì, çâ® ¯à¨ k = 1
£àã¯¯  Gk ï¢«ï¥âáï á¢®¡®¤­®©  ¡¥«¥¢®© ¨ ¯®â®¬ã Fπ- ¯¯à®ªá¨¬¨àã¥¬®©
®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ ¤«ï «î¡®£® ¬­®¦¥áâ¢  π ¯à®áâëå ç¨á¥«.
�¥£ª® ¢¨¤¥âì â ª¦¥, çâ® ¥á«¨ £àã¯¯  G−1 ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®©,
â® ¬­®¦¥áâ¢® π ¤®«¦­® á®¤¥à¦ âì ç¨á«® 2. � ®¡®à®â, ¥á«¨ 2 ∈ π, â®
£àã¯¯  G−1 Fπ- ¯¯à®ªá¨¬¨àã¥¬  ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ ¢ á¨«ã â¥®-
à¥¬ë 1 ¨§ à ¡®âë [1].

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ­ ç­¥¬ á ä®à¬ã«¨à®¢®ª àï¤  ¢á¯®¬®£ â¥«ì-
­ëå ãâ¢¥à¦¤¥­¨©.

�à¥¦¤¥ ¢á¥£®, ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ®¤­® á¥¬¥©áâ¢® ª®­¥ç­ëå £®-
¬®¬®àä­ëå ®¡à §®¢ £àã¯¯ë Gk,   ¨¬¥­­® á¥¬¥©áâ¢® £àã¯¯ ¢¨¤ 

Gk(r, s) = 〈a, b; a−1ba = bk, ar = 1, bs = 1〉,

£¤¥ ¯®«®¦¨â¥«ì­ë¥ æ¥«ë¥ ç¨á«  r ¨ s ã¤®¢«¥â¢®àïîâ áà ¢­¥­¨î
kr ≡ 1 (mod s). �®à®è® ¨§¢¥áâ­® (á¬., ­ ¯à., [5, á. 31]), çâ® £àã¯¯  Gk(r, s)
ï¢«ï¥âáï ª®­¥ç­®© ¯®àï¤ª  rs, ¯®àï¤ª¨ ¥¥ í«¥¬¥­â®¢ a ¨ b à ¢­ë ç¨á« ¬
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r ¨ s á®®â¢¥âáâ¢¥­­® ¨ ¯à®¨§¢®«ì­ë© ¥¥ í«¥¬¥­â ®¤­®§­ ç­® ¯à¥¤áâ ¢¨¬
¢ ¢¨¤¥ aibj , £¤¥ 0 6 i < r ¨ 0 6 j < s. � ¦¤ ï £àã¯¯  Gk(r, s) ï¢«ï-
¥âáï, ®ç¥¢¨¤­®, £®¬®¬®àä­ë¬ ®¡à §®¬ £àã¯¯ë Gk, ¨, ª ª «¥£ª® ¢¨¤¥âì,
«î¡®© £®¬®¬®àä¨§¬ ϕ £àã¯¯ë Gk ­  ª®­¥ç­ãî £àã¯¯ã ¯à®å®¤¨â ç¥à¥§
£àã¯¯ã Gk(r, s), £¤¥ r ¨ s | ¯®àï¤ª¨ í«¥¬¥­â®¢ aϕ ¨ bϕ á®®â¢¥âáâ¢¥­­®.
� ç áâ­®áâ¨, ¤«ï «î¡®£® ¬­®¦¥áâ¢  π ¯à®áâëå ç¨á¥« ¯à®¨§¢®«ì­ë© £®-
¬®¬®àä¨§¬ £àã¯¯ë Gk ­  ª®­¥ç­ãî π-£àã¯¯ã ¯à®å®¤¨â ç¥à¥§ ­¥ª®â®àãî
π-£àã¯¯ã Gk(r, s).

�à¥¤«®¦¥­¨¥ 1. (�à¥¤«®¦¥­¨ï 1 ¨ 2 ¨§ [7].) �«ï «î¡ëå æ¥«ëå
ç¨á¥« m ¨ n í«¥¬¥­âë bm ¨ bn £àã¯¯ë Gk á®¯àï¦¥­ë ¢ íâ®© £àã¯¯¥
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨«¨ m = nkt, ¨«¨ n = mkt ¤«ï ­¥ª®â®à®£®
t > 0. � ç áâ­®áâ¨, ¥á«¨ m ¨ n | à §«¨ç­ë¥ æ¥«ë¥ ç¨á« , ­¥ ¤¥«ïé¨¥áï
­  k, â® í«¥¬¥­âë bm ¨ bn ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ Gk.

�«ï «î¡ëå æ¥«ëå ç¨á¥« m ¨ n í«¥¬¥­âë bm ¨ bn £àã¯¯ë Gk(r, s)
á®¯àï¦¥­ë ¢ íâ®© £àã¯¯¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ­¥ª®â®à®£®
æ¥«®£® ç¨á«  x > 0 ¢ë¯®«­¥­® áà ¢­¥­¨¥ mkx ≡ n (mod s).

�®¤¥à¦ é¨©áï ¢ íâ®¬ ¯à¥¤«®¦¥­¨¨ ªà¨â¥à¨© á®¯àï¦¥­­®áâ¨ áâ¥¯¥-
­¥© í«¥¬¥­â  b ¢ £àã¯¯¥ Gk(r, s) ¤®¯ãáª ¥â á«¥¤ãîéãî â¥®à¥â¨ª®-£àã¯¯®-
¢ãî ä®à¬ã«¨à®¢ªã. � áá¬®âà¨¬ ¬ã«ìâ¨¯«¨ª â¨¢­ãî £àã¯¯ã Z∗s ª®«ìæ 
Zs ¢ëç¥â®¢ æ¥«ëå ç¨á¥« ¯® ¬®¤ã«î s. �«ï ¯à®¨§¢®«ì­®£® æ¥«®£® ç¨á« 
n í«¥¬¥­â n + sZ ª®«ìæ  Zs ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ n. �«¥¬¥­â n ¢å®¤¨â
¢ £àã¯¯ã Z∗s ¢ â®ç­®áâ¨ â®£¤ , ª®£¤  (n, s) = 1, ¨ ¢ íâ®¬ á«ãç ¥ ¯®àï¤®ª
ç¨á«  n ¯® ¬®¤ã«î s á®¢¯ ¤ ¥â á ¯®àï¤ª®¬ í«¥¬¥­â  n £àã¯¯ë Z∗s. �«ï
«î¡ëå ç¨á¥« m ¨ n, ¢§ ¨¬­® ¯à®áâëå á ç¨á«®¬ s, ¯à¥¤«®¦¥­¨¥ 1 ãâ¢¥à-
¦¤ ¥â, çâ® í«¥¬¥­âë bm ¨ bn á®¯àï¦¥­ë ¢ £àã¯¯¥ Gk(r, s) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¢ £àã¯¯¥ Z∗s í«¥¬¥­âë m ¨ n ¯à¨­ ¤«¥¦ â ®¤­®¬ã ¨ â®¬ã ¦¥
á¬¥¦­®¬ã ª« ááã ¯® ¯®¤£àã¯¯¥ K, ¯®à®¦¤ ¥¬®© ¢ Z∗s í«¥¬¥­â®¬ k.

�à¥¤«®¦¥­¨¥ 2. �ãáâì ¯à®áâ®¥ ç¨á«® p ï¢«ï¥âáï ¤¥«¨â¥«¥¬
ç¨á«  k − 1 ¨ ¯ãáâì t | ­ ¨¡®«ìè¨© ¯®ª § â¥«ì áâ¥¯¥­¨ ç¨á«  p, ¤¥-
«ïé¥© k − 1.

�á«¨ p > 2 ¨«¨ t > 1, â® ¤«ï «î¡®£® i > t ¯®àï¤®ª ç¨á«  k ¯®
¬®¤ã«î pi à ¢¥­ pi−t.

�á«¨ p = 2, t = 1 ¨ t1 | ­ ¨¡®«ìè¨© ¯®ª § â¥«ì áâ¥¯¥­¨ ç¨á«  2,
¤¥«ïé¥© ç¨á«® k2 − 1, â® ¤«ï «î¡®£® i > t1 ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î 2i

à ¢¥­ 2i−t1+1.

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® § ¬¥â¨¬, çâ® ¯® ãá«®¢¨î ç¨á«® k § ¯¨áë-
¢ ¥âáï ¢ ¢¨¤¥ k = 1+ptu ¤«ï ­¥ª®â®à®£® æ¥«®£® ç¨á«  u, ¢§ ¨¬­® ¯à®áâ®£®
á p. �á«¨ p > 2 ¨«¨ t > 1, â® á ¯®¬®éìî ®ç¥¢¨¤­®© ¨­¤ãªæ¨¨ ­¥âàã¤­®
¯®ª § âì, çâ® ¤«ï «î¡®£® æ¥«®£® l > 0 áãé¥áâ¢ã¥â â ª®¥ æ¥«®¥ ç¨á«® ul,
¢§ ¨¬­® ¯à®áâ®¥ á p, çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢®

kpl = 1 + pt+lul. (1)
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�âáî¤  ¤«ï «î¡®£® i > t ¯à¨ l = i − t ¯®«ãç ¥¬ kpi−t ≡ 1 (mod pi), ¨
¥á«¨ ¤«ï ­¥ª®â®à®£® l > 0 ¢ë¯®«­¥­® áà ¢­¥­¨¥ kpl ≡ 1 (mod pi), â® ¨§
(1) á«¥¤ã¥â, çâ® ç¨á«® pt+lul ¤®«¦­® ¤¥«¨âìáï ­  pi, ®âªã¤  l > i − t.
�«¥¤®¢ â¥«ì­®, ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î pi à ¢¥­ pi−t.

�ãáâì â¥¯¥àì p = 2 ¨ k = 1+2u, £¤¥ u | ­¥ç¥â­®¥ ç¨á«®. �®£¤  ç¨á«®
k2 = 1 + 4u(1 +u) ¨¬¥¥â ¢¨¤ k2 = 1 + 2t1v ¤«ï ­¥ª®â®àëå æ¥«ëå t1 > 3 ¨ v,
£¤¥ v ­¥ç¥â­®. �¢¨¤ã à áá¬®âà¥­­®£® á«ãç ï ¤«ï «î¡®£® i > t1 ¯®àï¤®ª
ç¨á«  k2 ¯® ¬®¤ã«î 2i à ¢¥­ 2i−t1 . � ª ª ª Z∗2i ï¢«ï¥âáï 2-£àã¯¯®© ¨ ç¨á«®
k−1 ­¥ ¤¥«¨âáï ­  2i, ®âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡®£® i > t1 ¯®àï¤®ª ç¨á« 
k ¯® ¬®¤ã«î 2i à ¢¥­ 2i−t1+1.

� ç¨­ ï á íâ®£® ¬¥áâ , ¡ã¤¥¬ áç¨â âì, çâ® ¬­®¦¥áâ¢® π á®áâ®¨â ¨§
¤¢ãå ¯à®áâëå ç¨á¥« p ¨ q, ¯à¨ç¥¬ p < q. �¡®§­ ç¨¬ ç¥à¥§ S(k, π) ¬­®-
¦¥áâ¢® ¢á¥å ¯®«®¦¨â¥«ì­ëå π-ç¨á¥« s â ª¨å, çâ® ¯®àï¤®ª ¯® ¬®¤ã«î s
ç¨á«  k ï¢«ï¥âáï π-ç¨á«®¬. �ç¥¢¨¤­®, çâ® ¤«ï ¯à®¨§¢®«ì­®£® π-ç¨á«  s
áà ¢­¥­¨¥ kr ≡ 1 (mod s) ¢ë¯®«­¥­® ¤«ï ­¥ª®â®à®£® π-ç¨á«  r â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  s ∈ S(k, π). �ç¥¢¨¤­® â ª¦¥, çâ® ¥á«¨ s ∈ S(k, π), â®
¢á¥ ­ âãà «ì­ë¥ ¤¥«¨â¥«¨ ç¨á«  s â ª¦¥ ¯à¨­ ¤«¥¦ â ¬­®¦¥áâ¢ã S(k, π).

�à¥¤«®¦¥­¨¥ 3. �á«¨ p ∈ S(k, π),â® ç¨á«® k − 1 ¤¥«¨âáï ­  p.
�á«¨ q ∈ S(k, π), â® ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q ï¢«ï¥âáï p-ç¨á«®¬.

� á ¬®¬ ¤¥«¥, ¥á«¨ p ∈ S(k, π), â® ¤«ï ­¥ª®â®à®£® π-ç¨á«  r ¢ë¯®«-
­¥­® áà ¢­¥­¨¥ kr ≡ 1 (mod p). � ª ª ª ª â®¬ã ¦¥ ¯® â¥®à¥¬¥ �¥à¬ 
kp−1 ≡ 1 (mod p) ¨ ç¨á«  r ¨ p− 1 ¢§ ¨¬­® ¯à®áâë, ¨¬¥¥¬ k ≡ 1 (mod p),
¨ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ ¯à¥¤«®¦¥­¨ï ¤®ª § ­®.

�­ «®£¨ç­®, ¥á«¨ q ∈ S(k, π), â® ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q ï¢-
«ï¥âáï π-ç¨á«®¬, ¤¥«ïé¨¬ ç¨á«® q − 1, ¨ ¯®â®¬ã ï¢«ï¥âáï p-ç¨á«®¬ (¢®§-
¬®¦­®, à ¢­ë¬ 1). �à¥¤«®¦¥­¨¥ 3 ¤®ª § ­®.

� ®¡®à®â, ¨§ ¯à¥¤«®¦¥­¨ï 2 á«¥¤ã¥â, ®ç¥¢¨¤­®, çâ® ¥á«¨ p ï¢«ï¥âáï
¤¥«¨â¥«¥¬ ç¨á«  k − 1, â® pi ∈ S(k, π) ¤«ï «î¡®£® i > 1. �­ «®£¨ç­®¥ ®¡-
à é¥­¨¥ ¢â®à®£® ãâ¢¥à¦¤¥­¨ï ¯à¥¤«®¦¥­¨ï 3 â ª¦¥ á¯à ¢¥¤«¨¢®. �®«¥¥
â®ç­®, ¨¬¥¥â ¬¥áâ®

�à¥¤«®¦¥­¨¥ 4. �ãáâì ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q à ¢¥­ pl ¤«ï
­¥ª®â®à®£® l > 0 ¨ ¯ãáâì t | ­ ¨¡®«ìè¨© ¯®ª § â¥«ì áâ¥¯¥­¨ ç¨á«  q,
¤¥«ïé¥© kpl − 1. �®£¤  ¤«ï «î¡®£® j > t ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î qj

à ¢¥­ plqj−t ¨ ¯®â®¬ã qi ∈ S(k, π) ¤«ï «î¡®£® i > 1.
�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î ç¨á«® kpl ¨¬¥¥â ¢¨¤

kpl = 1 + qtu,

£¤¥ t > 0 ¨ u ¢§ ¨¬­® ¯à®áâ® á q. �®áª®«ìªã q > 2, ¨§ ¯à¥¤«®¦¥­¨ï 2
á«¥¤ã¥â, çâ® ¤«ï «î¡®£® j > t ¯®àï¤®ª ç¨á«  kpl ¯® ¬®¤ã«î qj à ¢¥­ qj−t.
�®íâ®¬ã ¤«ï «î¡®£® j > t ¢ë¯®«­¥­® áà ¢­¥­¨¥

kplqj−t ≡ 1 (mod qj),
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¨§ ª®â®à®£® á«¥¤ã¥â, çâ® ¤«ï j > t ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î qj ï¢«ï¥âáï
ç¨á«®¬ ¢¨¤  pxqy, £¤¥ 0 6 x 6 l ¨ 0 6 y 6 j − t. � ª ª ª ¨§ áà ¢­¥­¨ï

kpxqy ≡ 1 (mod qj) (2)

á«¥¤ã¥â áà ¢­¥­¨¥ kpxqy ≡ 1 (mod q) ¨ ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q à ¢¥­
pl, ç¨á«® pxqy ¤®«¦­® ¤¥«¨âìáï ­  pl ¨ ¯®â®¬ã l 6 x. � ª¨¬ ®¡à §®¬, x = l.
�¥¯¥àì áà ¢­¥­¨¥ (2) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ­® ¢ ¢¨¤¥

(
kpl)qy

≡ 1 (mod qj),

¨, â ª ª ª ¯®àï¤®ª ç¨á«  kpl ¯® ¬®¤ã«î qj à ¢¥­ qj−t, ç¨á«® qy ¤®«¦­®
¤¥«¨âìáï ­  qj−t. �«¥¤®¢ â¥«ì­®, y = j − t, ¨ ¯à¥¤«®¦¥­¨¥ 4 ¤®ª § ­®.

�à¥¤«®¦¥­¨¥ 5. �ãáâì ¯à®áâ®¥ ç¨á«® p ï¢«ï¥âáï ¤¥«¨â¥«¥¬
ç¨á«  k−1 ¨ ¯ãáâì t1 | ­ ¨¡®«ìè¨© ¯®ª § â¥«ì áâ¥¯¥­¨ ç¨á«  p, ¤¥«ï-
é¥© k−1. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q à ¢¥­
pl ¤«ï ­¥ª®â®à®£® l > 0, ¨ ¯ãáâì t2 | ­ ¨¡®«ìè¨© ¯®ª § â¥«ì áâ¥¯¥­¨
ç¨á«  q, ¤¥«ïé¥© kpl − 1. �á«¨ p > 2 ¨«¨ t1 > 1, â® ¤«ï «î¡ëå i > t1 + l
¨ j > t2 ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î piqj à ¢¥­ pi−t1qj−t2 .

�®ª § â¥«ìáâ¢®. � á¨«ã ¯à¥¤«®¦¥­¨ï 2 ¤«ï «î¡®£® i > t1 + l ¯®àï-
¤®ª ç¨á«  k ¯® ¬®¤ã«î pi à ¢¥­ pi−t1 ,   ¨§ ¯à¥¤«®¦¥­¨ï 4 ¨¬¥¥¬, çâ® ¤«ï
«î¡®£® j > t2 ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î qj à ¢¥­ plqj−t2 . �§ áà ¢­¥­¨©

kpi−t1 ≡ 1 (mod pi) ¨ kplqj−t2 ≡ 1 (mod qj)

¢ëâ¥ª ¥â, ®ç¥¢¨¤­®, áà ¢­¥­¨¥

kpi−t1+lqj−t2 ≡ 1 (mod piqj).

�®íâ®¬ã ¤«ï i > t1 + l ¨ j > t2 ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î piqj ï¢«ï¥âáï
ç¨á«®¬ ¢¨¤  pxqy, £¤¥ 0 6 x 6 i − t1 + l ¨ 0 6 y 6 j − t2. � ª ª ª ¨§
áà ¢­¥­¨ï

kpxqy ≡ 1 (mod piqj) (3)
á«¥¤ã¥â áà ¢­¥­¨¥ kpxqy ≡ 1 (mod pi), ç¨á«® pxqy ¤®«¦­® ¤¥«¨âìáï ­ 
pi−t1 , ®âªã¤  ¨¬¥¥¬ x > i− t1.

�­ «®£¨ç­®, ¯®áª®«ìªã ¨§ (3) á«¥¤ã¥â áà ¢­¥­¨¥

kpxqy ≡ 1 (mod qj),

¯®«ãç ¥¬ x > l ¨ y > j − t2 � ª¨¬ ®¡à §®¬, y = j − t2,   x ã¤®¢«¥â¢®àï¥â
á¨áâ¥¬¥ ­¥à ¢¥­áâ¢ 




x 6 i− t1 + l,

x > i− t1,

x > l.
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�ç¥¢¨¤­®, çâ® ­ ¨¬¥­ìè¨¬ à¥è¥­¨¥¬ íâ®© á¨áâ¥¬ë ï¢«ï¥âáï
x = max{i− t1, l},

¨, â ª ª ª i > t1 + l, ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î piqj ¤¥©áâ¢¨â¥«ì­® à ¢¥­
pi−t1qj−t2 .

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï
�à¥¤«®¦¥­¨¥ 6. �ãáâì p = 2 ¨ ç¨á«® k − 1 ¤¥«¨âáï ­  2

¨ ­¥ ¤¥«¨âáï ­  4. �ãáâì t1 | ­ ¨¡®«ìè¨© ¯®ª § â¥«ì áâ¥¯¥­¨
ç¨á«  2, ¤¥«ïé¥© k2 − 1. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® ¯®àï¤®ª ç¨á«  k
¯® ¬®¤ã«î q à ¢¥­ 2l ¤«ï ­¥ª®â®à®£® l > 0 ¨ ¯ãáâì t2 | ­ ¨¡®«ì-
è¨© ¯®ª § â¥«ì áâ¥¯¥­¨ ç¨á«  q, ¤¥«ïé¥© k2l − 1. �®£¤  ¤«ï «î¡ëå
i > t1 + l − 1 ¨ j > t2 ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î 2iqj à ¢¥­ 2i−t1+1qj−t2 .

�¥à¥å®¤ï ­¥¯®áà¥¤áâ¢¥­­® ª ¤®ª § â¥«ìáâ¢ã ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë,
¯®ª ¦¥¬, çâ® ¤«ï ¯à®¨§¢®«ì­®£® ç¨á«  k, ®â«¨ç­®£® ®â ­ã«ï ¨ ±1, ¨
«î¡®£® ¬­®¦¥áâ¢  π, á®áâ®ïé¥£® ¨§ ¤¢ãå ¯à®áâëå ç¨á¥« p ¨ q, p < q,
£àã¯¯  Gk ­¥ ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®-
áâ¨. �â® ®ç¥¢¨¤­®, ¥á«¨ ¯à¨ ª ¦¤®¬ £®¬®¬®àä¨§¬¥ £àã¯¯ë Gk ­  ª®­¥ç-
­ãî π-£àã¯¯ã í«¥¬¥­â b ¯¥à¥å®¤¨â ¢ ¥¤¨­¨æã: ¢ íâ®¬ á«ãç ¥ £àã¯¯  Gk

­¥ ï¢«ï¥âáï ã¦¥ Fπ- ¯¯à®ªá¨¬¨àã¥¬®©. � ª¨¬ ®¡à §®¬, ¬ë ¬®¦¥¬ áç¨-
â âì, çâ® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ £àã¯¯ë Gk ­  ª®­¥ç­ãî π-£àã¯¯ã, ¯à¨
ª®â®à®¬ ®¡à § í«¥¬¥­â  b ®â«¨ç¥­ ®â ¥¤¨­¨æë, â. ¥. ¬­®¦¥áâ¢® S(k, π)
á®¤¥à¦¨â ç¨á« , ®â«¨ç­ë¥ ®â 1.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ­ ¬ ¤®áâ â®ç­® ãª § âì æ¥«®¥ ç¨á«®
m â ª®¥, çâ® í«¥¬¥­âë b ¨ bm ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ Gk, ­® ¨å ®¡à §ë
¯à¨ ¥áâ¥áâ¢¥­­®¬ £®¬®¬®àä¨§¬¥ £àã¯¯ë Gk ­  ¯à®¨§¢®«ì­ãî π-£àã¯¯ã
¢¨¤  Gk(r, s) á®¯àï¦¥­ë ¢ íâ®© £àã¯¯¥. �ë¡®à ç¨á«  m ¡ã¤¥â § ¢¨á¥âì
®â ¤¥«¨¬®áâ¨ ­  p ç¨á«  k − 1 ¨ ®â ¯®àï¤ª  ç¨á«  k ¯® ¬®¤ã«î q, ¨ ¬ë
à áá¬®âà¨¬ ®â¤¥«ì­® âà¨ á«ãç ï.

�«ãç © 1. �¨á«® k − 1 ­¥ ¤¥«¨âáï ­  p.
�§ ¯à¥¤«®¦¥­¨ï 3 á«¥¤ã¥â, çâ® ¢ íâ®¬ á«ãç ¥ ¢á¥ í«¥¬¥­âë ¬­®¦¥-

áâ¢  S(k, π) ï¢«ïîâáï q-ç¨á« ¬¨, ¨, â ª ª ª ¬­®¦¥áâ¢® S(k, π) á®¤¥à¦¨â
ç¨á« , ®â«¨ç­ë¥ ®â 1, ¢ ­¥£® ¢å®¤¨â ç¨á«® q. �®íâ®¬ã ¨§ ¯à¥¤«®¦¥­¨ï 3
¢ëâ¥ª ¥â, çâ® ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q ï¢«ï¥âáï p-ç¨á«®¬. �¡®§­ -
ç ï, ª ª ¢ ä®à¬ã«¨à®¢ª¥ ¯à¥¤«®¦¥­¨ï 4, ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q

ç¥à¥§ pl ¨ ­ ¨¡®«ìè¨© ¯®ª § â¥«ì áâ¥¯¥­¨ ç¨á«  q, ¤¥«ïé¥© kpl − 1, ç¥-
à¥§ t, ¨¬¥¥¬ ¢ á¨«ã íâ®£® ¯à¥¤«®¦¥­¨ï, çâ® ¤«ï «î¡®£® j > t ¯®àï¤®ª
ç¨á«  k ¯® ¬®¤ã«î qj à ¢¥­ plqj−t. �â¬¥â¨¬, çâ®, ¯®áª®«ìªã pl ï¢«ï¥âáï
¤¥«¨â¥«¥¬ ç¨á«  q − 1, q − 1 = plx ¤«ï ­¥ª®â®à®£® æ¥«®£® x.

� ª¨¬ ®¡à §®¬, ¤«ï «î¡®£® j > t ¯®àï¤®ª ¯®¤£àã¯¯ë K, ¯®à®¦¤ ¥-
¬®© ¢ £àã¯¯¥ Z∗qj í«¥¬¥­â®¬ k, à ¢¥­ plqj−t. �®íâ®¬ã ¨­¤¥ªá ¯®¤£àã¯¯ë K

¢ £àã¯¯¥ Z∗qj à ¢¥­
qj−1(q − 1)

plqj−t
= qt−1x.
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�ãáâì n > 1 | æ¥«®¥ ç¨á«®, ¢§ ¨¬­® ¯à®áâ®¥ á ç¨á« ¬¨ k ¨ q, ¨
¯ãáâì m = nqt−1x. �®£¤  n = n + qjZ ï¢«ï¥âáï í«¥¬¥­â®¬ £àã¯¯ë Z∗qj ¨
¯®â®¬ã ¯à¨ «î¡®¬ j > t í«¥¬¥­â m = n qt−1x ¢å®¤¨â ¢ ¥¥ ¯®¤£àã¯¯ã K.
� ª¨¬ ®¡à §®¬, ¢ £àã¯¯¥ Z∗qj í«¥¬¥­âë 1 ¨ m «¥¦ â ¢ ®¤­®¬ ª« áá¥ ¯®
¯®¤£àã¯¯¥ K. �®íâ®¬ã ¨§ ¯à¥¤«®¦¥­¨ï 1 á«¥¤ã¥â, çâ® í«¥¬¥­âë b ¨ bm

£àã¯¯ë Gk ­¥ á®¯àï¦¥­ë ¢ íâ®© £àã¯¯¥, ­® ¨å ®¡à §ë á®¯àï¦¥­ë ¢ «î¡®©
£àã¯¯¥ ¢¨¤  Gk(r, qj), £¤¥ j > t. � ª ª ª ç¨á«® j ¬®¦¥â ¡ëâì ¢ë¡à ­®
áª®«ì ã£®¤­® ¡®«ìè¨¬ ¨ â ª ª ª ¯à¨ i 6 j £àã¯¯  Gk(r, qi) ï¢«ï¥âáï £®¬®-
¬®àä­ë¬ ®¡à §®¬ £àã¯¯ë Gk(r, qj), ®¡à §ë í«¥¬¥­â®¢ b ¨ bm ¯à¨ «î¡®¬
£®¬®¬®àä¨§¬¥ £àã¯¯ë Gk ­  ª®­¥ç­ãî π-£àã¯¯ã á®¯àï¦¥­ë.

�«ãç © 2. �¨á«® k − 1 ¤¥«¨âáï ­  p,   ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q
­¥ ï¢«ï¥âáï p-ç¨á«®¬.

� íâ®¬ á«ãç ¥ ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 3 ¢á¥ í«¥¬¥­âë ¬­®¦¥áâ¢  S(k, π)
ï¢«ïîâáï p-ç¨á« ¬¨. �§ ¯à¥¤«®¦¥­¨ï 2 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â æ¥«®¥
ç¨á«® t > 1, § ¢¨áïé¥¥ â®«ìª® ®â ç¨á¥« p ¨ k, â ª®¥, çâ® ¤«ï «î¡®£® i > t
¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î pi à ¢¥­ pi−t ¨«¨ pi−t+1. � «î¡®¬ á«ãç ¥ ¯à¨
â ª¨å §­ ç¥­¨ïå i ¢ £àã¯¯¥ Z∗pi ¨­¤¥ªá ¯®¤£àã¯¯ë K, ¯®à®¦¤ ¥¬®© í«¥-
¬¥­â®¬ k, ¡ã¤¥â ¤¥«¨â¥«¥¬ ç¨á«  pt−1(p − 1). �®íâ®¬ã ¥á«¨ æ¥«®¥ ç¨á«®
n > 1 ¢§ ¨¬­® ¯à®áâ® á ç¨á« ¬¨ k ¨ p ¨ m = npt−1(p−1), â® ¯à¨ i > t
¢ £àã¯¯¥ Z∗pi í«¥¬¥­â m ¢å®¤¨â ¢ ¯®¤£àã¯¯ã K. �âáî¤ , ª ª ¨ ¢ á«ãç ¥
1, ¯®«ãç ¥¬, çâ® í«¥¬¥­âë b ¨ bm ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ Gk, ­® ¨å ®¡-
à §ë ¢ «î¡®¬ £®¬®¬®àä­®¬ ®¡à §¥ íâ®© £àã¯¯ë, ï¢«ïîé¥¬áï ª®­¥ç­®©
π-£àã¯¯®©, á®¯àï¦¥­ë.

�«ãç © 3. �¨á«® k − 1 ¤¥«¨âáï ­  p, ¨ ¯®àï¤®ª ç¨á«  k ¯® ¬®¤ã«î q
ï¢«ï¥âáï p-ç¨á«®¬.

�á«¨ p > 2 ¨«¨ p = 2 ¨ k− 1 ¤¥«¨âáï ­  4,   ç¨á«  t1, l ¨ t2 ¢ë¡à ­ë
â ª, ª ª ¢ ä®à¬ã«¨à®¢ª¥ ¯à¥¤«®¦¥­¨ï 5, â® ¢ á¨«ã íâ®£® ¯à¥¤«®¦¥­¨ï
¤«ï «î¡ëå i > t1 + l ¨ j > t2 ¨­¤¥ªá ¢ £àã¯¯¥ Z∗piqj ¯®¤£àã¯¯ë K à ¢¥­
pt1−1qt2−1(p− 1)(q − 1). �®íâ®¬ã ¥á«¨

m = npt1−1qt2−1(p−1)(q−1),

£¤¥ ç¨á«® n > 1 ¢§ ¨¬­® ¯à®áâ® á ç¨á« ¬¨ k, p ¨ q, í«¥¬¥­âë b ¨ bm ­¥
á®¯àï¦¥­ë ¢ £àã¯¯¥ Gk, ­® ¨å ®¡à §ë ¢ «î¡®¬ £®¬®¬®àä­®¬ ®¡à §¥ íâ®©
£àã¯¯ë, ï¢«ïîé¥¬áï ª®­¥ç­®© π-£àã¯¯®©, á®¯àï¦¥­ë.

�«ãç ©, ª®£¤  p = 2 ¨ k− 1 ­¥ ¤¥«¨âáï ­  4, à áá¬ âà¨¢ ¥âáï  ­ «®-
£¨ç­®, ­® á ¨á¯®«ì§®¢ ­¨¥¬ ¯à¥¤«®¦¥­¨ï 6 ¢¬¥áâ® ¯à¥¤«®¦¥­¨ï 5.
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