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�®­¥ç­®¥ à áè¨à¥­¨¥ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë ï¢-
«ï¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®© (¥á«¨ H E G â ª ï, çâ®
G/H ª®­¥ç­  ¨ H ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , â® ¨ G ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬ ).

�¥à­® «¨ ¤¢®©áâ¢¥­­®¥ ãâ¢¥à¦¤¥­¨¥: à áè¨à¥­¨¥ ª®­¥ç­®©
£àã¯¯ë ¯à¨ ¯®¬®é¨ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë ï¢«ï¥âáï
ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®© (¥á«¨ H E G â ª ï, çâ® G/H
ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  ¨ H ª®­¥ç­ , â® ¨ G ä¨­¨â­®  ¯¯à®ªá¨-
¬¨àã¥¬ )?

�à¨¬¥à
�ãáâì p | ¯à®áâ®¥ ç¨á«®, ¯ãáâì ¤«ï «î¡®£® ­ âãà «ì­®£® ç¨á« 

n á¨¬¢®« An ®¡®§­ ç ¥â ª®­¥ç­ãî æ¨ª«¨ç¥áªãî £àã¯¯ã ¯®àï¤ª  pn+1

á ¯®à®¦¤ îé¨¬ an ¨ ¯ãáâì

G = 〈a1, a2, . . . ; apn+1

n = 1, ap
1 = apn

n (n = 1, 2, . . . )〉

| á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ á¥¬¥©áâ¢  £àã¯¯ A1, A2, . . . á ®¤­®© ®¡ê-
¥¤¨­¥­­®© ¯®¤£àã¯¯®©. �àã¯¯  G ­¥ ï¢«ï¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨-
àã¥¬®©, ¯®áª®«ìªã á®¤¥à¦¨â ­¥¥¤¨­¨ç­ë¥ ¯®«­ë¥ í«¥¬¥­âë. � ¤àã-
£®© áâ®à®­ë, ®¡ê¥¤¨­ï¥¬ ï ¯®¤£àã¯¯  Ap

1 ï¢«ï¥âáï ª®­¥ç­®© ­®à-
¬ «ì­®© (¤ ¦¥ æ¥­âà «ì­®©) ¯®¤£àã¯¯®© £àã¯¯ë G,   ä ªâ®à-£àã¯¯ 
G/Ap

1 ï¢«ï¥âáï (®¡ëç­ë¬) á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ á¥¬¥©áâ¢  ª®-
­¥ç­ëå £àã¯¯ An/Apn

n ¨ ¯®â®¬ã ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .
�®¯à®á: �ãé¥áâ¢ã¥â «¨ ª®­¥ç­® ¯®à®¦¤¥­­ ï £àã¯¯  á  ­ «®-

£¨ç­ë¬¨ á¢®©áâ¢ ¬¨?
�®«®¦¨â¥«ì­ë© ®â¢¥â ¯®«ãç¥­ ¢ à ¡®â¥ [1].
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�§ ¨§¢¥áâ­®© â¥®à¥¬ë �.�.� «ìæ¥¢  ® ä¨­¨â­®©  ¯¯à®ªá¨¬¨-
àã¥¬®áâ¨ ¯®«ã¯àï¬®£® ¯à®¨§¢¥¤¥­¨ï £àã¯¯ á«¥¤ã¥â, çâ® ª ¦¤®¥ à á-
è¨à¥­¨¥ «î¡®© ª®­¥ç­® ¯®à®¦¤¥­­®© ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®©
£àã¯¯ë ¯à¨ ¯®¬®é¨ ¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë ï¢«ï¥âáï ä¨-
­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®©. � [1] ä®à¬ã«¨àã¥âáï § ¤ ç  ®¯¨-
á ­¨ï ¢á¥å ª®­¥ç­® ¯®à®¦¤¥­­ëå £àã¯¯, ª®â®àë¥ ¢¥¤ãâ á¥¡ï ¢ íâ®¬
á¬ëá«¥ â ª ¦¥, ª ª ¡¥áª®­¥ç­ ï æ¨ª«¨ç¥áª ï £àã¯¯ . �«ï ¥¥ à¥è¥­¨ï
 ¢â®àë íâ®© áâ âì¨ ¢¢®¤ïâ á«¥¤ãîé¥¥ ¯®­ïâ¨¥:

�®­¥ç­® ¯®à®¦¤¥­­ ï £àã¯¯  G ­ §ë¢ ¥âáï á¢¥àå ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬®© (super-(residually �nite)) ¥á«¨ ª ¦¤®¥ à áè¨à¥­¨¥
¯à®¨§¢®«ì­®© ª®­¥ç­®© £àã¯¯ë ¯à¨ ¯®¬®é¨ £àã¯¯ë G ï¢«ï¥âáï ä¨-
­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®©. �«¥¤ãï [1], â ª¨¥ £àã¯¯ë ¡ã¤¥¬
á®ªà é¥­­® ­ §ë¢ âì SRF -£àã¯¯ ¬¨.

�á­®¢­®© à¥§ã«ìâ â áâ âì¨ [1]:
ª ¦¤®¥ à áè¨à¥­¨¥ «î¡®© ª®­¥ç­® ¯®à®¦¤¥­­®© ä¨­¨â­®  ¯-

¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë ¯à¨ ¯®¬®é¨ SRF -£àã¯¯ë ï¢«ï¥âáï ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®©.

� à ¡®â¥ [2] ¤®ª § ­®, çâ® áà¥¤¨ à áè¨à¥­¨© £àã¯¯ë Z3 ¯à¨
¯®¬®é¨ £àã¯¯ë SL3(Z) áãé¥áâ¢ãîâ ­¥ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë¥
£àã¯¯ë.

�àã¯¯  SL3(Z) ­¥ ï¢«ï¥âáï SRF -£àã¯¯®© ¨, á«¥¤®¢ â¥«ì­®,
¯à¥¤áâ ¢«ï¥â á®¡®© ¯à¨¬¥à ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­® ¯®-
à®¦¤¥­­®© £àã¯¯ë, à áè¨à¥­¨¥ ¯à¨ ¯®¬®é¨ ª®â®à®© ­¥ª®â®à®© ª®-
­¥ç­®© £àã¯¯ë ­¥ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®.

�¥®à¥¬  1. �«ï «î¡®© £àã¯¯ë G á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï
à ¢­®á¨«ì­ë:

(1) £àã¯¯  G ­¥ ï¢«ï¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© ¨ ®¡« -
¤ ¥â ª®­¥ç­®© ­®à¬ «ì­®© ¯®¤£àã¯¯®©, ä ªâ®à £àã¯¯  ¯® ª®-
â®à®© ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ;

(2) ¯®¤£àã¯¯  σ(G) £àã¯¯ë G ª®­¥ç­  ¨ ­¥¥¤¨­¨ç­ .
�à®¬¥ â®£®, ¥á«¨ £àã¯¯  G ­¥ ï¢«ï¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨-

àã¥¬®© ¨ N | ª®­¥ç­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë G â ª ï, çâ®
ä ªâ®à-£àã¯¯  G/N ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , â® (­¥¥¤¨­¨ç­ ï)
¯®¤£àã¯¯  σ(G) á®¤¥à¦¨âáï ¢ æ¥­âà¥ ¯®¤£àã¯¯ë N . � ç áâ­®áâ¨,
æ¥­âà ¯®¤£àã¯¯ë N ­¥¥¤¨­¨ç¥­,   ¯®¤£àã¯¯  σ(G) ï¢«ï¥âáï ª®­¥ç-
­®©  ¡¥«¥¢®©.
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(�¤¥áì σ(G) ®¡®§­ ç ¥â ¯¥à¥á¥ç¥­¨¥ ¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯
ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G. �§¢¥áâ­®, çâ® σ(G) ï¢«ï¥âáï ­ ¨¬¥­ì-
è¥© ¨§ ¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯ £àã¯¯ë G, ä ªâ®à-£àã¯¯ë ¯® ª®-
â®àë¬ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë.)
�«¥¤áâ¢¨¥. �à®¨§¢®«ì­®¥ à áè¨à¥­¨¥ ª®­¥ç­®© £àã¯¯ë ¡¥§ æ¥­âà 
¯à¨ ¯®¬®é¨ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë ï¢«ï¥âáï ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®©.

� áâ âì¥ [1] â ª¦¥ ¤®ª § ­®, çâ®
ª« áá SRF -£àã¯¯ § ¬ª­ãâ ®â­®á¨â¥«ì­® à áè¨à¥­¨© ¨ ®¡ëç­ëå

á¢®¡®¤­ëå ¯à®¨§¢¥¤¥­¨©,
á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå SRF -£àã¯¯ á ®¡ê¥¤¨­¥­­®© ª®­¥ç-

­®© ¯®¤£àã¯¯®© ¨ HNN -à áè¨à¥­¨¥, ¡ §®¢ ï £àã¯¯  ª®â®à®£® ï¢«ï-
¥âáï SRF -£àã¯¯®© ¨ á¢ï§ ­­ë¥ ¯®¤£àã¯¯ë ª®­¥ç­ë, â ª¦¥ ï¢«ïîâáï
SRF -£àã¯¯ ¬¨.

�¥®à¥¬  2. �ãáâì G | ­¥ª®â®à ï £àã¯¯ , ϕ | ¨­ê¥ªâ¨¢-
­ë© í­¤®¬®àä¨§¬ £àã¯¯ë G ¨ G(ϕ) =

(
G, t; t−1gt = gϕ (g ∈ G)

)
|

á®®â¢¥âáâ¢ãîé¥¥ ­¨áå®¤ïé¥¥ HNN -à áè¨à¥­¨¥. �á«¨ G ï¢«ï¥âáï
SRF -£àã¯¯®© ¨ £àã¯¯  G(ϕ) ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , â® ¨ G(ϕ)
ï¢«ï¥âáï SRF -£àã¯¯®©.

�âáî¤  ¨ ¨§ ã¯®¬ï­ãâ®© ¢ëè¥ § ¬ª­ãâ®áâ¨ ª« áá  SRF -£àã¯¯
®â­®á¨â¥«ì­® à áè¨à¥­¨© ¨ á¢®¡®¤­ëå ¯à®¨§¢¥¤¥­¨© ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥. � ¦¤ ï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯  � -
ã¬á« £  { �®«¨âíà  ï¢«ï¥âáï SRF -£àã¯¯®©.

�à¥¤«®¦¥­¨¥ 1. �ãáâì £àã¯¯  G∗ =
(
G, t; t−1At = B, ϕ

)
ï¢«ï¥âáï | HNN -à áè¨à¥­¨¥¬ £àã¯¯ë G á ¯à®å®¤­®© ¡ãª¢®© t ¨
á¢ï§ ­­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬ ϕ ¯®¤£àã¯¯ ¬¨ A ¨
B ¨ ¯ãáâì ¤«ï ­¥ª®â®à®© £àã¯¯ë H áãé¥áâ¢ã¥â í¯¨¬®àä¨§¬ π
­  £àã¯¯ã G∗. �®£¤  £àã¯¯  H ï¢«ï¥âáï HNN -à áè¨à¥­¨¥¬ ¢¨¤ (
G1, s; s−1A1s = B1, ψ

)
, £¤¥ G1, A1 ¨ B1 | π-¯à®®¡à §ë ¯®¤£àã¯¯ G,

A ¨ B á®®â¢¥âáâ¢¥­­®, s | π-¯à®®¡à § í«¥¬¥­â  t ¨ ®â®¡à ¦¥­¨¥
ψ ®¯à¥¤¥«ï¥âáï ¯® ¯à ¢¨«ã xψ = s−1xs ¤«ï «î¡®£® x ∈ A1. �à¨ íâ®¬
¢ë¯®«­¥­® à ¢¥­áâ¢® ψπ = πϕ.

�ãáâì G | ­¥ª®â®à ï £àã¯¯  ¨ ϕ | í­¤®¬®àä¨§¬ £àã¯¯ë G.
ϕ-®à¡¨â®© í«¥¬¥­â  a ∈ G ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®

Orbϕ(a) =
{
aϕk

∣∣ k = 0, 1, . . .
}
.
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�à¥¤«®¦¥­¨¥ 2. �ãáâì G | ª®­¥ç­® ¯®à®¦¤¥­­ ï ä¨-
­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯  ¨ ϕ | ¨­ê¥ªâ¨¢­ë© í­¤®¬®àä¨§¬
£àã¯¯ë G. �¨áå®¤ïé¥¥ HNN -à áè¨à¥­¨¥ G(ϕ) ï¢«ï¥âáï ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£®
­¥¥¤¨­¨ç­®£® í«¥¬¥­â  a ∈ G ­ ©¤¥âáï ϕ-¤®¯ãáâ¨¬ ï ­®à¬ «ì-
­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G, ¯¥à¥á¥ç¥­¨¥ ª®â®à®© á
ϕ-®à¡¨â®© í«¥¬¥­â  a ¯ãáâ®.


