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�®ª § ­®, çâ® á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ª®­¥ç­® ¯®à®¦¤¥­-
­ëå ­¨«ì¯®â¥­â­ëå £àã¯¯ á ­®à¬ «ì­ë¬¨ ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨
¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬® ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨ ¤«ï «î¡®£® ¯à®áâ®£®
ç¨á«  p.

�«îç¥¢ë¥ á«®¢ : ª®­¥ç­® ¯®à®¦¤¥­­ ï ­¨«ì¯®â¥­â­ ï £àã¯¯ ,
®¡®¡é¥­­®¥ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯, ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬®áâì
ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

We prove that for any prime p the free product of two �nitely generated
nilpotent groups with normal amalgamated subgroups is a virtually residually
a �nite p-groups.

Key words: �nitely generated nilpotent group, generalized free product,
virtually residuallity a �nite p-groups.

1. �¢¥¤¥­¨¥

�ãáâì K | ­¥ª®â®àë© ª« áá £àã¯¯. � ¯®¬­¨¬, çâ® £àã¯¯  G
­ §ë¢ ¥âáï  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ ¬¨ ¨§ ª« áá  K (¨«¨, ª®à®ç¥,
K- ¯¯à®ªá¨¬¨àã¥¬®©), ¥á«¨ ¤«ï ª ¦¤®£® ­¥¥¤¨­¨ç­®£® í«¥¬¥­â  x ¨§
G áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ £àã¯¯ë G ­  £àã¯¯ã ¨§ ª« áá  K, ¯à¨
ª®â®à®¬ ®¡à § í«¥¬¥­â  x ®â«¨ç¥­ ®â ¥¤¨­¨æë. �á«¨ F ®¡®§­ ç ¥â
ª« áá ¢á¥å ª®­¥ç­ëå £àã¯¯, â® ¯®­ïâ¨¥ F- ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë á®¢-
¯ ¤ ¥â á ª« áá¨ç¥áª¨¬ ¯®­ïâ¨¥¬ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë.
� àï¤ã á ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâìî ¨§ãç ¥âáï â ª¦¥ á¢®©áâ¢®
Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨, £¤¥ p | ¯à®áâ®¥ ç¨á«®, Fp | ª« áá ¢á¥å ª®­¥ç-
­ëå p-£àã¯¯. �¤¥áì ¡ã¤¥â à áá¬®âà¥­® á¢®©áâ¢® ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã-
¥¬®áâ¨, ï¢«ïîé¥¥áï ¯à®¬¥¦ãâ®ç­ë¬ ¬¥¦¤ã ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥-
¬®áâìî ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬®áâìî. � ¬®¬­¨¬, çâ® £àã¯¯  G ­ §ë¢ ¥âáï
¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬®©, ¥á«¨ ®­  á®¤¥à¦¨â Fp- ¯¯à®ªá¨¬¨àã¥¬ãî
¯®¤£àã¯¯ã ª®­¥ç­®£® ¨­¤¥ªá .

�à¨¬¥à®¬ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë ï¢«ï¥âáï ¯à®¨§¢®«ì-
­ ï ¯®«¨æ¨ª«¨ç¥áª ï £àã¯¯ . �®«¥¥ â®£®, «î¡ ï ¯®«¨æ¨ª«¨ç¥áª ï £àã¯¯ 
¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬  ¤«ï ª ¦¤®£® ¯à®áâ®£® ç¨á«  p [6]. � ç áâ­®-
áâ¨, «î¡ ï ª®­¥ç­® ¯®à®¦¤¥­­ ï ­¨«ì¯®â¥­â­ ï £àã¯¯  ®¡« ¤ ¥â íâ¨¬
á¢®©áâ¢®¬.

�¥à¥©¤¥¬ â¥¯¥àì ª á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨ï¬ á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤-
£àã¯¯ ¬¨. �ãáâì A ¨ B | ¯à®¨§¢®«ì­ë¥ £àã¯¯ë, H ¨ K | ¯®¤£àã¯¯ë
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£àã¯¯ A ¨ B á®®â¢¥âáâ¢¥­­®, ϕ | ¨§®¬®àä¨§¬ ¯®¤£àã¯¯ë H ­  ¯®¤-
£àã¯¯ã K. � ¯ãáâì G = (A ∗ B; H = K,ϕ) | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥
£àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨­¥­­ë¬¨ ®â­®á¨â¥«ì­® ¨§®-
¬®àä¨§¬  ϕ. �®à®è® ¨§¢¥áâ­®, çâ® £àã¯¯ë A ¨ B ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬
¢«®¦¨¬ë ¢ £àã¯¯ã G. �®íâ®¬ã ¤ «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® A ¨ B | ¯®¤-
£àã¯¯ë £àã¯¯ë G. �®£¤  A ∩ B = H = K. � «¥¥ ¤«ï £àã¯¯ë G ¡ã¤¥¬
¨á¯®«ì§®¢ âì ¡®«¥¥ ª®¬¯ ªâ­®¥ ®¡®§­ ç¥­¨¥ G = (A ∗B,H) ¨ ­ §ë¢ âì ¥¥
á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ £àã¯¯ A ¨ B á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© H.

�ç¥¢¨¤­ë¬ ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨
(Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨, ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨) £àã¯¯ë G ï¢-
«ï¥âáï ä¨­¨â­ ï  ¯¯à®ªá¨¬¨àã¥¬®áâì (Fp- ¯¯à®ªá¨¬¨àã¥¬®áâì, ¯®çâ¨
Fp- ¯¯à®ªá¨¬¨àã¥¬®áâì) £àã¯¯ A ¨ B. �¥á«®¦­ë¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ,
çâ® ¯¥à¥ç¨á«¥­­ë¥ ãá«®¢¨ï ­¥ ï¢«ïîâáï ¤®áâ â®ç­ë¬¨.

� ¨¡®«¥¥ à á¯à®áâà ­¥­­ë© ¯®¤å®¤ ª ¨§ãç¥­¨î ä¨­¨â­®©  ¯¯à®ª-
á¨¬¨àã¥¬®áâ¨ (Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨, ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨)
£àã¯¯ë G á®áâ®¨â ¢ â®¬, çâ® ­  á¢®¡®¤­ë¥ ¬­®¦¨â¥«¨ A ¨ B, ¯®¬¨¬®
ãá«®¢¨ï ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ (Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨, ¯®çâ¨
Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨), ­ ª« ¤ë¢ îâáï ¥é¥ ­¥ª®â®àë¥ ¤®¯®«­¨â¥«ì-
­ë¥ ãá«®¢¨ï. �®¯®«­¨â¥«ì­ë¥ ®£à ­¨ç¥­¨ï, ª ª ¯à ¢¨«®, ­ ª« ¤ë¢ îâáï
¨ ­  ®¡ê¥¤¨­¥­­ãî ¯®¤£àã¯¯ã H. �à¨¬¥à®¬ â ª¨å ®£à ­¨ç¥­¨© ¬®¦¥â
á«ã¦¨âì ª®­¥ç­®áâì ¯®¤£àã¯¯ë H, ¥¥ æ¨ª«¨ç­®áâì, ª®­¥ç­®áâì ¨­¤¥ªá®¢
¯®¤£àã¯¯ë H ¢ £àã¯¯ å A ¨ B,   â ª¦¥ ­®à¬ «ì­®áâì ¯®¤£àã¯¯ë H ¢
£àã¯¯ å A ¨ B.

�. � ã¬á« £ ¤®ª § «, çâ® ¥á«¨ £àã¯¯ë A ¨ B ä¨­¨â­®  ¯¯à®ªá¨-
¬¨àã¥¬ë,   ®¡ê¥¤¨­¥­­ ï ¯®¤£àã¯¯  H ª®­¥ç­ , â® £àã¯¯  G ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬  [7]. �à®áâë¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® íâ®â à¥§ã«ìâ â
­¥ ¬®¦¥â ¡ëâì à á¯à®áâà ­¥­ á ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ­  Fp-
 ¯¯à®ªá¨¬¨àã¥¬®áâì. � ¤àã£®© áâ®à®­ë, ¢ à ¡®â¥ [2] ¤®ª § ­®, çâ® á¢®-
¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬ëå £àã¯¯ á ª®­¥ç­®© ®¡ê-
¥¤¨­¥­­®© ¯®¤£àã¯¯®© ï¢«ï¥âáï ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®©. �
ç áâ­®áâ¨, á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ¯®«¨æ¨ª«¨ç¥áª¨å £àã¯¯ á ª®­¥ç-
­®© ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬® ¤«ï ª ¦¤®£®
¯à®áâ®£® p.

� à ¡®â¥ �. �. �§ à®¢  [1] ¯®«ãç¥­ ªà¨â¥à¨© ä¨­¨â­®©  ¯¯à®ªá¨¬¨-
àã¥¬®áâ¨ á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï ¤¢ãå ¯®«¨æ¨ª«¨ç¥áª¨å £àã¯¯ á ®¡ê¥¤¨-
­¥­­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® ¨­¤¥ªá . � ¬ ¦¥ ¤®ª § ­®, çâ® ¤«ï â ª®£®
á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï ãá«®¢¨¥ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ à ¢­®-
á¨«ì­® ãá«®¢¨î ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ¤«ï ¢á¥å ¯à®áâëå p.

�é¥ ®¤­¨¬ ¥áâ¥áâ¢¥­­ë¬ ®£à ­¨ç¥­¨¥¬, ­ ª« ¤ë¢ ¥¬ë¬ ­  ¯®¤-
£àã¯¯ã H, ï¢«ï¥âáï ¥¥ ­®à¬ «ì­®áâì ¢ £àã¯¯ å A ¨ B. �¬¥­­® â ª®¥ ®£à -
­¨ç¥­¨¥ ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ¤ ­­®© áâ âì¥. �. � ã¬á« £ ¤®ª § «,
çâ® ¥á«¨ £àã¯¯ë A ¨ B ï¢«ïîâáï ¯®«¨æ¨ª«¨ç¥áª¨¬¨,   ¯®¤£àã¯¯  H ­®à-
¬ «ì­  ¢ £àã¯¯ å A ¨ B, â® £àã¯¯  G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  [7]. �â®â
à¥§ã«ìâ â ­¥ ¬®¦¥â ¡ëâì à á¯à®áâà ­¥­ á ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨
­  Fp- ¯¯à®ªá¨¬¨àã¥¬®áâì. �­ë¬¨ á«®¢ ¬¨, ¥á«¨ A ¨ B ï¢«ïîâáï ¯®-
«¨æ¨ª«¨ç¥áª¨¬¨ Fp- ¯¯à®ªá¨¬¨àã¥¬ë¬¨ £àã¯¯ ¬¨ ¨ ®¡ê¥¤¨­¥­­ ï ¯®¤-
£àã¯¯  H ­®à¬ «ì­  ¢ £àã¯¯ å A ¨ B, â® £àã¯¯  G ã¦¥ ­¥ ®¡ï§ ­  ¡ëâì
Fp- ¯¯à®ªá¨¬¨àã¥¬®©.
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�­ ç¥ ¤¥«® ®¡áâ®¨â á ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬®áâìî. �«ï á¢®¡®¤-
­®£® ¯à®¨§¢¥¤¥­¨ï ª®­¥ç­® ¯®à®¦¤¥­­ëå ­¨«ì¯®â¥­â­ëå £àã¯¯ á ­®à-
¬ «ì­®© ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© §¤¥áì ¡ã¤¥â ¤®ª § ­ á«¥¤ãîé¨© à¥-
§ã«ìâ â.

�¥®à¥¬ . �ãáâì G | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ª®­¥ç­® ¯®à®¦¤¥­-
­ëå ­¨«ì¯®â¥­â­ëå £àã¯¯ A ¨ B á ­®à¬ «ì­®© ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯-
¯®© H. �®£¤  £àã¯¯  G ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬  ¤«ï «î¡®£® ¯à®áâ®£®
ç¨á«  p.

�«ï ¤®ª § â¥«ìáâ¢  íâ®© â¥®à¥¬ë ­ ¬ ¯®âà¥¡ã¥âáï àï¤ ¢á¯®¬®£ -
â¥«ì­ëå ãâ¢¥à¦¤¥­¨©.

2. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�¥¬¬  1. �ãáâì G | ª®­¥ç­® ¯®à®¦¤¥­­ ï £àã¯¯ . �®£¤  «î¡ ï
­®à¬ «ì­ ï ¯®¤£àã¯¯  H ª®­¥ç­®£® ¨­¤¥ªá  (ª®­¥ç­®£® p-¨­¤¥ªá ) £àã¯¯ë
G á®¤¥à¦¨â ­¥ª®â®àãî å à ªâ¥à¨áâ¨ç¥áªãî ¯®¤£àã¯¯ã N £àã¯¯ë G ª®-
­¥ç­®£® ¨­¤¥ªá  (ª®­¥ç­®£® p-¨­¤¥ªá ).

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§ N ¯¥à¥á¥ç¥­¨¥ ¢á¥å ­®à¬ «ì­ëå
¯®¤£àã¯¯ £àã¯¯ë G, ¨­¤¥ªá ª®â®àëå á®¢¯ ¤ ¥â á [G : H]. �¨á«® â ª¨å
¯®¤£àã¯¯ ª®­¥ç­® [4, á. 250], ¨ ¯®â®¬ã N ï¢«ï¥âáï ¨áª®¬®© ¯®¤£àã¯¯®©.
�¥¬¬  ¤®ª § ­ .

�¥¬¬  2. �ãáâì H | ­¨«ì¯®â¥­â­ ï £àã¯¯ , L0 | ¥¥ å à ªâ¥-
à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  ¨ p | ¯à®áâ®¥ ç¨á«®. �®£¤ 
¢ £àã¯¯¥ H áãé¥áâ¢ã¥â å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  L â ª ï, çâ®
L0 ⊆ L, ¨­¤¥ªá [L : L0] ï¢«ï¥âáï áâ¥¯¥­ìî ç¨á«  p,   ¨­¤¥ªá [H : L]
¢§ ¨¬­® ¯à®áâ á p.

�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î «¥¬¬ë H/L0 | ª®­¥ç­ ï ­¨«ì¯®â¥­â-
­ ï £àã¯¯ . �®à®è® ¨§¢¥áâ­® (á¬., ­ ¯à., [3, ¯. 17.1.4]), çâ® «î¡ ï ª®­¥ç-
­ ï ­¨«ì¯®â¥­â­ ï £àã¯¯  à áª« ¤ë¢ ¥âáï ¢ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ á¢®¨å
¯à¨¬ à­ëå ª®¬¯®­¥­â. �®íâ®¬ã

H/L0 = H1 ×H2 × . . .×Hn, (1)

£¤¥ Hi | ¯à¨¬ à­ë¥ pi-ª®¬¯®­¥­âë ¤«ï ª ¦¤®£® i = 1, . . . , n. �à¨ íâ®¬
¢á¥ pi | ¯à®áâë¥ ¯®¯ à­® à §«¨ç­ë¥ ç¨á« . �á«¨ áà¥¤¨ pi ­¥â ç¨á«  p, â®
¢ ª ç¥áâ¢¥ L, ®ç¥¢¨¤­®, ¬®¦­® ¢§ïâì L0.

� ¯à®â¨¢­®¬ á«ãç ¥ ¯ãáâì, ¤«ï ®¯à¥¤¥«¥­­®áâ¨, H1 | ¯à¨¬ à­ ï
p-ª®¬¯®­¥­â . � ª ª ª H1 | ¯®¤£àã¯¯  ä ªâ®à-£àã¯¯ë H/L0, â® ¢ £àã¯¯¥
H áãé¥áâ¢ã¥â ¯®¤£àã¯¯  L â ª ï, çâ® H1 = L/L0. �ç¥¢¨¤­®, çâ® L/L0 å -
à ªâ¥à¨áâ¨ç­  ¢ H/L0. �âáî¤  ¨ ¨§ â®£®, çâ® L0 | å à ªâ¥à¨áâ¨ç¥áª ï
¯®¤£àã¯¯  £àã¯¯ë H, ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â, çâ® ¯®¤£àã¯¯  L å à ª-
â¥à¨áâ¨ç­  ¢ H. � ª ª ª L/L0 = H1 | p-ª®¬¯®­¥­â  £àã¯¯ë H/L0 ¨
[H : L] = [H/L0 : L/L0], â® ¢ á¨«ã à §«®¦¥­¨ï (1) á«¥¤ã¥â, çâ® ¨­¤¥ªá
[H : L] ¢§ ¨¬­® ¯à®áâ á p. � ª¨¬ ®¡à §®¬, L | ¨áª®¬ ï ¯®¤£àã¯¯ . �¥¬¬ 
¤®ª § ­ .
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�¥¬¬  3. �ãáâì G = (A ∗ B; H = K,ϕ) | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥
£àã¯¯ A ¨ B á ®¡ê¥¤¨­¥­­ë¬¨ ®â­®á¨â¥«ì­® ¨§®¬®àä¨§¬  ϕ ¯®¤£àã¯¯ ¬¨
H ¨ K, M ¨ N | ­®à¬ «ì­ë¥ ¯®¤£àã¯¯ë £àã¯¯ A ¨ B á®®â¢¥âáâ¢¥­­®.
� ¯ãáâì (M ∩H)ϕ = N ∩K. �®£¤  ®â®¡à ¦¥­¨¥ ϕMN , á®¯®áâ ¢«ïîé¥¥
ª ¦¤®¬ã í«¥¬¥­âã hM ¨§ HM/M í«¥¬¥­â hϕN ¨§ KN/N , ï¢«ï¥âáï
¨§®¬®àä¨§¬®¬. �ãáâì

G
MN

= (A/M ∗B/N ; HM/M = KN/N,ϕ
MN

)

| á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A/M ¨ B/N á ¯®¤£àã¯¯ ¬¨ HM/M ¨
KN/N , ®¡ê¥¤¨­¥­­ë¬¨ ®â­®á¨â¥«ì­® ¨§®¬®àä¨§¬  ϕMN . �®£¤  ¥áâ¥-
áâ¢¥­­ë¥ £®¬®¬®àä¨§¬ë A → A/M ¨ B → B/N ¬®£ãâ ¡ëâì ¯à®¤®«-
¦¥­ë ¤® £®¬®¬®àä¨§¬  ρ

MN
: G → G

MN
.

�â® ãâ¢¥à¦¤¥­¨¥ å®à®è® ¨§¢¥áâ­® ¨ «¥£ª® ¯à®¢¥àï¥âáï (á¬. [7]).

�¥¬¬  4. �ãáâì G | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ª®­¥ç­®£® ç¨á«  ª®-
­¥ç­ëå p-£àã¯¯ P1, . . . , Pn ¨ ­¥ª®â®à®© á¢®¡®¤­®© £àã¯¯ë S. �®£¤  ¢ G
áãé¥áâ¢ã¥â ­®à¬ «ì­ ï á¢®¡®¤­ ï ¯®¤£àã¯¯  F ª®­¥ç­®£® p-¨­¤¥ªá .

�®ª § â¥«ìáâ¢®. � ª ç¥áâ¢¥ F ¬®¦­® ¢§ïâì ï¤à® ®ç¥¢¨¤­®£® £®¬®-
¬®àä¨§¬  £àã¯¯ë G ­  ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ P1, . . . , Pn. �¥¬¬ 
¤®ª § ­ .

�ãáâì G | £àã¯¯ , H | ¥¥ ­®à¬ «ì­ ï ¯®¤£àã¯¯ . �¥à¥§ Aut
G

(H)
¡ã¤¥¬ ®¡®§­ ç âì ¬­®¦¥áâ¢® ®£à ­¨ç¥­¨© ­  ¯®¤£àã¯¯ã H ¢á¥å ¢­ãâà¥­-
­¨å  ¢â®¬®àä¨§¬®¢ £àã¯¯ë G. �­ë¬¨ á«®¢ ¬¨, AutG(H) = {x̂|H : x ∈ G},
£¤¥ x̂ | ¢­ãâà¥­­¨©  ¢â®¬®àä¨§¬ £àã¯¯ë G, ¤¥©áâ¢ãîé¨© ¯® ¯à ¢¨«ã:
gx̂ = x−1gx ¤«ï «î¡®£® í«¥¬¥­â  g £àã¯¯ë G.

�¥¬¬  5. �ãáâì ϕ | í¯¨¬®àä¨§¬ £àã¯¯ë G ­  £àã¯¯ã F , 1 6
H0 6 H 6 G | ­®à¬ «ì­ë© àï¤ £àã¯¯ë G. � ¯ãáâì K0 = H0ϕ, K = Hϕ,
G = G/H0, H = H/H0, F = F/K0, K = K/K0. �á«¨ Aut

G
(H) = 1, â®

Aut
F

(K) = 1.

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï á¢®¤¨âáï ª ­¥¯®áà¥¤áâ¢¥­­ë¬
¢ëç¨á«¥­¨ï¬.

�¥¬¬  6. �ãáâì G | à áé¥¯«ï¥¬®¥ à áè¨à¥­¨¥ £àã¯¯ë A á ¯®-
¬®éìî £àã¯¯ë B. �á«¨ £àã¯¯ë A ¨ AutG(A) ï¢«ïîâáï ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨,   £àã¯¯  B Fp- ¯¯à®ªá¨¬¨àã¥¬ , â® £àã¯¯  G â ª¦¥
Fp- ¯¯à®ªá¨¬¨àã¥¬ .

�®ª § â¥«ìáâ¢®. �ãáâì θ : B → AutG(A) | á®¯à®¢®¦¤ îé¨© £®-
¬®¬®àä¨§¬, â. ¥. ®â®¡à ¦¥­¨¥, á®¯®áâ ¢«ïîé¥¥ ª ¦¤®¬ã í«¥¬¥­âã b ¨§
B ®£à ­¨ç¥­¨¥ ­  ¯®¤£àã¯¯ã A á®®â¢¥âáâ¢ãîé¥£® ¥¬ã ¢­ãâà¥­­¥£®  ¢-
â®¬®àä¨§¬  b̂ £àã¯¯ë G. � ¯ãáâì H = Kerθ. � ª ª ª Aut

G
(A) | ª®-

­¥ç­ ï p-£àã¯¯ , â® H | ­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë B ª®­¥ç­®£®
p-¨­¤¥ªá . �à®¬¥ â®£®, ¨­¤¥ªá ¯®¤£àã¯¯ë B ¢ £àã¯¯¥ G à ¢¥­ ¯®àï¤ªã
¯®¤£àã¯¯ë A ¨, á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï áâ¥¯¥­ìî ç¨á«  p. �®íâ®¬ã H |
¯®¤£àã¯¯  ª®­¥ç­®£® p-¨­¤¥ªá  £àã¯¯ë G. � ¬¥â¨¬, çâ® ¯®¤£àã¯¯  H
Fp- ¯¯à®ªá¨¬¨àã¥¬ , ¯®áª®«ìªã á®¤¥à¦¨âáï ¢ B, ¨ ­®à¬ «ì­  ¢ £àã¯¯¥
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G, ¯®áª®«ìªã ¯®í«¥¬¥­â­® ¯¥à¥áâ ­®¢®ç­  á £àã¯¯®© A ¨ ­®à¬ «ì­  ¢
£àã¯¯¥ B.

� ª¨¬ ®¡à §®¬, £àã¯¯  G ï¢«ï¥âáï à áè¨à¥­¨¥¬ Fp- ¯¯à®ªá¨¬¨àã-
¥¬®© £àã¯¯ë H á ¯®¬®éìî ª®­¥ç­®© p-£àã¯¯ë G/H. �âáî¤  á«¥¤ã¥â, çâ®
£àã¯¯  G Fp- ¯¯à®ªá¨¬¨àã¥¬  [8]. �¥¬¬  ¤®ª § ­ .

�«ï ¯à®¨§¢®«ì­®© £àã¯¯ë A ç¥à¥§ A′ ¡ã¤¥¬ ®¡®§­ ç âì ª®¬¬ãâ ­â
£àã¯¯ë A,   ç¥à¥§ An | áâ¥¯¥­­ãî ¯®¤£àã¯¯ã £àã¯¯ë A, £¤¥ n | æ¥«®¥
­¥®âà¨æ â¥«ì­®¥ ç¨á«®.

�¥¬¬  7. �á«¨ A | ª®­¥ç­ ï p-£àã¯¯ , â® £àã¯¯  �
A

¢á¥å  ¢-
â®¬®àä¨§¬®¢ £àã¯¯ë A, ¤¥©áâ¢ãîé¨å â®¦¤¥áâ¢¥­­® ¯® ¬®¤ã«î ¯®¤-
£àã¯¯ë A′Ap, ï¢«ï¥âáï p-£àã¯¯®©.

�â®â à¥§ã«ìâ â �. �®««  å®à®è® ¨§¢¥áâ¥­ (á¬., ­ ¯à., [5, á. 562]).
�¥¬¬  8. �ãáâì G | à áé¥¯«ï¥¬®¥ à áè¨à¥­¨¥ £àã¯¯ë A á ¯®¬®-

éìî £àã¯¯ë B. � ¯ãáâì A | ª®­¥ç­ ï p-£àã¯¯ ,   £àã¯¯  B Fp- ¯¯à®ª-
á¨¬¨àã¥¬ . �¢¥¤¥¬ ®¡®§­ ç¥­¨ï: A = A/A′Ap, G = G/A′Ap. �á«¨
Aut

G
(A) = 1, â® £àã¯¯  G Fp- ¯¯à®ªá¨¬¨àã¥¬ .

�®ª § â¥«ìáâ¢®. � ª ª ª Aut
G

(A) = 1, â® ¢á¥  ¢â®¬®àä¨§¬ë
£àã¯¯ë Aut

G
(A) ¤¥©áâ¢ãîâ â®¦¤¥áâ¢¥­­® ¯® ¬®¤ã«î ¯®¤£àã¯¯ë A′Ap. �®-

íâ®¬ã á®£« á­® «¥¬¬¥ 7 Aut
G

(A) ï¢«ï¥âáï p-£àã¯¯®©. �à¨¬¥­ïï «¥¬¬ã 6,
¯®«ãç ¥¬, çâ® £àã¯¯  G Fp- ¯¯à®ªá¨¬¨àã¥¬ . �¥¬¬  ¤®ª § ­ .

3. �®ª § â¥«ìáâ¢® ®á­®¢­®£® à¥§ã«ìâ â 
�ãáâì G | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ª®­¥ç­® ¯®à®¦¤¥­­ëå ­¨«ì¯®-

â¥­â­ëå £àã¯¯ A ¨ B á ­®à¬ «ì­®© ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© H. �®-
ª ¦¥¬, çâ® G ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬  ¤«ï ¯à®¨§¢®«ì­®£® ¯à®áâ®£®
ç¨á«  p.

� ª ª ª ¯®¤£àã¯¯  H á®¤¥à¦¨âáï ¢ A, â® ®­  ª®­¥ç­® ¯®à®¦¤¥­  ¨
­¨«ì¯®â¥­â­ . �®íâ®¬ã H ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬ , â. ¥. ¢ ­¥© áãé¥-
áâ¢ã¥â Fp- ¯¯à®ªá¨¬¨àã¥¬ ï ¯®¤£àã¯¯  H0 ª®­¥ç­®£® ¨­¤¥ªá . �®£¤  ¯®
«¥¬¬¥ 1 ¢ £àã¯¯¥ H áãé¥áâ¢ã¥â å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  L0 ª®­¥ç-
­®£® ¨­¤¥ªá , á®¤¥à¦ é ïáï ¢ H0. � ¬¥â¨¬, çâ® L0, ï¢«ïïáì ¯®¤£àã¯¯®©
¢ H0, Fp- ¯¯à®ªá¨¬¨àã¥¬ .

�® «¥¬¬¥ 2 ¢ £àã¯¯¥ H áãé¥áâ¢ã¥â å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  L,
á®¤¥à¦ é ï L0 ¨ â ª ï, çâ® ¨­¤¥ªá [L : L0] ï¢«ï¥âáï áâ¥¯¥­ìî ç¨á«  p,  
¨­¤¥ªá [H : L] ¢§ ¨¬­® ¯à®áâ á p. � ª ª ª £àã¯¯  L ï¢«ï¥âáï à áè¨à¥­¨¥¬
Fp- ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë L0 á ¯®¬®éìî ª®­¥ç­®© p-£àã¯¯ë, â® ®­ 
á ¬  Fp- ¯¯à®ªá¨¬¨àã¥¬  [8]. � ª ª ª L å à ªâ¥à¨áâ¨ç­  ¢ H ¨ H ­®à-
¬ «ì­  ¢ G, â® L ­®à¬ «ì­  ¢ G. �ç¥¢¨¤­®, çâ® G/L = (A/L ∗B/L, H/L)
| á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A/L ¨ B/L á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯-
¯®© H/L. �à¨ íâ®¬ á®¬­®¦¨â¥«¨ A/L ¨ B/L íâ®£® á¢®¡®¤­®£® ¯à®¨§-
¢¥¤¥­¨ï ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬ë ª ª ª®­¥ç­® ¯®à®¦¤¥­­ë¥ ­¨«ì¯®-
â¥­â­ë¥ £àã¯¯ë,   ®¡ê¥¤¨­¥­­ ï ¯®¤£àã¯¯  H/L ª®­¥ç­ . �«¥¤®¢ â¥«ì­®,
£àã¯¯  G/L ¯®çâ¨ Fp- ¯¯à®ªá¨¬¨àã¥¬  [2], ¯®íâ®¬ã ¢ ­¥© áãé¥áâ¢ã¥â ­®à-
¬ «ì­ ï Fp- ¯¯à®ªá¨¬¨àã¥¬ ï ¯®¤£àã¯¯  U/L ª®­¥ç­®£® ¨­¤¥ªá . � ª¨¬
®¡à §®¬, ¢ £àã¯¯¥ G ¯®«ãç¨«¨ ­®à¬ «ì­ë© àï¤ 1 6 L 6 U 6 G, £¤¥
G/U | ª®­¥ç­ ï £àã¯¯ , U/L | Fp- ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯ .
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�¥¯¥àì à áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ ψ : G → AutL/L′Lp, á®¯®áâ ¢«ï-
îé¥¥ ª ¦¤®¬ã í«¥¬¥­âã x £àã¯¯ë G ®£à ­¨ç¥­¨¥ ­  ¯®¤£àã¯¯ã L/L′Lp

¢­ãâà¥­­¥£®  ¢â®¬®àä¨§¬  x̂L′Lp £àã¯¯ë G/L′Lp. � ª¨¬ ®¡à §®¬, ¤«ï
ª ¦¤®£® í«¥¬¥­â  aL′Lp ¨§ L/L′Lp

xψ : aL′Lp 7−→ (xL′Lp)−1 · aL′Lp · xL′Lp = (x−1ax)L′Lp. (2)

�ç¥¢¨¤­®, çâ® ψ | £®¬®¬®àä¨§¬. �¡®§­ ç¨¬ ç¥à¥§ V ï¤à® £®¬®¬®àä¨§¬ 
ψ. �®£¤  ¨§ (2) á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®£® í«¥¬¥­â  x ¨§ V ¨ ¤«ï ª ¦¤®£®
í«¥¬¥­â  a ¨§ L

aL′Lp = (xL′Lp)−1 · aL′Lp · xL′Lp. (3)

� ¬¥â¨¬, çâ® ¯®¤£àã¯¯  L £àã¯¯ë A ª®­¥ç­® ¯®à®¦¤¥­ , ¨ ¯®íâ®¬ã
ä ªâ®à-£àã¯¯  L/L′Lp ª®­¥ç­ . �âáî¤  ¨ ¨§ â®£®, çâ® ä ªâ®à-£àã¯¯ 
G/V ¢«®¦¨¬  ¢ £àã¯¯ã AutL/L′Lp, á«¥¤ã¥â, çâ® V | ¯®¤£àã¯¯  ª®­¥ç-
­®£® ¨­¤¥ªá  £àã¯¯ë G. � ª ª ª ä ªâ®à-£àã¯¯  L/L′Lp  ¡¥«¥¢ , â® L ⊆ V .
� ª¨¬ ®¡à §®¬, ¢ £àã¯¯¥ G ¯®«ãç¨«¨ ­®à¬ «ì­ë© àï¤ 1 6 L 6 V 6 G, £¤¥
G/V | ª®­¥ç­ ï £àã¯¯ , ¨ ¤«ï ¯à®¨§¢®«ì­ëå í«¥¬¥­â®¢ x ∈ V ¨ a ∈ L
¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (3).

� áá¬®âà¨¬ â¥¯¥àì ¯®¤£àã¯¯ã W = U ∩ V . �ç¥¢¨¤­®, çâ® W | ­®à-
¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G, á®¤¥à¦ é ï L. �®ª -
¦¥¬, çâ® £àã¯¯  W Fp- ¯¯à®ªá¨¬¨àã¥¬ . �«ï íâ®£® ª ¦¤®¬ã ­¥¥¤¨­¨ç-
­®¬ã í«¥¬¥­âã a ¨§ W á®¯®áâ ¢¨¬ £®¬®¬®àä¨§¬ £àã¯¯ë W ­  ­¥ª®â®àãî
ª®­¥ç­ãî p-£àã¯¯ã, ®¡à § a ®â­®á¨â¥«ì­® ª®â®à®£® ®â«¨ç¥­ ®â ¥¤¨­¨æë.

� áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  a /∈ L. �ãáâì ε : W → W/L |
¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬. �®£¤  ®¡à § aL í«¥¬¥­â  a ®â­®á¨â¥«ì­® ε
®â«¨ç¥­ ®â ¥¤¨­¨æë. �à¨ íâ®¬ £àã¯¯  W/L Fp- ¯¯à®ªá¨¬¨àã¥¬  ª ª ¯®¤-
£àã¯¯  Fp- ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë U/L. �®íâ®¬ã áãé¥áâ¢ã¥â £®¬®¬®à-
ä¨§¬ θ £àã¯¯ë W/L ­  ­¥ª®â®àãî ª®­¥ç­ãî p-£àã¯¯ã, ¯¥à¥¢®¤ïé¨© aL ¢
í«¥¬¥­â, ®â«¨ç­ë© ®â ¥¤¨­¨æë. � ª¨¬ ®¡à §®¬, £®¬®¬®àä¨§¬ εθ ï¢«ï¥âáï
¨áª®¬ë¬.

�ãáâì â¥¯¥àì a ∈ L \ 1. � ª ª ª £àã¯¯  L ª®­¥ç­® ¯®à®¦¤¥­  ¨
Fp- ¯¯à®ªá¨¬¨àã¥¬ , â® ¯® «¥¬¬¥ 1 ¢ ­¥© áãé¥áâ¢ã¥â å à ªâ¥à¨áâ¨ç¥-
áª ï ¯®¤£àã¯¯  R ª®­¥ç­®£® p-¨­¤¥ªá , ­¥ á®¤¥à¦ é ï í«¥¬¥­â a. �ç¥-
¢¨¤­®, çâ® ¯®¤£àã¯¯  R, ª ª ¨ L, ­®à¬ «ì­  ¢ £àã¯¯¥ G. �ç¥¢¨¤­®
â ª¦¥, çâ® ä ªâ®à-£àã¯¯  G/R ï¢«ï¥âáï á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¯®¤-
£àã¯¯ A/R ¨ B/R á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© H/R. � áá¬®âà¨¬ ¥áâ¥-
áâ¢¥­­ë© £®¬®¬®àä¨§¬ ψ1 : G → G/R ¨ ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ -
ç¥­¨ï: Gψ1 = G/R = G1, Aψ1 = A/R = A1, Bψ1 = B/R = B1,
Hψ1 = H/R = H1, Lψ1 = L/R = L1, Wψ1 = W/R = W1, aψ1 = aR = a1.
�®£¤  G1 = (A1 ∗ B1,H1). � ¬¥â¨¬, çâ® H1 | ª®­¥ç­ ï £àã¯¯ , L1 ⊆ H1
¨ a1 6= 1.

� ª ª ª H1 | ª®­¥ç­ ï ­¨«ì¯®â¥­â­ ï £àã¯¯ , â® ®­  à áª« ¤ë¢ -
¥âáï ¢ ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ H1 = Q1×Q2× . . .×Qn, £¤¥ Q1, Q2, . . . , Qn |
¯à¨¬ à­ë¥ ª®¬¯®­¥­âë £àã¯¯ë H1, á®®â¢¥âáâ¢ãîé¨¥ ¯®¯ à­® à §«¨ç­ë¬
¯à®áâë¬ ç¨á« ¬ q1, q2, . . . , qn [3, ¯. 17.1.4]. � ª ª ª L1 | p-¯®¤£àã¯¯ 
£àã¯¯ë H1 ¨ L1 6= 1 (¯®áª®«ìªã a1 ∈ L1 ¨ a1 6= 1), â® ®¤­  ¨§ ¯à¨¬ à­ëå
ª®¬¯®­¥­â Qi ï¢«ï¥âáï p-ª®¬¯®­¥­â®©. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ Q1 |
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p-ª®¬¯®­¥­â . �®£¤  L1 ⊆ Q1. �®íâ®¬ã ¨­¤¥ªá [Q1 : L1] ¤¥«¨â ¨­¤¥ªá
[H1 : L1] = [H : L] ¨, á«¥¤®¢ â¥«ì­®, ¢§ ¨¬­® ¯à®áâ á p. � ¤àã£®© áâ®à®­ë,
¨­¤¥ªá [Q1 : L1] ï¢«ï¥âáï áâ¥¯¥­ìî ç¨á«  p, ¯®áª®«ìªã Q1 | ª®­¥ç­ ï
p-£àã¯¯ . �§ ¯®á«¥¤­¨å ¤¢ãå ®¡áâ®ïâ¥«ìáâ¢ á«¥¤ã¥â, çâ® [Q1 : L1] = 1,
â. ¥. L1 = Q1. �ç¥¢¨¤­®, çâ® í«¥¬¥­â a1 ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥
Q = Q2 × . . . × Qn. � ¬¥â¨¬, çâ® Q ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª®© ¯®¤-
£àã¯¯®© £àã¯¯ë H1, â. ª. ¢á¥ Qi å à ªâ¥à¨áâ¨ç­ë ¢ H1. �«¥¤®¢ â¥«ì­®,
¯®¤£àã¯¯  Q, ª ª ¨ ¯®¤£àã¯¯  H1, ­®à¬ «ì­  ¢ G1. � ªâ®à¨§ãï G1 ¯®
Q, ¯®«ãç¨¬ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A1/Q ¨ B1/Q á ®¡ê¥¤¨­¥­­®©
¯®¤£àã¯¯®© H1/Q.

� áá¬®âà¨¬ ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ ψ2 : G1 → G1/Q ¨ ¢¢¥-
¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: G1ψ2 = G1/Q = G2, A1ψ2 = A1/Q = A2,
B1ψ2 = B1/Q = B2, H1ψ2 = H1/Q = H2, L1ψ2 = L1Q/Q = L2,
W1ψ2 = W1Q/Q = W2, a1ψ2 = a1Q = a2. �®£¤  G2 = (A2 ∗ B2, H2).
� ¬¥â¨¬, çâ® L2 = L1Q/Q = Q1Q/Q = H1/Q = H2 | ª®­¥ç­ ï p-£àã¯¯ ,
¨§®¬®àä­ ï Q1. � ¬¥â¨¬ ¥é¥, çâ® a2 6= 1, ¯®áª®«ìªã a1 /∈ Q.

� ª ª ª A2 | ª®­¥ç­® ¯®à®¦¤¥­­ ï ­¨«ì¯®â¥­â­ ï £àã¯¯  ¨ H2 |
¥¥ ª®­¥ç­ ï p-¯®¤£àã¯¯ , â® ¢ £àã¯¯¥ A2 áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤-
£àã¯¯  M ª®­¥ç­®£® p-¨­¤¥ªá  â ª ï, çâ® M ∩ H2 = 1. �­ «®£¨ç­® ¢
£àã¯¯¥ B2 áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤£àã¯¯  N ª®­¥ç­®£® p-¨­¤¥ªá  â -
ª ï, çâ® N ∩ H2 = 1. �®£« á­® «¥¬¬¥ 3, ¬®¦­® à áá¬®âà¥âì á¢®¡®¤-
­®¥ ¯à®¨§¢¥¤¥­¨¥ G3 £àã¯¯ A2/M ¨ B2/N á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®©
H3 = H2M/M = H2N/N ¨ £®¬®¬®àä¨§¬ ψ3 : G2 → G3, ¯à®¤®«¦ îé¨©
¥áâ¥áâ¢¥­­ë¥ £®¬®¬®àä¨§¬ë A2 → A2/M ¨ B2 → B2/N . �¢¥¤¥¬ á«¥¤ãî-
é¨¥ ®¡®§­ ç¥­¨ï: A2ψ3 = A3, B2ψ3 = B3, W2ψ3 = W3, L2ψ3 = L3 = H3,
a2ψ3 = a3. �®£¤  G3 = (A3 ∗B3,H3), £¤¥ A3, B3, H3 | ª®­¥ç­ë¥ p-£àã¯¯ë.
� ¬¥â¨¬, çâ® a3 6= 1, â. ª. a3 = a2M ¨ ¯à¨ íâ®¬ a2 /∈ M , ¯®áª®«ìªã
a2 ∈ H2 \ 1 ¨ H2 ∩M = 1.

� áá¬®âà¨¬ ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ ψ4 : G3 → G3/H3. �¢®¤ï
®¡®§­ ç¥­¨ï G3ψ4 = G3/H3 = G4, A3ψ4 = A3/H3 = A4, B3ψ4 = B3/H3 =
B4, ¯®«ãç¨¬ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ G4 = A4 ∗ B4, £¤¥ A4 ¨ B4 | ª®-
­¥ç­ë¥ p-£àã¯¯ë. � ª ª ª L ⊆ W , â® L3 ⊆ W3 ¨ ¯®áª®«ìªã L3 = H3, â®
H3 ⊆ W3. �®íâ®¬ã W3ψ4 = W3/H3. �¡®§­ ç¨¬ ¯®¤£àã¯¯ã W3/H3 ç¥à¥§
W4. �¥ ¨­¤¥ªá ¢ £àã¯¯¥ G4 ª®­¥ç¥­, ¯®áª®«ìªã ª®­¥ç¥­ ¨­¤¥ªá [G : W ].
�âáî¤  ¨ ¨§ â®£®, çâ® £àã¯¯  G4 ª®­¥ç­® ¯®à®¦¤¥­­ ï, á«¥¤ã¥â, çâ® ¨ ¥¥
¯®¤£àã¯¯  W4 ª®­¥ç­® ¯®à®¦¤¥­ .

�® â¥®à¥¬¥ �ãà®è  (á¬., ­ ¯à., [4, á. 211] ¯®¤£àã¯¯  W4 £àã¯¯ë G4
à áª« ¤ë¢ ¥âáï ¢ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¨¤ 

W4 = S ∗ P1 ∗ . . . ∗ Pk, (4)
£¤¥ S | á¢®¡®¤­ ï £àã¯¯ ,   ¢á¥ Pi (i = 1, . . . , k) ï¢«ïîâáï ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨ ¢¨¤  x−1A4x∩W4 ¨ y−1B4y∩W4, £¤¥ x, y ∈ G4. �®­¥ç­®áâì à §-
«®¦¥­¨ï (4) á«¥¤ã¥â ¨§ ª®­¥ç­®© ¯®à®¦¤¥­­®áâ¨ £àã¯¯ë W4. �® «¥¬¬¥ 4
¢ £àã¯¯¥ W4 áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤£àã¯¯  F4 ª®­¥ç­®£® p-¨­¤¥ªá ,
ï¢«ïîé ïáï á¢®¡®¤­®©. �âáî¤  ¨ ¨§ â®£®, çâ® W4 = W3/H3, á«¥¤ã¥â, çâ®
áãé¥áâ¢ã¥â ¯®¤£àã¯¯  F3 ∈ L(W3,H3) â ª ï, çâ® F4 = F3/H3. � ª¨¬ ®¡-
à §®¬, £àã¯¯  F3 ï¢«ï¥âáï à áè¨à¥­¨¥¬ £àã¯¯ë H3 á ¯®¬®éìî á¢®¡®¤­®©
£àã¯¯ë F4. � ª®¥ à áè¨à¥­¨¥, ®ç¥¢¨¤­®, ï¢«ï¥âáï à áé¥¯«ï¥¬ë¬. � ¬¥-
â¨¬, çâ® £àã¯¯  F4 Fp- ¯¯à®ªá¨¬¨àã¥¬ , ¯®áª®«ìªã ®­  á¢®¡®¤­ .
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�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: L = L/L′Lp, V = V/L′Lp,
W = W/L′Lp. � ª ª ª W ⊆ V , â® Aut

W
(L) 6 Aut

V
(L). � á¨«ã (3)

Aut
V

(L) = 1. �§ ¯®á«¥¤­¨å ¤¢ãå ®¡áâ®ïâ¥«ìáâ¢ á«¥¤ã¥â, çâ® Aut
W

(L) = 1.
�¢¥¤¥¬ ¥é¥ àï¤ ®¡®§­ ç¥­¨©: H3 = H3/H ′

3H
p
3 , W 3 = W3/H ′

3H
p
3 ,

F 3 = F3/H ′
3H

p
3 . �®áª®«ìªã F3 ⊆ W3, ¨¬¥¥¬ Aut

F3
(H3) 6 Aut

W3
(H3). � ª

ª ª Wψ1ψ2ψ3 = W3, Lψ1ψ2ψ3 = L3 = H3, L′Lpψ1ψ2ψ3 = L′3L
p
3 = H ′

3H
p
3 , â®

¨§ â®£®, çâ® Aut
W

(L) = 1, ¢ á¨«ã «¥¬¬ë 5 á«¥¤ã¥â, çâ® Aut
W3

(H3) = 1 ¨,
á«¥¤®¢ â¥«ì­®, Aut

F3
(H3) = 1.

�ë ¢¨¤¨¬, â ª¨¬ ®¡à §®¬, çâ® £àã¯¯  F3 ï¢«ï¥âáï à áé¥¯«ï¥¬ë¬
à áè¨à¥­¨¥¬ ª®­¥ç­®© p-£àã¯¯ë H3 á ¯®¬®éìî Fp- ¯¯à®ªá¨¬¨àã¥¬®©
£àã¯¯ë ¨ ¯à¨ íâ®¬ Aut

F3
(H3) = 1. �®íâ®¬ã ¢ á¨«ã «¥¬¬ë 8 £àã¯¯  F3

ï¢«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®©. � ¤àã£®© áâ®à®­ë, F3 | ­®à¬ «ì­ ï ¯®¤-
£àã¯¯  ¢ W3 ¨ W3/F3 ∼= W4/F4 | ª®­¥ç­ ï p-£àã¯¯ . �§ ¯®á«¥¤­¨å ¤¢ãå
®¡áâ®ïâ¥«ìáâ¢ á«¥¤ã¥â, çâ® £àã¯¯  W3 Fp- ¯¯à®ªá¨¬¨àã¥¬ . �âáî¤  ¨ ¨§
â®£®, çâ® a3 ∈ W3 \ 1, á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ψ5 £àã¯¯ë
W3 ­  ­¥ª®â®àãî ª®­¥ç­ãî p-£àã¯¯ã W5, ®¡à § í«¥¬¥­â  a3 ®â­®á¨â¥«ì­®
ª®â®à®£® ®â«¨ç¥­ ®â ¥¤¨­¨æë. �®£¤  £®¬®¬®àä¨§¬ ψ1|W ·ψ2|W1

·ψ3|W2
·ψ5

£àã¯¯ë W ­  ª®­¥ç­ãî p-£àã¯¯ã W5 ®â®¡à ¦ ¥â í«¥¬¥­â a ¢ í«¥¬¥­â a3ψ5,
®â«¨ç­ë© ®â ¥¤¨­¨æë, ¨ ï¢«ï¥âáï ¨áª®¬ë¬. �¥®à¥¬  ¤®ª § ­ .

�¢â®à ¡« £®¤ à¥­ �. �. �§ à®¢ã §  ¯®¬®éì ¯à¨ ­ ¯¨á ­¨¨ ¤ ­­®©
áâ âì¨.
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