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Homotopy groups of spheres

The i-th homotopy group 7;(S™) summarizes the different ways in
which the i-dimensional sphere S* can be mapped continuously into the
n-dimensional sphere S™. It is known that if ¢ < n, then m;(S™) = 0.

Hurewicz theorem says that for a simply-connected space X, the first
nonzero homotopy group (X ), with £ > 0, is isomorphic to the first
nonzero homology group Hy(X). For the n-sphere, this immediately
implies that for n > 2, m,(S™) = H,(S™) = Z. Note that the homology
groups H;(S™), with i > n, are all trivial.

The question of computing the homotopy group m,44(S™) for positive
k turned out to be a central question in algebraic topology.



Homotopy groups of 2-sphere

m2(S9?) = 13(S%) =7, 74(S?) = 75(5?) = Zo,

77(9%) = m3(S?) = Zy, m9(S?) = Zs,
m11(5%) = Za, m12(5?) = Z3,
m14(5%) = Zss @ Lo, m15(5?) = Z2,

- Z127
) — Z157
3 =Z12 @ Zs,



Simplicial set and simplicial group

A sequence of sets X' = { X, },,>0 is called a simplicial set if there are
face maps:

di X, — X, 1for0<i<n

and degeneration maps
8t X — Xpqq for 0 < i < n.

This maps satisfy the following simplicial identities:

didj = dj_ldi if i< Js
SiSj = Sj+18¢ if 4 S j,
diSj = Sj_ldi if i< Js
dij =id= d]’+15‘j,
diSj = dei—l if > j+1.
o o = = 9ac



A simplicial group G = {Gj }n>0 consists of a simplicial set G for which
each G, is a group and each d; and s; is a group homomorphism. The

Moore complex NG = {N,,G},>0 of a simplicial group G is defined by

=1

NuG = () Ker(d; : Gr, — Gn_1).
An element in

Then dy(N,,G) C Np,—1G and NG with dj is a chain complex of groups.
Bng - dO(Nn—l—lg)
is called a Moore boundary and an element in

Z,G = Ker(dy : NyG — N,—1G)
be the group

is called a Moore cycle. The nth homotopy group m,(G) is defined to

m(G) = Hy(NG) = Z,G/BnG.
or <3 = = SHao
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Milnor's free simplicial group

Milnor’s F[S']-construction gives a possibility to define the homotopy
groups m,(S?) combinatorially, in terms of free groups. More
accurately, consider the simplicial circle S = A[1]/0A[1]:

S& = {x}, S% = {*,0}, S% ={*,soa,sla},...,S}L ={*,20,...,Tn}y. ..,

where ; = s,,...5;...500. The F[S!]-construction has the following
terms

The face and degeneracy maps are determined with respect to the
standard simplicial identities for these simplicial groups.



Milnor's theorem

Milnor proved that the geometric realization of F[S!] is weakly
homotopically equivalent to the loop space 252 = QXS!. Hence, the
homotopy groups of the Moore complex of F[S1] are naturally
isomorphic to the homotopy groups 7, (52):

Wn(F[SI]) = Zn(F[Sl])/Bn(F[Sl]) = 7Tn+1(S2)-



Braid groups

is defined by relations

Braid group B,, on n > 2 strands is generated by o1, 02, .
0i0i4+10;

041070441
00 =

0;0;

1—1

for |i — j| > 2.
The generators o; have the following geometric interpretation:
1 )

i+1 i4+2

AN |

.,0n—1 and

fori=1,2,...,n—2,



Pure braid group

There is a homomorphism ¢ : B,, — Sy, ¢(0;) = (i,1 + 1),
i=1,2,...,n— 1. Its kernel Ker(y) is called the pure braid group and
is denoted by P,,. Note that P, is infinite cyclic group.

Markov proved that P, is a semi-direct product of free groups:

P,=U, N NUp—1 N...N\NUy,

where U >~ Fy_1, k= 2,3,...,n, is a free group of rank k.



Cabling of the pure braids

F. Cohen and J. Wu (2011) constructed cabling for classical braids,
that is the simplitial group P, = {P,},>1 with face and degeneracy
maps corresponding to deleting and doubling of strands, respectively.
They proved that P, is contractible (hence m,(P;) is trivial group for
all n). On the other side, F. Cohen and J. Wu constructed an injective
canonical map of simplicial groups

0: F[s'] — P,,

This leads to the conclusion that the cokernel of © is homotopy
equivalent to S2. Hence, it is possible to present generators of ,(5?)
by braids.



Virtual braid group

The virtual braid group V B,, was introduced by L. Kauffman (1996).

V B,, is generated by the classical braid group B, = (01,...,0,-1) and
the permutation group S, = (p1,...,pn—1). Generators
pi,t=1,...,n — 1, satisfy the following relations:
p?=1 for i=1,2,...,n—1,
pipj = Pjpi for |i —j| > 2,
PiPi+1Pi = Pit1PiPit1 for 1 =1,2...,n—-2.

Other defining relations of the group V B,, are mixed and they are as
follows

oip; = pjoi for [i —j| > 2,
PiPi+103 = Oit1PiPit1 for 1 =1,2,...,n—2.

[m] (=) = =



Virtual pure braid group

The generators p; have the following diagram
1

1—1

i

1+1 1+2

Pi

As in classical case there is a homomorphism

QOZVBn—>Sn, 30(0-1):50(p2) = Pi, 7::172’"'7’”_1
by VP,.

Its kernel Ker(¢y) is called the virtual pure braid group and is denoted
=] [ =

Dac




Define the following elements in V B,:
Niie1 = pi0; L N = pidiiapi =0, tpi, i=1,2...,n—1,
Aij = Pj—1Pj=2 - Pit1 Aijit1 Pit1 - - - Pj—2 Pj—1,
)\ji = pPj—1pPj—2 .- Pit+1 )‘i-l-l,i Pit1---Pj—2Pj—1, 1 S 1< j -1 S n — 1.

Theorem [V. B, 2004]

The group V P, (n > 2) admits a presentation with the generators
Aij, 1 < # j < n, and the following relations:

Aij Akl = AR Aij,
AkiAkjNij = NijAkjAkis

where distinct letters stand for distinet indices.




Group VP,

Note that V Py

have geometric interpretation

(A12, Ao1) is 2-generated free group. The generators

&L

Ao = prop !

Aot = o7 1p1




Cabling of virtual pure braids

Let VP, = {V P, },>1 be the set of virtual pure braid groups.
Define the face map:

di VP, — VP,_1, 1=1,2,
what is the deleting of the ith strand.
Example:

.o,
1 2 3 1 2 3 1 2
é( | <<
_— p—
B Bdy
=] 5 = E E DA




Define the degeneracy map:

S; - VPn — VPn_H,
what is the doubling of the ith strand.
Example:

i=1,2,...,n,




VP,
Proposition

2V 2VPhZ2VEA.

V P, is contractible, i.e. m,(V Py) =0 for all n > 1.

It is not difficult to see that we have the simplicial group




Simplicial subgroup T}

Define a simplicial group T\ = {T},},>1 that is a simplitial subgroup of
V P, and is generated by A12 and Ao1:

T

=2Ty=T, =1y,
where T;,, n =1,2,..., is defined by the following manner

Qj5 = Sn -

Ty =VP, Thi1={(s1(Tn),s2(Tn), - Snt+1(Th))
If we let a11 = A2, b11 = Ao1, and

5i...s1a11, bjj = sp...5;...51b11,
Then

1+j7=n+1.
T = {ap, by k+1=n+1), n



Homotopy groups 7;(7%)

It is easily to check that in T}, all elements a;; (as all b;;) pairwise
commute. Hence one can formulates

Question
Is it true that T,, = Z™ x Z™ for all n > 17 J

If the answer is YES, then we have simplicial group
N ARV A= Y = YA

which has the same homotopy type as the space Q(K(Z,2) vV K(Z,2)).
It is known that

7;(S%) fori > 1,

mi(QK(Z,2) V K(Z,2))) = { Z@®7Z fori=1.

Hence ;(T,) = m;(S?) for all i > 1.



Decomposition of V P3

Unfortunately the answer on this question is NO.
Put Cij = bijaij.

Theorem [V. B., R. Mikhailov, V. V. Vershinin and J. Wu, 2016]
The group V P5 is generated by elements
aii, €11, @21, ai2, €21, Ci2

and is defined by relations

[a21, a12] = [carast, croas ] =1,

=il =il
c11 _ Cl1 __ ci1 __ ,€12Cy; c11 _ %21
Qo1 = @21, Cop = C21, Q13 = Q15 7, Cj3 = (g,

i. e. VP3 = <T2,(211> * <a11), <T2,611> = T2 PN <CH>.




T,, is infinitely presented for n > 1

As a corollary of the previous theorem we have
Corollary

T5 = (a21,a12,b21,b12) is defined by infinite set of relations

[a21, a12]12 = [bar, le]CIfz =1, kel




Groups V P, as HNN-extension

We have a good decomposition of V P3. Using the maps s1, s2, s3 we
can find some relations in V P;. On the other side V P, contains

commutativity relations but V Ps; does not.
Denote

-1 -1 -1 -1
Aq = (ag1ay9 az1, @12a75 22057 , 1375 ).
-1 15 -1 1
Ay = (b31bgy b1, byy baobigbia, biybi3).
Also denote

—1 —1 —1)\a12
By = (az1ag, az1,  (a1sa7z azas;)

, (a13a1—21)a2_11a12>

and

a — ayla
By = (b31b2_21b217 (b2—11b22b1—31b12) 2 (b1211)13) 21 12>'



Groups V Py as HNN-extension

We see that B, = A", By, = Aj"'. Put A = (Aq, Ay), B = (B,, By).
Since B is conjugate with A, then A is isomorphic to B and we get

Proposition

VP, = (G,a11 || al_llAau = B) is the HNN-extension with the base
group

G = (a21,a12, ba1, b1, asi, aze, a13, ba1, bz, b13),

associated subgroups A and B and stable letter ai;.




Simplicial groups T,

Let

where

Ty = (o, B, 1<kl <ik+1=i+1)~Z' « 7,
<Oéz'1704171,2, -’Oéu> = <5¢1,ﬁi—1,2,-

s Bri) = z
are free abelian group of rank . There is an epimorphism TZ — 15,
1=1,2,..., defined by the rule

QgL = Aty B big
Denote by K; the kernel of this homomorphism. Put T, = {Ti}izl and
defining the face and degeneration maps as on T} we get a simplicial
group.



Homomorphism of simplicial groups

We have the following homomorphisms of simplicial groups

= Iy =2 Ty = 1

1 1 1
= T3 =2 T, = T
T T T

= K; = K, = K,

ie. K, — i — T, where the left homomorphism is a
monomorphism and the right homomorphism is an epimorphism.
Consider the following simplicial group

K®:....2 K¢ = K$* = K%,

that is the abelianization of the simplicial group K.

=] = = = = o



We have to prove that H;(K,) = 0 for all i > 1. To do it take the chain

complex

Koo — K§* — K§* — K,
where the differential &, : K2 — K% | n=23,..., is defined by the
rule
n+1
On =Y _(~1)"""d;.
i=1



Generators of K§°

Proposition

The group K gb is generated by elements

[ﬂ31,522]721 = [Bs1, %2731]

Y39 ’Y31 ]
)

—1
1) [a3170[22]751 = [a31 ag22731]

2) [ast, ayg] M2 = [agl,agés

—k
[Ba1, Brs] 2t = [B1, ] 713 e ], where |k| 4 |m| # 0,

3) [a2g, a13)1t = [agg, a};ﬁm 1,

[B22, B13] 11 = [ﬂzmﬂvmm , m#0.

140,




General case

Theorem

For n > 4 all relations of V P, come from relations of V' P,_; under the

maps S;, 1 =1,2,...,n— 1.

Using this theorem we can prove
Proposition

K2 is generated by elements

cl.l. .cl?. ] ...cl.i_j . .
@414, Gjpp1—5]Fid%imi1mGr 1< j<i<n

ol li=j L
[Bint1—is bjnp1—g] i1 %1 1 < j < i <.

9




Contractibility of K2°

Theorem

H,(K®) =0 for all n > 1.

From this theorem follows the main result
Corollary

m(Ty) =ZZ
and for n > 1 the following equality holds

T (Ty) = T (S?).
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Thank you!

Hao



