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�®«ãç¥® ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥  ¯¯à®ªá¨¬¨àã¥¬®áâ¨
ª®¥çë¬¨ p-£àã¯¯ ¬¨ ª®¬¬ãâ¨à®¢ ®£® HNN -à áè¨à¥¨ï.

�«îç¥¢ë¥ á«®¢ : ª®¬¬ãâ¨à®¢ ®¥ HNN -à áè¨à¥¨¥,  ¯¯à®ªá¨-
¬¨àã¥¬®áâì ª®¥çë¬¨ p-£àã¯¯ ¬¨, ®â¤¥«¨¬®áâì ¯®¤£àã¯¯ ¢ ª« áá¥ ª®-
¥çëå p-£àã¯¯.

The necessary and su�cient condition for commuted HNN -extension
to be residually a �nite p-groups is obtained.

Key words: commuted HNN -extension, residuality a �nite p-groups,
separability of subgroups in the class of �nite p-groups.

� áâ âì¥ [1] ¯®   «®£¨¨ á ¨§¢¥áâ®© (á¬. [3, á. 230]) ª®áâàãªæ¨¥©
á¢®¡®¤®£® ¯à®¨§¢¥¤¥¨ï ¤¢ãå £àã¯¯ á ª®¬¬ãâ¨àãîé¨¬¨ ¯®¤£àã¯¯ ¬¨
¡ë«  ¢¢¥¤¥  ª®áâàãªæ¨ï ª®¬¬ãâ¨à®¢ ®£® HNN -à áè¨à¥¨ï, ®¯à¥-
¤¥«ï¥¬ ï á«¥¤ãîé¨¬ ®¡à §®¬.

�á«¨ G | ¥ª®â®à ï £àã¯¯  ¨ A ¨ B | ¥¥ ¯®¤£àã¯¯ë, â® ª®¬¬ãâ¨à®-
¢ ë¬ HNN -à áè¨à¥¨¥¬ £àã¯¯ë G á ¯à®å®¤®© ¡ãª¢®© t ¨ á¢ï§ ë¬¨
¯®¤£àã¯¯ ¬¨ A ¨ B  §ë¢ ¥âáï £àã¯¯ 

G∗ =
(
G, t; [t−1At,B] = 1

)
, (1)

¯®à®¦¤ ¥¬ ï ®¡à §ãîé¨¬¨ £àã¯¯ë G ¨ í«¥¬¥â®¬ t ¨ ®¯à¥¤¥«ï¥¬ ï
¢á¥¬¨ á®®â®è¥¨ï¬¨ £àã¯¯ë G ¨ ¢á¥¢®§¬®¦ë¬¨ á®®â®è¥¨ï¬¨ ¢¨¤ 
[t−1at, b] = 1, £¤¥ a ∈ A ¨ b ∈ B (¨, ª ª ®¡ëç®, [x, y] = x−1y−1xy |
ª®¬¬ãâ â®à í«¥¬¥â®¢ x ¨ y).

� [1] ¡ë«® ¤®ª § ®, çâ® ¥á«¨ £àã¯¯  G ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ ,
  ¥¥ ¯®¤£àã¯¯ë A ¨ B ¥¥¤¨¨çë, â® £àã¯¯  G∗ ï¢«ï¥âáï ä¨¨â®  ¯-
¯à®ªá¨¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ £àã¯¯¥ G ¯®¤£àã¯¯ë A
¨ B ä¨¨â® ®â¤¥«¨¬ë. �¥«ìî ¤ ®© áâ âì¨ ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢®
  «®£¨ç®£® ãâ¢¥à¦¤¥¨ï ¤«ï á¢®©áâ¢   ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®¥çë¬¨
p-£àã¯¯ ¬¨ (Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨).

�¥®à¥¬ . �ãáâì G | Fp- ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯ , A ¨ B |
¥¥¤¨¨çë¥ ¯®¤£àã¯¯ë £àã¯¯ë G. �àã¯¯  G∗ =

(
G, t; [t−1At,B] = 1

)
ï¢«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ £àã¯¯¥ G
¯®¤£àã¯¯ë A ¨ B Fp-®â¤¥«¨¬ë.
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�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë  ¬ ¯® ¤®¡¨âáï ãª § ®¥ ¢ [1] ®¯¨á -
¨¥ áâà®¥¨ï £àã¯¯ë G∗ ¢ â¥à¬¨ å áâ ¤ àâëå á¢®¡®¤ëå ª®áâàãªæ¨©
®¡®¡é¥®£® á¢®¡®¤®£® ¯à®¨§¢¥¤¥¨ï ¨ HNN -à áè¨à¥¨ï.

�ãáâì A1 ¨ B1 | £àã¯¯ë, ¨§®¬®àäë¥ £àã¯¯ ¬ A ¨ B á®®â¢¥â-
áâ¢¥®, ¨ ¯ãáâì ϕ : A → A1 ¨ ψ : B → B1 | ä¨ªá¨à®¢ ë¥ ¨§®¬®à-
ä¨§¬ë. �ãáâì K = A1 ×B1 | ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥ £àã¯¯ A1 ¨ B1 ¨

G1 =
(
G ∗K; B = B1, ψ

)
(2)

| á¢®¡®¤®¥ ¯à®¨§¢¥¤¥¨¥ £àã¯¯ G ¨ K á ¯®¤£àã¯¯ ¬¨ B ¨ B1, ®¡ê¥¤¨¥-
ë¬¨ ®â®á¨â¥«ì® ®â®¡à ¦¥¨ï ψ. �ç¥¢¨¤ë¥ ¯à¥®¡à §®¢ ¨ï �¨æ¥ ¯®-
ª §ë¢ îâ, çâ® £àã¯¯  G∗, § ¤  ï ¯à¥¤áâ ¢«¥¨¥¬ (1), ¨§®¬®àä  ®¡ëç-
®¬ã HNN -à áè¨à¥¨î

(
G1, t; t−1At = A1, ϕ

)
(3)

¡ §®¢®© £àã¯¯ë G1 á ¯à®å®¤®© ¡ãª¢®© t ¨ ¯®¤£àã¯¯ ¬¨ A ¨ A1, á¢ï§ -
ë¬¨ ®â®á¨â¥«ì® ¨§®¬®àä¨§¬  ϕ.

�¥®¡å®¤¨¬®áâì áä®à¬ã«¨à®¢ ëå ¢ â¥®à¥¬¥ ãá«®¢¨© Fp- ¯¯à®ª-
á¨¬¨àã¥¬®áâ¨ £àã¯¯ë G∗ ãáâ  ¢«¨¢ ¥âáï ¯à ªâ¨ç¥áª¨ â ª ¦¥, ª ª ¨ ¢ [1].
�ãáâì ¢ á ¬®¬ ¤¥«¥ áãé¥áâ¢ã¥â â ª®© í«¥¬¥â g ∈ G, ¥ ¯à¨ ¤«¥¦ -
é¨© ¯®¤£àã¯¯¥ A, çâ® ¤«ï «î¡®© ®à¬ «ì®© ¯®¤£àã¯¯ë H ª®¥ç®£®
p-¨¤¥ªá  £àã¯¯ë G ¨¬¥¥â ¬¥áâ® ¢ª«îç¥¨¥ g ∈ AH. �á«¨ ¥é¥ b | ¯à®-
¨§¢®«ìë© ¥¥¤¨¨çë© í«¥¬¥â ¨§ ¯®¤£àã¯¯ë B, â®, ¯®áª®«ìªã b /∈ A1,
§ ¯¨áì ª®¬¬ãâ â®à  u = [t−1gt, b] = t−1g−1tb−1t−1gtb ï¢«ï¥âáï ¯à¨¢¥¤¥-
®© ¢ HNN -à áè¨à¥¨¨ (3). �®íâ®¬ã u | ®â«¨çë© ®â ¥¤¨¨æë í«¥¬¥â
£àã¯¯ë G∗. �¥£ª® ¢¨¤¥âì, á ¤àã£®© áâ®à®ë, çâ® ¯à¨ «î¡®¬ £®¬®¬®àä¨§¬¥
£àã¯¯ë G∗   ª®¥çãî p-£àã¯¯ã ®¡à § í«¥¬¥â  u à ¢¥ 1, â ª çâ® £àã¯¯ 
G∗ ¥ ï¢«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®©. �à¥¤¯®«®¦¨¢, ¤ «¥¥, çâ® í«¥¬¥â
g ∈ G ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ B, ® ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ BH ¤«ï
«î¡®© ®à¬ «ì®© ¯®¤£àã¯¯ë H ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë G, à áá¬®â-
à¨¬ ª®¬¬ãâ â®à v = [a, g], £¤¥ a | ¯à®¨§¢®«ìë© ¥¥¤¨¨çë© í«¥¬¥â
¨§ ¯®¤£àã¯¯ë A1. � ª ª ª § ¯¨áì v = a−1g−1ag íâ®£® í«¥¬¥â  £àã¯¯ë G1
ï¢«ï¥âáï ¥á®ªà â¨¬®© ¢ ¥¥ à §«®¦¥¨¨ (2), v | ¥¥¤¨¨çë© í«¥¬¥â
£àã¯¯ë G1,   ¯®â®¬ã ¨ £àã¯¯ë G∗. �®¢  «¥£ª® ¢¨¤¥âì, çâ® íâ®â í«¥¬¥â
«¥¦¨â ¢ ï¤à¥ ª ¦¤®£® £®¬®¬®àä¨§¬  £àã¯¯ë G∗   ª®¥çãî p-£àã¯¯ã.

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç®áâ¨ ãá«®¢¨© â¥®à¥¬ë  ¬ ¯® ¤®-
¡ïâáï ¤¢  ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨ï. �¥à¢®¥ ¨§ ¨å, ¯®-¢¨¤¨¬®¬ã,
å®à®è® ¨§¢¥áâ®; â¥¬ ¥ ¬¥¥¥ ¤«ï ¯®«®âë ¨§«®¦¥¨ï ¯à¨¢¥¤¥¬ ¥£® ¤®-
ª § â¥«ìáâ¢®.

�à¥¤«®¦¥¨¥ 1. �ãáâì £àã¯¯  G∗ =
(
G, t; t−1At = B, ϕ

)
ï¢«ï-

¥âáï HNN -à áè¨à¥¨¥¬ ¥ª®â®à®© £àã¯¯ë G á ¯à®å®¤®© ¡ãª¢®© t ¨
á¢ï§ ë¬¨ ¯®¤£àã¯¯ ¬¨ A ¨ B. �á«¨ £àã¯¯  G Fp- ¯¯à®ªá¨¬¨àã¥¬  ¨
¯®¤£àã¯¯ë A ¨ B ª®¥çë, â® £àã¯¯  G∗ ï¢«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®©
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â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ íâ®© £àã¯¯ë  
ª®¥çãî p-£àã¯¯ã, ¤¥©áâ¢ãîé¨© ¨ê¥ªâ¨¢®   ¯®¤£àã¯¯ å A ¨ B.

�¥©áâ¢¨â¥«ì®, ¥á«¨ £àã¯¯  G∗ Fp- ¯¯à®ªá¨¬¨àã¥¬ , â®, ¯®áª®«ìªã
¯®¤£àã¯¯  A ª®¥ç , ¢ G∗ áãé¥áâ¢ã¥â ¯®¤£àã¯¯  N ª®¥ç®£® p-¨¤¥ªá ,
¯¥à¥á¥ª îé ïáï á ¯®¤£àã¯¯®© A âà¨¢¨ «ì®, ¨ ¥áâ¥áâ¢¥ë© £®¬®¬®à-
ä¨§¬ £àã¯¯ë G∗   ä ªâ®à-£àã¯¯ã G/N ï¢«ï¥âáï ¨áª®¬ë¬. � ®¡®-
à®â, ï¤à® N £®¬®¬®àä¨§¬  £àã¯¯ë G∗   ª®¥çãî p-£àã¯¯ã, ¤¥©áâ¢ã-
îé¥£®   ¯®¤£àã¯¯ å A ¨ B ¨ê¥ªâ¨¢®, ï¢«ï¥âáï ®à¬ «ì®© ¯®¤-
£àã¯¯®© ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë G∗, âà¨¢¨ «ì® ¯¥à¥á¥ª îé¥©áï
á® á¢ï§ ë¬¨ ¯®¤£àã¯¯ ¬¨ íâ®£® HNN -à áè¨à¥¨ï. �®íâ®¬ã ¨§ â¥®-
à¥¬ë ® áâà®¥¨¨ ¯®¤£àã¯¯ HNN -à áè¨à¥¨ï (á¬.,  ¯à., [6]) á«¥¤ã¥â,
çâ® N ï¢«ï¥âáï ®¡ëçë¬ á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ á¥¬¥©áâ¢  ¯®¤-
£àã¯¯, á®áâ®ïé¥£® ¨§ ¥ª®â®à®© á¢®¡®¤®© £àã¯¯ë ¨ ¯®¤£àã¯¯ ¢¨¤ 
G∩N . � ª¨¬ ®¡à §®¬, N ¥áâì á¢®¡®¤®¥ ¯à®¨§¢¥¤¥¨¥ ¥ª®â®à®£® á¥¬¥©-
áâ¢  Fp- ¯¯à®ªá¨¬¨àã¥¬ëå £àã¯¯, ¨ ¯®â®¬ã [4] | Fp- ¯¯à®ªá¨¬¨àã¥¬ ï
£àã¯¯ . �®áª®«ìªã ä ªâ®à-£àã¯¯  G/N ï¢«ï¥âáï ª®¥ç®© p-£àã¯¯®©, ®â-
áî¤  á«¥¤ã¥â Fp- ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G∗.

�â®àë¬ ¥®¡å®¤¨¬ë¬  ¬ ãâ¢¥à¦¤¥¨¥¬ ï¢«ï¥âáï ®â¬¥ç¥®¥ ¢
[2, «¥¬¬  3] á«¥¤áâ¢¨¥ ¨§ ªà¨â¥à¨ï �. �¨£¬   Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨
®¡®¡é¥®£® á¢®¡®¤®£® ¯à®¨§¢¥¤¥¨ï ¤¢ãå ª®¥çëå p-£àã¯¯ [5].

�à¥¤«®¦¥¨¥ 2. �ãáâì G =
(
A ∗ B; H = K,ϕ

)
| á¢®¡®¤®¥ ¯à®-

¨§¢¥¤¥¨¥ ª®¥çëå p-£àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨¥ë¬¨
¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ. �á«¨ ¯®¤£àã¯¯  K ¢ë¤¥«ï¥âáï ¢
£àã¯¯¥ B ¯àï¬ë¬ ¬®¦¨â¥«¥¬, â® £àã¯¯  G Fp- ¯¯à®ªá¨¬¨àã¥¬ .

�â¢¥à¦¤¥¨¥ ® ¤®áâ â®ç®áâ¨ ãá«®¢¨© â¥®à¥¬ë ¤®ª ¦¥¬ á ç «  ¢
á«¥¤ãîé¥¬ ç áâ®¬ á«ãç ¥:

�¥¬¬  1. �á«¨ G ï¢«ï¥âáï ª®¥ç®© p-£àã¯¯®©, â® £àã¯¯ 
G∗ =

(
G, t; [t−1At,B] = 1

) Fp- ¯¯à®ªá¨¬¨àã¥¬ .

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ Gp p-î ¯àï¬ãî áâ¥¯¥ì £àã¯¯ë
G: Gp =

{
(x1, x2, . . . , xp) |xi ∈ G (i = 1, 2, . . . , p)

}
. �ãáâì τ | ®â®¡à ¦¥¨¥

£àã¯¯ë Gp ¢ á¥¡ï, ¯¥à¥¢®¤ïé¥¥ í«¥¬¥â (x1, x2, . . . , xp) ¢ (xp, x1, . . . , xp−1).
�ç¥¢¨¤®, çâ® τ ï¢«ï¥âáï  ¢â®¬®àä¨§¬®¬ íâ®© £àã¯¯ë ¨ ¨¬¥¥â ¯®àï¤®ª
p. �¡®§ ç¨¬ ç¥à¥§ T æ¨ª«¨ç¥áªãî ¯®¤£àã¯¯ã, ¯®à®¦¤ ¥¬ãî ¢ £àã¯¯¥
Aut Gp  ¢â®¬®àä¨§¬®¬ τ , ¨ ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ à áé¥¯«ï¥¬®¥ à áè¨-
à¥¨¥ X £àã¯¯ë Gp ¯à¨ ¯®¬®é¨ £àã¯¯ë T á ¥áâ¥áâ¢¥ë¬ ¤¥©áâ¢¨¥¬ T
  £àã¯¯¥ Gp.

�®«¥¥ ¯®¤à®¡®, íâ® ®§ ç ¥â,  ¯®¬¨¬, çâ® £àã¯¯  X á®¤¥à-
¦¨â £àã¯¯ë Gp ¨ T ¢ ª ç¥áâ¢¥ ¯®¤£àã¯¯, ¯à¨ç¥¬ Gp ®à¬ «ì  ¢ X,
X = GpT , Gp ∩ T = 1 ¨ ¤«ï «î¡®£® í«¥¬¥â  g ∈ Gp í«¥¬¥â τ−1gτ á®¢¯ -
¤ ¥â á ®¡à §®¬ gτ í«¥¬¥â  g ®â®á¨â¥«ì® ®â®¡à ¦¥¨ï τ . �â¬¥â¨¬, çâ®
X ï¢«ï¥âáï ª®¥ç®© p-£àã¯¯®©.
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�¡®§ ç¨¬ ç¥à¥§ α ¢«®¦¥¨¥ £àã¯¯ë G ¢ £àã¯¯ã X, ®¯à¥¤¥«ï¥-
¬®¥ ¯® ¯à ¢¨«ã gα = (g, 1, . . . , 1) (g ∈ G). �¯à¥¤¥«¨¬ â ª¦¥ (¯à¥¤¯®-
« £ ï ¤¥©áâ¢ãîé¨¬¨ ®¡®§ ç¥¨ï, ¢¢¥¤¥ë¥ ¢ëè¥) ¢«®¦¥¨¥ β £àã¯¯ë
K = A1×B1 ¢ £àã¯¯ã X, ¯®« £ ï ¤«ï í«¥¬¥â  k ∈ K, k = ab, £¤¥ a ∈ A1,
b ∈ B1, kβ = (bψ−1, aϕ−1, 1, . . . , 1).

�®áª®«ìªã ¤«ï «î¡®£® í«¥¬¥â  b ∈ B ¨¬¥¥¬

(bψ)β = ((bψ)ψ−1, 1, . . . , 1) = (b, 1, . . . , 1) = bα,

áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ σ £àã¯¯ë G1 =
(
G ∗K; B = B1, ψ

)
¢ £àã¯¯ã X,

¯à®¤®«¦ îé¨© ®â®¡à ¦¥¨ï α ¨ β ¨ ¯®â®¬ã ¤¥©áâ¢ãîé¨©   ¯®¤£àã¯¯ å
G ¨ K ¨ê¥ªâ¨¢®.

� «¥¥, ¥á«¨ a | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ ¯®¤£àã¯¯ë A £àã¯¯ë G,
â®

τ−1(aσ)τ = τ−1(aα)τ = τ−1(a, 1, . . . , 1)τ = (1, a, 1, . . . , 1)
¨ (aϕ)σ = (aϕ)β = (1, (aϕ)ϕ−1, 1, . . . , 1) = (1, a, 1, . . . , 1).

�â® ®§ ç ¥â, çâ® ¯à¨ ®â®¡à ¦¥¨¨ ¢ £àã¯¯ã X ¬®¦¥áâ¢  G1∪{t} ¯®à®¦-
¤ îé¨å HNN -à áè¨à¥¨ï (3), ¤¥©áâ¢ãîé¥¬   G1 ª ª £®¬®¬®àä¨§¬ σ ¨
¯¥à¥¢®¤ïé¥¬ í«¥¬¥â t ¢ í«¥¬¥â τ , ¢á¥ ®¯à¥¤¥«ïîé¨¥ á®®â®è¥¨ï ¢¨¤ 
t−1at = aϕ, a ∈ A, ¯¥à¥å®¤ïâ ¢ ¢¥àë¥ à ¢¥áâ¢  £àã¯¯ë X. �«¥¤®¢ -
â¥«ì®, íâ® ®â®¡à ¦¥¨¥ ¯à®¤®«¦ ¥¬® ¤® £®¬®¬®àä¨§¬  ρ £àã¯¯ë G∗ ¢
£àã¯¯ã X. �ç¥¢¨¤®, çâ® ¤¥©áâ¢¨¥ ρ   ¯®¤£àã¯¯ å A ¨ A1 ¨ê¥ªâ¨¢®.

�®áª®«ìªã £àã¯¯  G1 ¢ á¨«ã ¯à¥¤«®¦¥¨ï 2 ï¢«ï¥âáï Fp- ¯¯à®ª-
á¨¬¨àã¥¬®©, Fp- ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G∗ á«¥¤ã¥â â¥¯¥àì ¨§ ¯à¥¤-
«®¦¥¨ï 1. �¥¬¬  1 ¤®ª §  .

� áá¬®âà¥¨¥ ®¡é¥£® á«ãç ï  ç¥¬ á ¯®áâà®¥¨ï ¥ª®â®àëå Fp- ¯-
¯à®ªá¨¬¨àã¥¬ëå £®¬®¬®àäëå ®¡à §®¢ £àã¯¯ë G∗.

�ãáâì N | ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë G.
�®« £ ¥¬ U = A ∩ N , V = B ∩ N , U1 = Uϕ ¨ V1 = V ψ. �®£¤ 
W = U1V1 | ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë K, ¯à¨-
ç¥¬ A1∩W = U1 ¨ B1∩W = V1. � ª ª ª (B∩N)ψ = B1∩W , ®â®¡à ¦¥¨¥
ψ ¨¤ãæ¨àã¥â ¨§®¬®àä¨§¬ ψ ¯®¤£àã¯¯ë BN/N ä ªâ®à-£àã¯¯ë G/N  
¯®¤£àã¯¯ã B1W/W ä ªâ®à-£àã¯¯ë K/W , ¯à¨ ª®â®à®¬ í«¥¬¥â bN , b ∈ B,
¯¥à¥å®¤¨â ¢ (bψ)W . �®íâ®¬ã ¬®¦® ¯®áâà®¨âì á¢®¡®¤®¥ ¯à®¨§¢¥¤¥¨¥

G1(N) =
(
G/N ∗K/W ; BN/N = B1W/W,ψ

)
(4)

£àã¯¯ G/N ¨ K/W á ¯®¤£àã¯¯ ¬¨ BN/N ¨ B1W/W , ®¡ê¥¤¨¥ë¬¨ ®â-
®á¨â¥«ì® ¨§®¬®àä¨§¬  ψ. �®à®è® ¨§¢¥áâ® (¨ «¥£ª® ¢¨¤¥âì), çâ® ¥áâ¥-
áâ¢¥ë¥ ®â®¡à ¦¥¨ï £àã¯¯ë G   ä ªâ®à-£àã¯¯ã G/N ¨ £àã¯¯ë K  
ä ªâ®à-£àã¯¯ã K/W ¯à®¤®«¦ ¥¬ë ¤® £®¬®¬®àä¨§¬  σ(N) £àã¯¯ë G1  
£àã¯¯ã G1(N).
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� «®£¨ç®, ¯®áª®«ìªã (A ∩ N)ϕ = A1 ∩ W , ®â®¡à ¦¥¨¥ ϕ ¨¤ã-
æ¨àã¥â ¨§®¬®àä¨§¬ ϕ ¯®¤£àã¯¯ë AN/N ä ªâ®à-£àã¯¯ë G/N   ¯®¤-
£àã¯¯ã A1W/W ä ªâ®à-£àã¯¯ë K/W . � ª ª ª £àã¯¯ë G/N ¨ K/W
¢«®¦¨¬ë ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢ £àã¯¯ã G1(N), ¬®¦® ¯®áâà®¨âì
HNN -à áè¨à¥¨¥

G∗1(N) =
(
G1(N), t; t−1(AN/N)t = A1W/W, ϕ

)
. (5)

�®¢  «¥£ª® ¢¨¤¥âì, çâ® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ρ(N) £àã¯¯ë G∗  
£àã¯¯ã G∗1(N), ¯à®¤®«¦ îé¨© ®â®¡à ¦¥¨¥ σ(N) ¨ ¯¥à¥¢®¤ïé¨© ¯à®å®¤-
ãî ¡ãª¢ã HNN -à áè¨à¥¨ï (3) ¢ ¯à®å®¤ãî ¡ãª¢ã G∗1(N).

� ª ª ª K/W = A1W/W×B1W/W , £àã¯¯  G∗1(N) ï¢«ï¥âáï ª®¬¬ãâ¨-
à®¢ ë¬ HNN -à áè¨à¥¨¥¬ £àã¯¯ë G/N á® á¢ï§ ë¬¨ ¯®¤£àã¯¯ ¬¨
AN/N ¨ BN/N . �®áª®«ìªã £àã¯¯  G/N ï¢«ï¥âáï ª®¥ç®© p-£àã¯¯®©, ¨§
«¥¬¬ë 1 á«¥¤ã¥â, çâ® £àã¯¯  G∗1(N) ï¢«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®©.

� ª¨¬ ®¡à §®¬, ¤«ï «î¡®© ®à¬ «ì®© ¯®¤£àã¯¯ë N ª®¥ç®£®
p-¨¤¥ªá  £àã¯¯ë ¬ë ¯®áâà®¨«¨ £®¬®¬®àä¨§¬ ρ(N) £àã¯¯ë G∗   ¥ª®â®-
àãî Fp- ¯¯à®ªá¨¬¨àã¥¬ãî £àã¯¯ã. �®íâ®¬ã ¤«ï § ¢¥àè¥¨ï ¤®ª § â¥«ì-
áâ¢  â¥®à¥¬ë ®áâ ¥âáï ¤®ª § âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥:

�¥¬¬  2. �á«¨ £àã¯¯  G Fp- ¯¯à®ªá¨¬¨àã¥¬  ¨ ¯®¤£àã¯¯ë A ¨
B Fp-®â¤¥«¨¬ë ¢ ¥©, â® ¤«ï «î¡®£® ¥¥¤¨¨ç®£® í«¥¬¥â  g ∈ G∗

 ©¤¥âáï â ª ï ®à¬ «ì ï ¯®¤£àã¯¯  N ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë G,
çâ® ®¡à § í«¥¬¥â  g ®â®á¨â¥«ì® £®¬®¬®àä¨§¬  ρ(N) ®â«¨ç¥ ®â
¥¤¨¨æë.

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, ¯à¥¦¤¥ ¢á¥£®, çâ® ¯à¥¤¯®«®¦¥¨¥ ®¡
Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G ¨ Fp-®â¤¥«¨¬®áâ¨ ¥¥ ¯®¤£àã¯¯ A ¨ B
®§ ç ¥â á¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï:

(i) �«ï «î¡®£® í«¥¬¥â  g £àã¯¯ë G ¬®¦® ãª § âì ®à¬ «ìãî
¯®¤£àã¯¯ã N ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë G â ªãî, çâ® ¥á«¨ g 6= 1, â®
g /∈ N , ¥á«¨ g /∈ A, â® g /∈ AN ¨ ¥á«¨ g /∈ B, â® g /∈ BN .

�®ª ¦¥¬, çâ® ¯®å®¦¥¥ ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï í«¥¬¥â®¢
£àã¯¯ë K:

(ii) �«ï «î¡®£® í«¥¬¥â  g £àã¯¯ë K ¬®¦® ãª § âì ®à¬ «ì-
ãî ¯®¤£àã¯¯ã N ª®¥ç®£® p-¨¤¥ªá  â ªãî, çâ® ¥á«¨ W | ¯®¤£àã¯¯ 
£àã¯¯ë K, ¢¢¥¤¥ ï ¢ëè¥ ¯à¨ ¯®áâà®¥¨¨ £®¬®¬®àä¨§¬  ρ(N), â® ¥á«¨
g 6= 1, â® g /∈ W , ¥á«¨ g /∈ A1, â® g /∈ A1W ¨ ¥á«¨ g /∈ B1, â® g /∈ B1W .

� á ¬®¬ ¤¥«¥, ¯ãáâì g | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ ¯®¤£àã¯¯ë K,
g = a1b1, £¤¥ a1 ∈ A1 ¨ b1 ∈ B1. �ãáâì ¥é¥ í«¥¬¥âë a ∈ A ¨ b ∈ B â ª®¢ë,
çâ® aϕ = a1 ¨ bψ = b1. �á«¨ g 6= 1, â® å®âï ¡ë ®¤¨ ¨§ í«¥¬¥â®¢ a1 ¨«¨ b1
®â«¨ç¥ ®â ¥¤¨¨æë. �á«¨ a1 6= 1, â® a 6= 1 ¨ ¢ á®®â¢¥âáâ¢¨¨ á (i) ¬®¦®
¢ë¡à âì â ªãî ®à¬ «ìãî ¯®¤£àã¯¯ã N ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë G,
çâ® a /∈ N . �®áª®«ìªã â®£¤  a ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã U = A ∩N , í«¥¬¥â
a1 ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã U1 = Uϕ, ¨ ¯®â®¬ã í«¥¬¥â g ¥ ¯à¨ ¤«¥¦¨â
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¯®¤£àã¯¯¥ W = U1V1. �«ãç ©, ª®£¤  b1 6= 1, à áá¬ âà¨¢ ¥âáï   «®£¨ç®.
�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® í«¥¬¥â g ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ A1. �â®
®§ ç ¥â, çâ® í«¥¬¥â b1 ®â«¨ç¥ ®â ¥¤¨¨æë,   ¯®â®¬ã ¨ b 6= 1. �ë¡¥à¥¬
¯®¤£àã¯¯ã N â ª, çâ®¡ë b /∈ N . �®£¤  í«¥¬¥â b1 ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã V1
¨ ¯®â®¬ã, ª ª «¥£ª® ¢¨¤¥âì, í«¥¬¥â g ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ A1W .
� «®£¨ç® à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  í«¥¬¥â g ¥ ¯à¨ ¤«¥¦¨â
¯®¤£àã¯¯¥ B1.

�§ ãª § ®£® ¢ëè¥ á¯®á®¡  ¯®áâà®¥¨ï ¯® ®à¬ «ì®© ¯®¤£àã¯¯¥ N
£àã¯¯ë G á®®â¢¥âáâ¢ãîé¥© ¥© ¯®¤£àã¯¯ë W £àã¯¯ë K á«¥¤ã¥â, ®ç¥¢¨¤®,
çâ® ¯®¤£àã¯¯  £àã¯¯ë K, á®®â¢¥âáâ¢ãîé ï ¯¥à¥á¥ç¥¨î ¤¢ãå ®à¬ «ì-
ëå ¯®¤£àã¯¯ M ¨ N £àã¯¯ë G, ï¢«ï¥âáï ¯¥à¥á¥ç¥¨¥¬ ¯®¤£àã¯¯, á®®â¢¥â-
áâ¢ãîé¨å ¯®¤£àã¯¯ ¬ M ¨ N . �®áª®«ìªã â® ¦¥ á¯à ¢¥¤«¨¢® ¤«ï ¯¥à¥á¥-
ç¥¨ï ¯à®¨§¢®«ì®£® ª®¥ç®£® á¥¬¥©áâ¢  ®à¬ «ìëå ¯®¤£àã¯¯ £àã¯¯ë
G, ¨§ ãâ¢¥à¦¤¥¨© (i) ¨ (ii) á«¥¤ã¥â

(iii) �ãáâì R1 | ª®¥ç®¥ ¬®¦¥áâ¢® í«¥¬¥â®¢ £àã¯¯ë G, ¥ ¯à¨-
 ¤«¥¦ é¨å ¯®¤£àã¯¯¥ A, R2 | ª®¥ç®¥ ¬®¦¥áâ¢® í«¥¬¥â®¢ £àã¯¯ë
G, ¥ ¯à¨ ¤«¥¦ é¨å ¯®¤£àã¯¯¥ B, S1 | ª®¥ç®¥ ¬®¦¥áâ¢® í«¥¬¥-
â®¢ £àã¯¯ë K, ¥ ¯à¨ ¤«¥¦ é¨å ¯®¤£àã¯¯¥ A1, S2 | ª®¥ç®¥ ¬®-
¦¥áâ¢® í«¥¬¥â®¢ £àã¯¯ë K, ¥ ¯à¨ ¤«¥¦ é¨å ¯®¤£àã¯¯¥ B1. �®£¤  ¢
£àã¯¯¥ G  ©¤¥âáï â ª ï ®à¬ «ì ï ¯®¤£àã¯¯  N ª®¥ç®£® p-¨¤¥ªá ,
çâ® ª ¦¤ë© í«¥¬¥â ¨§ ¬®¦¥áâ¢  R1 ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ AN ,
ª ¦¤ë© í«¥¬¥â ¨§ ¬®¦¥áâ¢  R2 ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ BN ,
ª ¦¤ë© í«¥¬¥â ¨§ ¬®¦¥áâ¢  S1 ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ A1W ¨
ª ¦¤ë© í«¥¬¥â ¨§ ¬®¦¥áâ¢  S2 ¥ ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ B1W .

�âáî¤ , ¢ á¢®î ®ç¥à¥¤ì, ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥
(iv) �«ï «î¡®£® ¥¥¤¨¨ç®£® í«¥¬¥â  g £àã¯¯ë G1 ¢ £àã¯¯¥ G

 ©¤¥âáï â ª ï ®à¬ «ì ï ¯®¤£àã¯¯  N ª®¥ç®£® p-¨¤¥ªá , çâ® ®¡à §
í«¥¬¥â  g ¯à¨ £®¬®¬®àä¨§¬¥ σ(N) ®â«¨ç¥ ®â ¥¤¨¨æë.

�¥©áâ¢¨â¥«ì®, ¯ãáâì g = x1x2 · · ·xr | ¥á®ªà â¨¬ ï § ¯¨áì í«¥-
¬¥â  g ¢ à §«®¦¥¨¨ (2) £àã¯¯ë G1. �á«¨ r = 1, â® í«¥¬¥â g «¥¦¨â
¢ ®¤®© ¨§ ¯®¤£àã¯¯ G ¨«¨ K £àã¯¯ë G1, ¨ â ª ª ª £®¬®¬®àä¨§¬ σ(N)
¯à®¤®«¦ ¥â ¥áâ¥áâ¢¥ë¥ ®â®¡à ¦¥¨ï £àã¯¯ë G   ä ªâ®à-£àã¯¯ã G/N
¨ £àã¯¯ë K   ä ªâ®à-£àã¯¯ã K/W , áãé¥áâ¢®¢ ¨¥ â ª®© ¯®¤£àã¯¯ë N
á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥¨© (i) ¨ (ii). �á«¨ r > 1, â® á®¬®¦¨â¥«¨ x1, x2, . . . , xr

¥á®ªà â¨¬®© § ¯¨á¨ í«¥¬¥â  g ¯à¨ ¤«¥¦ â ¯®¯¥à¥¬¥® ¯®¤£àã¯¯ ¬
G ¨ K ¨ ¥ ¢å®¤ïâ ¢ á®®â¢¥âáâ¢ãîé¨¥ ®¡ê¥¤¨ï¥¬ë¥ ¯®¤£àã¯¯ë B ¨ B1.
�ãáâì R2 | ¬®¦¥áâ¢® â¥å á®¬®¦¨â¥«¥© íâ®© § ¯¨á¨ í«¥¬¥â  g, ª®â®-
àë¥ «¥¦ â ¢ ¯®¤£àã¯¯¥ G, ¨ S2 | ¬®¦¥áâ¢® â¥å á®¬®¦¨â¥«¥©, ª®â®àë¥
«¥¦ â ¢ ¯®¤£àã¯¯¥ K. �§ ãâ¢¥à¦¤¥¨ï (iii) (¯à¨ ¯ãáâëå R1 ¨ S1) ¯®«ãç ¥¬
áãé¥áâ¢®¢ ¨¥ ®à¬ «ì®© ¯®¤£àã¯¯ë N ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë G
â ª®©, çâ® ¢á¥ í«¥¬¥âë ¬®¦¥áâ¢  R2 ¥ ¯à¨ ¤«¥¦ â ¯®¤£àã¯¯¥ BN
¨ ¢á¥ í«¥¬¥âë ¨§ ¬®¦¥áâ¢  S2 ¥ ¯à¨ ¤«¥¦ â ¯®¤£àã¯¯¥ B1W . �®-
áª®«ìªã σ(N)-®¡à § í«¥¬¥â  g ¯®«ãç ¥âáï § ¬¥®© ¢ ¥£® ¥á®ªà â¨¬®©
§ ¯¨á¨ á®¬®¦¨â¥«ï xi ∈ G   á¬¥¦ë© ª« áá xiN ,   á®¬®¦¨â¥«ï xi ∈ K
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  á¬¥¦ë© ª« áá xiW ¨ íâ  § ¯¨áì í«¥¬¥â  gσ(N) ï¢«ï¥âáï, ®ç¥¢¨¤®,
¥á®ªà â¨¬®© ¢ à §«®¦¥¨¨ (4) £àã¯¯ë G1(N), ¯®«ãç ¥¬ gσ(N) 6= 1.

�®ª ¦¥¬,  ª®¥æ, ãâ¢¥à¦¤¥¨¥
(v) �ãáâì R | ª®¥ç®¥ ¬®¦¥áâ¢® í«¥¬¥â®¢ £àã¯¯ë G1, ¥

¯à¨ ¤«¥¦ é¨å ¯®¤£àã¯¯¥ A, ¨ S | ª®¥ç®¥ ¬®¦¥áâ¢® í«¥¬¥â®¢
£àã¯¯ë G1, ¥ ¯à¨ ¤«¥¦ é¨å ¯®¤£àã¯¯¥ A1. �®£¤  ¢ £àã¯¯¥ G  ©¤¥âáï
â ª ï ®à¬ «ì ï ¯®¤£àã¯¯  N ª®¥ç®£® p-¨¤¥ªá , çâ® ¯à¨ £®¬®¬®à-
ä¨§¬¥ σ(N) ®¡à § ª ¦¤®£® í«¥¬¥â  ¨§ ¬®¦¥áâ¢  R ¥ ¯à¨ ¤«¥¦¨â
®¡à §ã ¯®¤£àã¯¯ë A ¨ ®¡à § ª ¦¤®£® í«¥¬¥â  ¨§ ¬®¦¥áâ¢  S ¥ ¯à¨-
 ¤«¥¦¨â ®¡à §ã ¯®¤£àã¯¯ë A1.

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ¯®áâà®¨¬ ¯® ¬®¦¥áâ¢ ¬ R ¨ S ã¤®¢«¥-
â¢®àïîé¨¥ ãá«®¢¨ï¬ ãâ¢¥à¦¤¥¨ï (iii) ¬®¦¥áâ¢  í«¥¬¥â®¢ R1, R2, S1 ¨
S2 á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì g | ¯à®¨§¢®«ìë© í«¥¬¥â ¬®¦¥áâ¢  R á
¥á®ªà â¨¬®© ¢ à §«®¦¥¨¨ (2) £àã¯¯ë G1 § ¯¨áìî g = x1x2 · · ·xr. �á«¨
r = 1 ¨ í«¥¬¥â g ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ G, § ç¨á«¨¬ ¥£® ¢ ¬®¦¥áâ¢®
R1. �á«¨ g ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ K ¨ ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã G, â® ®
¥ ¢å®¤¨â ¢ ®¡ê¥¤¨ï¥¬ãî ¯®¤£àã¯¯ã B1; § ç¨á«¨¬ ¥£® ¢ ¬®¦¥áâ¢® S2.
�á«¨ r > 1, â® á®¬®¦¨â¥«¨ x1, x2, . . . , xr ¥á®ªà â¨¬®© § ¯¨á¨ í«¥¬¥â 
¯à¨ ¤«¥¦ â ¯®¯¥à¥¬¥® ¯®¤£àã¯¯ ¬ G ¨ K ¨ ¥ ¢å®¤ïâ ¢ á®®â¢¥âáâ¢ã-
îé¨¥ ®¡ê¥¤¨ï¥¬ë¥ ¯®¤£àã¯¯ë B ¨ B1; á®¬®¦¨â¥«ì xi ∈ G § ç¨á«¨¬
¢ ¬®¦¥áâ¢® R2,   á®¬®¦¨â¥«ì xi ∈ K § ç¨á«¨¬ ¢ ¬®¦¥áâ¢® S2. � -
«®£¨ç®, ¥á«¨ g = x1x2 · · ·xr | í«¥¬¥â ¬®¦¥áâ¢  S ¨ ¥á«¨ r = 1, â® ¢
á«ãç ¥ g ∈ K í«¥¬¥â g § ç¨á«ï¥¬ ¢ ¬®¦¥áâ¢® S1,   ¢ á«ãç ¥ g ∈ G \K
| ¢ ¬®¦¥áâ¢® R2. �á«¨ r > 1, â® á®¬®¦¨â¥«¨ ¥á®ªà â¨¬®© § ¯¨á¨
í«¥¬¥â  g à §¬¥é ¥¬ â ª ¦¥, ª ª í«¥¬¥âë ¨§ R.

�¥âàã¤® ¢¨¤¥âì, çâ® ®à¬ «ì ï ¯®¤£àã¯¯  N ª®¥ç®£® p-¨¤¥ªá 
£àã¯¯ë G, áãé¥áâ¢®¢ ¨¥ ª®â®à®© ¤«ï ¯®áâà®¥ëå ¬®¦¥áâ¢ R1, R2, S1
¨ S2 £ à â¨àã¥âáï ãâ¢¥à¦¤¥¨¥¬ (iii), ï¢«ï¥âáï ¨áª®¬®©. �¥©áâ¢¨â¥«ì®,
¥á«¨ í«¥¬¥â g ∈ R ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥ G, â®, ¯®áª®«ìªã ¢ ä ªâ®à-
£àã¯¯¥ G/N í«¥¬¥â gN ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã AN/N ¨ ®£à ¨ç¥¨¥ £®-
¬®¬®àä¨§¬  σ(N)   ¯®¤£àã¯¯ã G á®¢¯ ¤ ¥â á ¥áâ¥áâ¢¥ë¬ £®¬®¬®àä¨§-
¬®¬ G   G/N , σ(N)-®¡à § í«¥¬¥â  g ¥ ¯à¨ ¤«¥¦¨â ®¡à §ã ¯®¤£àã¯¯ë
A. �á«¨ í«¥¬¥â g «¥¦¨â ¢ ¯®¤£àã¯¯¥ K, â® ¥£® σ(N)-®¡à § gW «¥¦¨â
¢ á¢®¡®¤®¬ ¬®¦¨â¥«¥ K/W à §«®¦¥¨ï (4) £àã¯¯ë G1(N) ¨ ¥ ¢å®-
¤¨â ¢ ®¡ê¥¤¨ï¥¬ãî ¯®¤£àã¯¯ã B1W/W . �®íâ®¬ã í«¥¬¥â gW ¥ ¢å®¤¨â
¢ ¤àã£®© á¢®¡®¤ë© ¬®¦¨â¥«ì G/N £àã¯¯ë G1(N) ¨ â¥¬ ¡®«¥¥ ¢ ¥£®
¯®¤£àã¯¯ã AN/N . �á«¨ ¤«¨  í«¥¬¥â  g ∈ R ¡®«ìè¥ ¥¤¨¨æë, â® ¥£®
σ(N)-®¡à § ¨¬¥¥â, ª ª «¥£ª® ¯®ïâì, âã ¦¥ ¤«¨ã ¨ ¯®â®¬ã ¥ ¢å®¤¨â ¨
¢ ®¤¨ á¢®¡®¤ë© ¬®¦¨â¥«ì. �«ï í«¥¬¥â®¢ ¬®¦¥áâ¢  S à ááã¦¤¥¨¥
  «®£¨ç®.

�¥¯¥àì «¥£ª® ¯®ª § âì, çâ® ¤«ï «î¡®£® ¥¥¤¨¨ç®£® í«¥¬¥â  g
£àã¯¯ë G∗  ©¤¥âáï â ª ï ®à¬ «ì ï ¯®¤£àã¯¯  N ª®¥ç®£® p-¨¤¥ªá 
£àã¯¯ë G, çâ® ®¡à § í«¥¬¥â  g ®â®á¨â¥«ì® £®¬®¬®àä¨§¬  ρ(N) ®â«¨-
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ç¥ ®â ¥¤¨¨æë. �ãáâì

g = g0t
ε1g1t

ε2g2 · · · gn−1t
εngn (6)

| ¯à¨¢¥¤¥ ï § ¯¨áì íâ®£® í«¥¬¥â  ¢ HNN -à áè¨à¥¨¨ (3). �â® ®§ -
ç ¥â,  ¯®¬¨¬, çâ® n > 0, g0, g1, . . . , gn | í«¥¬¥âë ¯®¤£àã¯¯ë G1,
εi = ±1 (i = 1, 2, . . . , n) ¨ ¯à¨ n > 0 ¤«ï «î¡®£® ®¬¥à  i ¨§ â®£®, çâ®
εi + εi+1 = 0, á«¥¤ã¥â, çâ® ¯à¨ εi = −1 í«¥¬¥â gi ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã
A,   ¯à¨ εi = 1 í«¥¬¥â gi ¥ ¢å®¤¨â ¢ ¯®¤£àã¯¯ã A1.

�á«¨ ¤«¨  n í«¥¬¥â  g à ¢  ã«î, â. ¥. g ¯à¨ ¤«¥¦¨â ¯®¤£àã¯¯¥
G1, â® ¢¢¨¤ã ãâ¢¥à¦¤¥¨ï (iv) ¤«ï ¥ª®â®à®© ®à¬ «ì®© ¯®¤£àã¯¯ë N
ª®¥ç®£® p-¨¤¥ªá  £àã¯¯ë G ®¡à § í«¥¬¥â  g ¯à¨ £®¬®¬®àä¨§¬¥ σ(N)
£àã¯¯ë G1   £àã¯¯ã G1(N) ®â«¨ç¥ ®â ¥¤¨¨æë. �®áª®«ìªã ¤¥©áâ¢¨¥  
¯®¤£àã¯¯¥ G1 £®¬®¬®àä¨§¬  ρ(N) £àã¯¯ë G∗   £àã¯¯ã G∗1(N) á®¢¯ ¤ ¥â
á ®â®¡à ¦¥¨¥¬ σ(N), ®¡à § í«¥¬¥â  g ¯à¨ £®¬®¬®àä¨§¬¥ ρ(N) ®â«¨ç¥
®â ¥¤¨¨æë.

�à¨ n > 0 ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¬®¦¥áâ¢ 

R =
{
gi

∣∣ εi = −1 ∧ εi+1 = 1
}

¨ S =
{
gi

∣∣ εi = 1 ∧ εi+1 = −1
}
.

� á¨«ã ãâ¢¥à¦¤¥¨ï (v) ¢ £àã¯¯¥ G áãé¥áâ¢ã¥â â ª ï ®à¬ «ì ï ¯®¤-
£àã¯¯  N ª®¥ç®£® p-¨¤¥ªá , çâ® ¯à¨ £®¬®¬®àä¨§¬¥ σ(N) ®¡à § ª ¦-
¤®£® í«¥¬¥â  ¨§ ¬®¦¥áâ¢  R ¥ ¯à¨ ¤«¥¦¨â ®¡à §ã AN/N ¯®¤£àã¯¯ë
A ¨ ®¡à § ª ¦¤®£® í«¥¬¥â  ¨§ ¬®¦¥áâ¢  S ¥ ¯à¨ ¤«¥¦¨â ®¡à §ã
A1W/W ¯®¤£àã¯¯ë A1. �®áª®«ìªã ρ(N)-®¡à § í«¥¬¥â  g ¯®«ãç ¥âáï § -
¬¥®© ¢ ¥£® § ¯¨á¨ (6) á®¬®¦¨â¥«ï gi   σ(N)-®¡à § íâ®£® á®¬®¦¨-
â¥«ï ¨ íâ  § ¯¨áì í«¥¬¥â  gρ(N) ï¢«ï¥âáï, ®ç¥¢¨¤®, ¯à¨¢¥¤¥®© ¢
HNN -à áè¨à¥¨¨ (5), ¯®«ãç ¥¬ gρ(N) 6= 1.

�¥¬¬  2 ¤®ª §  , ¨ ¢¬¥áâ¥ á â¥¬ § ¢¥àè¥® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.

�¨¡«¨®£à ä¨ç¥áª¨© á¯¨á®ª
1. �®£¨®¢  �. �. � ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ª®¬¬ãâ¨à®¢ ®£® HNN-

à áè¨à¥¨ï £àã¯¯ // �¥áâ. �¢ . £®á. ã-â . 2007. �ë¯. 3. �. 83|89.
2. �®£¨®¢  �. �. �¨¨â ï  ¯¯à®ªá¨¬¨àã¥¬®áâì á¢®¡®¤®£® ¯à®¨§¢¥¤¥¨ï ¤¢ãå

£àã¯¯ á ª®¬¬ãâ¨àãîé¨¬¨ ¯®¤£àã¯¯ ¬¨ // �¨¡. ¬ â. ¦ãà. 1999. �. 40, ü 2.
�. 395|407.

3. � £ãá �., � àà á �., �®«¨âíà �. �®¬¡¨ â®à ï â¥®à¨ï £àã¯¯. �. : � ãª ,
1974. 455 á.

4. Gruenberg K. W. Residual properties of in�nite soluble groups // Proc. London
Math. Soc. 1957. Vol. 7. P. 29{62.

5. Higman G. Amalgams of p-groups // J. of Algebra. 1964. Vol. 1. P. 301|305.
6. Karrass A., Solitar D. Subgroups of HNN groups and groups with one de�ning

relation // Can. J. Math. 1971. Vol. 28. P. 627|643.


