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AN HNN-EXTENSION WITH CYCLIC ASSOCIATED SUBGROUPS
AND WITH UNSOLVABLE CONJUGACY PROBLEM

JODY MEYER LOCKHART

Dedicated to memory of William Werner Boone

ABSTRACT. In this paper, we consider the conjugacy problem for HNN-
extensions of groups with solvable conjugacy problem for which the associated
subgroups are cyclic. An example of such a group with unsolvable conjugacy
problem is constructed. A similar construction is given for free products with
amalgamation.

1. INTRODUCTION

It is known that an HNN-extension of a group with solvable conjugacy prob-
lem may have unsolvable conjugacy problem. Some restrictions placed on the
type of HNN-extensions force the conjugacy problem to be solvable. In this
paper, we investigate HNN-extensions with infinite cyclic associated subgroups.
That is, we consider HNN-extensions of the form

G=(H,t;t 'ar=b),

where a,b € H are of infinite order. We also consider the analogous situation
of free products with cyclic amalgamated subgroups.

The conjugacy problem for HNN-extensions and free products with amalga-
mation of this type has been considered by M. Anshel and P. Stebe [1], L. P.
Comerford and B. Truffault [2], R. D. Hurwitz [3], and S. Lipschutz [4], among
others. All obtained results giving conditions which guarantee that such groups
have solvable conjugacy problem.

In this paper, we approach the problem from the opposite direction. An
example of an HNN-extension G = (H it ar = b) where H has solvable
conjugacy problem, G has solvable word problem, but G has unsolvable conju-
gacy problem is constructed. A similar example is given involving free products.

In §2, we show the existence of a one-to-one recursive function f:N — N
with nonrecursive range such that S, = {f(kn):k = 1,2, ...} is recursive for
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332 J. M. LOCKHART

each n =2,3,.... In §3, we use the function f to construct group presen-
tations H and G, each with a recursive set of generators and a recursively
enumerable set of defining relators. H has the following properties.

(i) H has solvable conjugacy problem;
(i) H has an infinite cycle subgroup (d) such that
(a) there is no algorithm to decide if an arbitrary W in H is conju-
gate to an element of (d);
(b) the problem of membership in (d) is decidable;
(ili) If W € H then W is not conjugate in H to W'

Let G = (H,t; ldr = d"l) The group G has solvable word problem by
(i1)(b). Stralghtforward arguments show that for any W € H, W is conjugate
to W in G if and only if W is conjugate in H to an element of (d). Thus
G has unsolvable conjugacy problem.

We then use the standard HNN embedding into a two-generator group to
obtain the result for recursively presented groups. Free products with amalga-
mation are also considered.

§4 contains the proofs of some assertions used but not proved in §3.

2. THE FUNCTION f
In this section, we prove the existence of a recursive function f with certain
special properties.

Lemma 1. There is a one-to-one recursive function f:N — N with nonre-
cursive range such that S, = {f(kn): k = 1,2,...} is recursive for each
n=2,3,4,.

Proof. Let g be any one-to-one recursive function with nonrecursive range.
Let p; be the jth prime number. Define f by

) ay a,, oy ) [¢%] Qap
S =11 (p“'p Py ) = Po(inPatiny+inPatintis T Peliny i
where i, < i, <---< i, . The function f is clearly recursive.
We next show that f is one-to-one. Suppose
) QZ ﬂl ﬂm
[ e o) = 0P - b))

Then 5 s 5
Q| a2 Qp _ 1 2 . m

PoinPetinyria " Petin+in = PelinPetin+i " Pelin+in’
Since g(i,) < g(i,) +i, < g(i,) +iy<---<g(i,)+1i, and

n
8U)<8U)+ti,<gU)+is<--<gU)+J,,
it follows that
g(i)=280), &) +i,=80)+Jys....80)+1i,=80,)+J,
Therefore, m =n and i, = j, and o, = g, forall k=1,...,n. Hence,

p:lllp(lz . .pZn — pﬁlpj’;2 .. pjp;:’n.
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Now consider the range of f.
iff p, = f(p;) for some j,
p; €range f3 iff p, = J for some j,
iff i € range g.
Since the range of g is nonrecursive, the range of f is nonrecursive.
Next consider S, where n is prime. We claim that

a) _ ap

a
pjlij.”pj/ ESPi
if and only if
(i) Jj,=g(i) and S>> >, > +ij0r
(i) J, = g(i") for some i'<i,j,>~~>j2>jl+i',and Jg—J, =1 for
some s between 2 and /.

It follows immediately from the claim that S, is recursive if n is prime.

We now prove the claim. First assume that pj’l' pj‘; e pZ’ isin S, . Then

a) _a a B B B
pjnlpjzz.“pj/[ = f(pinlpizz “‘pill)
for some plff‘pg’-upg’ where | < i, <--- < i and i = i, for some ¢ =
1,...,l. There are two cases to consider: (1) t=1 and (2) ¢ > 2.
Case (1). If
o)« a BB B
. p;'p; 0 = f;' b b))
then . 5
@) aj o 1 2 .
PPy, P = PyyPyiveiz " Poliyriy”

Therefore, j, = g(i) and j, > j, +i; that is, (i) holds.
Case (2). If
apa a BB B B
P pj, by =y by op b)),
then 5 g 5 5
al az a/ = ] 2 ... ! CEEEEY [
Py PjyPjy = PgiinPaigriy Petinyei* Poliyyri
Therefore, j, = g(i,) for some [, <i, j,>j,+i,and i=j —j forsome
t between 2 and /. That is, (ii) holds.

Now suppose n = p;’l' p}’; . p;’ satisfies (i) or (ii). We will show that »n € S, -

Suppose n satisfies (i). Let ty=1Jyn—J, for m=2,...,1. Therefore, ('i)
gives £, >1t,_,>--->t,>i. We have
a ay a3 7] | a) a3 (o7}
S@; PP Py) = PPy Patnn,  Petiyy
_ a) Q) ag..‘ a
=P Pppj P
Hence, n € Sp,- .
Suppose n satisfies (ii). Let ty = Jyp—J, for m =2,3,...,]. Then
ty>t_ >-->t;>t,> i where g(i') = j, . Therefore,
a)_ay_ a3 g (63 ay
J@i' PP Py) = PPy, Palin
a) __a) . [e7]

=P Pj, P,
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and since j, — j, = i for some s, we have ¢ = i for some s. Therefore,
ne Spi . This completes the proof of the claim.

To complete the proof of the lemma, we need to show that S, is recursive
if n>1 and n is not prime. Let p be any prime divisor of n. Then, x € S,
implies x € Sp . To determine if x € S, , first determine if x € Sp . If not,
then x ¢ S,. If so, we can effectively find the unique number a such that
x = f(ap). If n divides ap then x € S, . Otherwise, x ¢S, . O

3. THE GROUPS

In this section, we give an example of a recursive group presentation N with
solvable conjugacy problem and with infinite cyclic subgroups 4, and A4, such
that the HNN-extension of G associating 4, and 4, has unsolvable conjugacy
problem.

If W, and W, are words, we use W, = W, to mean that W, and W, are
identical words, W, = W, to mean that W, and W, are equal as elements

of the group G, W, = W, to mean that W, and W, are freely equal, and
r
W, ¥ W, to mean that W, and W, are conjugate as elements of G .
Let f be the function of Lemma 1 and let

-1 -1 _i .
H=(x,z,%,2y,...5 2 XpnZi =2 X123 (i=2,3,4,...)).
We begin with some definitions.

Definition. If W = x":‘zf] Leox? zj where «, , B, are integers, then W is
said to be in condensed form if ﬂk =0 implies i, # i,,, and o, =0 implies
Jet # -

Definition. If W = x“'zﬂ ! ---xlf':" zﬁ" , where a, , B, are integers, then W is
said to be reduced if
(i) W is freely reduced;
(i) i, # f(,_,) for s =2,3,...,n, i # f(j) for s=1,2,...,n and
iy # f(J,); and
(iii) no nontrivial subword of W or of any cyclic permutation of W equals
lin H.

Notice that the free group presented by

B=(x(jgrange /), X, 2,2, ...} )

is isomorphic to the group presented by H .
We first show that H has solvable word problem from which it follows that
there is an effective procedure to determine if a word is reduced.

Lemma 2. H has solvable word problem.

Proof. Assume W = x"‘ ﬂ Leox zf " is freely reduced and in condensed form.

If i,...,i, are not m the range of f, then W—l if and only if W—l
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if and only if W 1. Thatis, W = 1 if and only if W = 1. Suppose

W # 1. We claim that if i # f(j_,) forall k =2,...,n and i, # f(j,)
forall k =1,...,n, then W # 1. Assuming the clalm we can determine

H
whether W = 1 by “semireducing” W as follows. Check if f( jk) =1, or

SUeZ) =iy forsome k, je_i» J, = 2. If so, replace X, by z; zl xl -

12
-1 -1
orz, z, x{" 'z,z e and then freely reduce and condense the result. Repeat

this procedure until f(j,) # i, and f(j,_,) # i, forall k. Then W = 1 if
and only if the resulting word is the trivial word.

We now prove the claim. Let W' be the word obtained from W by replac-
ing all occurrences of Xy by z, zl xlzlz (note that W’ is not obtained

effectively from W ). Then W= = 1 if and only if W’ = 1. In order for any free
r

reduction to occur in W', a z° introduced when x,, . is replaced must cancel
J fG)

with a neighboring zj_l6 . That is, either i, = f(j,) forsome k or i, = f(j,_,)
for some k. O

Corollary. There is an effective procedure to determine if words of H are reduced,
and there is an effective procedure that given a word W of H yields a reduced
word W' of H such that W ~ w'.

To show that H has solvable conjugacy problem, we need the following
lemma.

Lemma 3. If V and W are reduced words of H then V p W if and only if

(i) there are cyclic permutations V' and W' of V and W, respectively,
such that V' = w'; or

(i) V =x3, and W=x7, witha#b, and aa=ba.

Proof. The proof from right to left is immediate. So suppose that ¥ and W
are reduced words of H and V p W. Let V and W be obtained from V

and W by replacing each occurrence of X (i=2,3,...) by z,.zl_lezlz,_l

Now,
VW ifV~W ifV~W
H H Fr

and V ~ W if and only if there exist cyclic permutations ¥ and W of ¥ and
r

W , respectively, such that Vv = W. Let V = x“'z'g ' x " P o . If for some
r

7y i is not in the range of f, then ¥ and any cyclic permutatlon of V must
contain x;, (using the assumption that V is reduced). Therefore, W must

also contain x;, and V and W can be chosen to begin with X; - Therefore,
V and W are equal to words V' and W' which are cyclic permutations of V

and W, respectively. Since V = W, we have V' = w' | satisfying (i).
r
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If V' contains at least one occurrence of some z; , then since V is reduced,

V and W also contain this z i Then V and W can be chosen to begin with
z; and we can argue as above to obtain cyclic permutations V' and W' of V
and W, respectively, such that V' = w'.

So we may assume that V' and W are words on {xf (1) Xr2)r }; ie.

— a1 (5] Qan
V' =Xfa)X @) X1 xf( )xf(bz xf(b

bj;éb a, # a;, and b, # b, . First

j+1>

=W.

We may assume that a; # a,_ ,
consider the case n > 1. We have

-1 _a«a -1 —1 _apay -1
Z,Z) X\ 2z, 1z, Z) X\ Z\Z,
-1 b]Ul -1 -1 bmdm -1
It X B Zy R, 2 X 2T,
b 9
Since a; # a,,,, b, # bm, a, #a,, and b, # b,, none of the z’s cancel.

Therefore, the x’s must “match up”. That is, there are cyclic permutations 14
and W' of ¥V and W, respectively, such that V' = w' | yielding (i).
r

Finally consider the case n = 1. That is, suppose V = x}"(a) and W = x;(b) .
Then

1_ao l —1_bo -1
1ﬁ'zzlxlzz Z,Z, X, Z,Z,

iff X[ ~ xf" ,
H

=

iff X2 ~ x1%,
Fr
iff aa = bo.
If a=b,then a =0 and (i) follows. If a # b, then (ii) follows. O

Lemma 4. H has solvable conjugacy problem.

Proof. By Lemma 3, it is enough.to show that conditions (i) and (ii) of Lemma
3 can be effectively tested. Since H has solvable word problem, condition (i)
can be effectively tested. Consider (ii). Suppose V = x; and W = x}’. We
need to determine if there are integers a and b such that a # b, i = f(a),
Jj=f(),and aa=bo.

If i = j, then no such integers exist since f is one-to-one. So suppose
i#j.Let d=gcd(a,0);then a =d'd, 0 =d'd, and ao = bo if and only
if ad’ = ba’. Since o’ and ¢’ are relatively prime, aa’ = bo’ implies that ¢’
divides a and o divides b. Therefore,

aa = ba = ¢’ divides a and o’ divides b
=>aec{c 20,30 ,. Yandbe{a',22,30,...}
= f(a)€ {f(d'), f(2d"), ...} and f(b) € {f(c), f(2¢), ...}.

So if integers a # b satisfying (ii) exist, then i = f(a) € S,, and j = f(b) €
S .. At least one of ¢ and o is not 1 since a # b. Assume, without loss of
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generality, that ¢’ # 1. By Lemma 1, S,, is recursive. Determine if i € S, .
If not, then (ii) is not satisfied. If so, effectively find a = ma’ with i = f(a).
The only possible value for b then is (aa)/o. If j = f(aa/o), then (ii) is
satisfied. Otherwise, (ii) is not satisfied. O

Theorem 1. There is a group presentation H with a recursive set of generators
and a recursively enumerable set of defining relators with solvable conjugacy prob-
lem and an HNN-extension G of H associating infinite cyclic subgroups of H
that has unsolvable conjugacy problem.

Proof. Let H = (x,,2,,%X,,2,, ... ;zi_'xf(i)zi = zl_lxizl (i=2,3,...)) be
the group of Lemma 4 and let

G=(H,t;t

Note that zl_lxlzl has infinite order. We claim that Xj xj_l if and only

1_—1 fo !
zZ, Xz t=2z X z)).

if j € range of f, from which it immediately follows that G has unsolvable
conjugacy problem.

We now prove the claim. If j € range of f, thenin G

_ _ —1_n -1
Xj =Xf(n) =2z,z, X,2,Z,

1

—-1_n —1_—n
~Zyp X I X

“t_-n_ -1 _ -1 _ -1
~NZ.Zp X 22, =Xp) =X

If X; xj"l, then using the facts that X, xj_1 € H and G is an HNN-

extension of H , either
. -1
i) Xj~ X, or
(ii) there is a sequence of words V,V,, ..., Vzp with X; = V, and xj_l =

I/2p such that szﬂ p sz+2 for j=0,...,p—1 and, for each j

l,...,p—1, thereis an ¢ = +1 with t_eszte= Vajel -

We will first show that (i) is impossible. If j & rangef, then X; xj_l if

and only if Xj o xj_l which is clearly impossible. If j = f(n), then
r
. —1._n -1 —1_—-n -1
[ iffz,z X z2, 2.7 X 22,

X~ X; _ _n
H iff x| ~ x|
Fr

which is impossible since n # 0. Therefore, if x; > xj_l , (i1) must occur and

. . —1 .
s0 x; must be conjugate in H to an element of the form z, x;'zl where n is

. . —1_n -1 _n : :
some integer. If j ¢ range f and X;~ 2 X2, then Xj 2y X2y which is

impossible. Therefore, x, ~ x. ' implies that j € range f. O
J g

We mention without proof that G has solvable word problem.

We now extend the above result to recursive presentations by using the stan-
dard HNN embedding into a two-generator group and checking that the appro-
‘priate properties are preserved.
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Lemma 5. Let H = (h,,h,, ...;s,,s,,...) be a presentation with a recursive
set of generators and a recursively enumerable set of defining relators such that

(i) H has solvable conjugacy problem;
(i) h;#1 forall i=1,2,3,...;

(iii) h;#h; forall i#j,i,j=1,2,3,...; and

(iv) there is an algorithm which given a word W of H decides if W = hfhf
for some i, j=1,2,... and some ¢, 6 = *1 or 0 and, if so, which
ones.

Let F=H"(a,b) and
N=(F,t;t 'at=b,0 b 'ab't=ha 'ba' (i=1,2,...)).

Then N has solvable conjugacy problem.

Proof. It is known that N has solvable word problem. Let G, be the group
generated by {a,b_iabi (i=1,2,...)} and let G, be the group generated
by {b,hia_iba’ (i=1,2,...)}. Let ¢ be the isomorphism from G, to G,
defined by ¢(a) = b and $(b~'ab’) = h,a”'ba’ for i=1,2,.... We need the
following assertions whose proofs will be delayed until §4.
(1) There is an algorithm to decide if elements of G, UG, are conjugate in
N.
(2) There is an algorithm to decide, given V € F, if V is conjugate in F
to an element of G, UG, and, if so, to find such an element.
(3) There is an effective procedure to determine, for arbitrary X, Y € F,
if there is a Z € G, such that XZY € G, and, if so, to produce the
finite number of possible Z .
(4) If X,Ye F-G,, DeG, isreduced, and XDY € G,, then #,(D) <
#,(X) +#,(Y) + 2, where #,(4) is the number of occurrences of the
symbol b in the word 4.

Since t-reduction is effective, we may assume that we are dealing with cycli-
cally z-reduced words and we may consider the base and nonbase cases sepa-
rately.

Base Case. We first consider conjugacy in N of elements of F. Suppose
U, V e F. By Collins’ Lemma, U g V' if and only if

(a) U ~ V;or
(b) there exist words W, ... , W, such that U ~ W, ~ W, ~ Wy ~ .- ~
F t F t
W, ~ V where W, ..., W, € G UG, and ~ indicates conjugation by
tort .

Case (a) can be decided since F has solvable conjugacy problem. Case
(b) holds if and only if there exist W, W, € G, UG, such that U ~ W,

V ~ W,,and W, ~ W,. By assertions (1) and (2) this can be decided.
F G
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Nonbase Case. We now consider conjugacy in N of elements of N—F . Assume
that

—_ & Em — t Em
Usxt" x,t"x, , andV=yt' -y "y

both cyclically t-reduced. We consider three cases:
(i) m=1;
(ii) m > 1 and the ¢, do not cyclically alternate; i.e. ¢, = ¢, or there is
an i, 1 <i<m-1, such that & =&,
(iii) m > 1 and the ¢, do cyclically alternate.
First consider (i); m = 1. By Collins’ Lemma, we may assume that U = xt¢;
V=yt;and U v V if and only if there is a C € G, such that c'xtC ﬁyt.

But C~'xtC ﬁyt implies that t_ly_IC_lxtC = 1. Therefore, x and y € F,

cle G,, and y_IC “xe G, . By assertion (3), there are only finitely many
possible C and they can be effectively found. Since N has solvable word
problem, c'xic = yt can be effectively tested for each possible C and so

U v V' can be decided in case (i).

Now consider (ii); m > 1 and the ¢; do not cyclically alternate. We may, by

Collins’ Lemma and by using U™! and V™! instead of U and V if necessary,
assume that ¢, _, =¢,=-1and x, =y,  =1. Then U v V if and only

if there is a C € G, such that

-1 & -1 -1 -1, -1 —&_ —1
(*) C o x it x, 1 x,t Cty, ty,_ -t 'y ;l.

By considering the first two t-pinches on the left-hand side of (x), one ob-
tains that C~'UC = V' implies )cmd)(C)y,;l € G, . Therefore, any conjugating
element C has the properties

(2) ¢(C) € G, and (b) x, ¢(C)y,' €G,.

By assertion (3), there is an effective procedure that will either determine

that no such C exists or produce a finite list containing all C satisfying (a)
and (b). As in case (i), U g V' can be decided.

Now consider (iii); the ¢; cyclically alternate. We may, without loss of
generality, assume that

_ -1 -1 -1,
U=xtxyt xtx, 0 - x, 1x,t

-1 -1 -1
VEy iyt Yty -y, 1y,

n iseven; and U g V' if and only if thereisa C € G, such that c'uc = V.

Define the homomorphism p: F — (a,b) by p(h) =1 forall h € H,
p(a) = a and p(b) = b. Define the homomorphism ©:F — F by t(h) = h
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forall he H, 7(a)=b, and t(b) = a. Now,

c'vc = V= C_lxltx:,_t_l ---xnt_lCtyn_lt_lyn__l1 ---t_'yl_l = 1
=
-1 —1 -1 -1, - —1y =1, -
CTlx 67 (xp(xy - $(x,_ 87 (5, B(CIy, Ity 93 vy Wy = 1
=
-1 -1 -1 - - - — —
Pl X187 (Xy9(xy B, 167 (@@, I,y vy Wy ) =
=

CT'U,C = Uy, where U, = p(x,)(z0 p)(x)p(x;)(z 0 p)(x) -+ (0 p)(,)

and U, = p(y,)(t0 p)(¥,) p(¥5)(t 0 p)(¥,) - (t0 p)(¥,)
=

C o W™D, where D and W are words on {a,b} such that D_'UID o
a, a,

U, and U, ( =b) w* for some k.
a,
Since such W and D can be effectively found, it remains only to find a bound

for m. For then we will have effectively found the finite number of possible
conjugating elements and each can be tested. We know that x,,y, ¢ G, for

otherwise U,V would not be reduced. If C”'UC =V, then #(C) € G, and
x,6(C)y;" € G,. By assertion (4), #,(¢(C)) < #,(x,) + #,(»,) + 2. Hence, a
bound for m can be found completing the proof for case (iii). O
Lemma 6. Let H and N be as in Lemma 5 and suppose G = (H,v;v_ldv =
e) has solvable conjugacy problem where d and e are elements of H of infinite
order. Let L = (N ,v v do = e). Then L has unsolvable conjugacy problem.
Proof. We first show that, for y ,y, € H, y, L) if and only if y, V2 The
statement is clear from left to right. If y, Y2 then either

(1) yy~y, or

@) YWy Wy Wy Wy,
If (1), then clearly y, sy If (2), then y, > U € G, UG, . This is impossible
unless y, = 1 in which case y, =1 and y, sy

We will next show that, for V|,V, € G, V] ¥ V, if and only if V] o V,,

thus showing that L has unsolvable conjugacy problem. The statement from
left to right is clear. Suppose that V] o V, . We may, without loss of generality,

assume that V| and V, are v-reduced in G.
If V,,V, € H, then either

(i) i~ Vsor

(i) ¥}~ (d" or e”)~ (" or d’");(d" or ey~ iiin .
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Using the fact that, for y,,y, € H, y, w2 implies y, PECE both (i) and (ii)
yield V| > V,. Now suppose V| 7 V, and V,V,eG-H. If V| o V, then

there are cyclic permutations Vl' and V2' of V| and V,, respectively, with the
same v-structures such that d % Vl'dk =V, or e"le'ek = V¥, for some k.
Since all words involved are words of G and since G is embedded in L, one

of the equalities must hold in G . Hence, V| 3 V, . Therefore, for V,,V, € G,

|4 v V, if and only if V] 3 V, and so L has unsolvable conjugacy problem. 0O

Theorem 2. There is a finitely generated group N with solvable conjugacy prob-
lem and an HNN-extension L = (N,v;v"'dv = e) where d and e are ele-
ments of N of infinite order such that L has unsolvable conjugacy problem.

Proof. Take H and G to be the infinitely generated groups of Theorem 1 and
N to be the group of Lemma 5 constructed from this #. By Lemma 6, L
has unsolvable conjugacy problem. By Lemma 5, to show that N has solvable
conjugacy problem it suffices to verify conditions (ii), (iii), and (iv). (Condition
(i) is already known to be true.)

Condition (ii). Generators in H are not equal to 1 in H: If i ¢ range f,
then x; = 1 implies Xx; 1 which is impossible. If i = f(j), then

xi§1=>zjzl xlzlzj _rl=>x1Frl=>j=0

which is impossible. Therefore, x; # 1 forall i = 1,2,.... Since z; = 1

H
implies z; = 1,itis clear that z; # 1 forall i=1,2,....
r H

Condition (iii). Distinct generators of H are not equal in H: If i,j ¢
range f, then
X=X, X =X, >0=]
If i ¢range f and j = f(k), then
X=X, =X, = 2;Z) lez zk1

which is impossible. If i,j € range f , it is easy to see that x; =X implies
i =j. Itis also easy to see that z; =2 implies { = j and that x; = Z; is
impossible.

Therefore, distinct generators of H are not equal in H .

Condition (iv). Given a word W of H, we must decide if W is a product
of one or two generators or inverses of generators.

Semireduce W to obtain W' (see proof of Lemma 2 for definition of semire-
duction). Then

(1) W—z‘gl ""¢>W z""z""

0"

6 ' -1 _k -1 _
(2) WHx zj¢>W —x ;or W =22 X217 Z; where f(k)=1.

l
3) W= x; X, 9 can be dealt with similarly.
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Therefore, H satisfies conditions (ii), (iii), and (iv) of Lemma 5. O

Theorem 3. There exist group presentations N, and N, each with a finite num-
ber of generators and a recursively enumerable set of defining relators and each
having solvable conjugacy problem such that there is a free product with amalga-
mation M of N, and N, with unsolvable conjugacy problem that amalgamates
cyclic subgroups.

a

Proof. Let N, = (a,t;r,r,,...) and N, = (Zz,i;fl,rz, ...) be copies of the
group N of Theorem 2. Recall that
-1 —1_i ,
H=(x,2,,%,,2), .32, X;p%, =2, xz, (i=2,3,...)).
Let o and B be the usual embeddings of H into N, and H into N,, respec-
tively. Let W, = a(x;) and W, = B(x;). Let
M = (N, *N,; W, = W,).

We claim that WJ ~ WJ if and only if j € range f. If j € range f, then

J = f(k) for some k and

1 k-1 k k _ gk
W;=alz,z, x,2,2 );]a(’ﬁ)ﬁlWl =W

k -1 k_ -1 -
) 5 B(x)) > B(z,z, x/z,z, )= w.
Therefore, if j € range f then W, ~ w,.
Now suppose WJ ™ WJ Since M is a free product with amalgamation,
there is a sequence of words V|, V,, ..., V, such that

W,=Vin VoV ~ V=W,

ap a3 ajp—
where V,, ...,V _, are in the amalgamated part and the «; alternate between
N, and N, . Therefore,

W, ~ WI" for some n = a(x.) ~ a(x;') for some n =
I N 77N,

x; xf' for some n = j € range f.
The second implication follows from the fact that, for y,,y, € H, y, p ¥,
if and only if y, ) (see proof of Lemma 6). Since WJ v WJ if and only

if j € range f and range f is nonrecursive, M has unsolvable conjugacy
problem. 0O

4. PROOF OF ASSERTIONS

We now prove the assertions needed in Lemma 5.
(1) There is an algorithm to decide if elements of G, U G, are conjugate in
N.
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Proof. Suppose U, V € G UG, ; then U ~ V' if and only if

i U > V;or

(i) there are words W, ... , W, suchthat U ~ W, ~ W, ~ Wy ~ --- ~

t F t
W, ~V.

Since (i) can be decided we need only consider (ii). By considering cyclic reduc-
tions with respect to * (i.e. with respect to the free product F = H * (a,b)),
it can be seen that if 1 # 4 € G, and 1 # B € G, then 4 and B are not
conjugate in F . Therefore, W,, , and W,, must be in the same G,.

Suppose first that U,V € G,. Then W, W, € G, and W, , W, € G, . It can
be seen that U > W, and U > W, . Continuing in this fashion, we get
1 1

U W, forallk=1,...,[m/4].

~ W, ~

@by ¥ ap

Since V€ G,, V is W, _, or W, forsome k andso U ~ V. Therefore,
{a,b)

(ii) occurs if and only if U > V' and so conjugacy in N of elements of G, is
decidable.

Now suppose U,V € G,. Then W, € G,, W, € G,, and W, ~ w,.
By the above, W, <~b> W_. So, for U,V € G,, (ii) occurs if and only if

a,

97'(U) 9T

The case U € G, and V € G, is similar. O

(2) There is an algorithm to decide, given V € F, if V is conjugate in F
to an element of G, UG, and, if so, to find such an element.

Proof. Let V € F. We may assume that V' is cyclically reduced with respect to
. First (effectively) decide if V € (a,b). If so, by assumptions (ii) and (iii),
V ~UeG,UG, ifandonlyif ¥ ~U € G, or ¥ ~b™ which can be decided.
If V ¢(a,b) then V~UE€G, UG, ifand only if V' ~ U € G, . Suppose that
V=AH - A H where 4 € (a,b) and H e H. If V ~ U € G, then
by assumptions (ii) and (iii) each 4, is a product of at most three words of
the forms a/b*'a’ or b* (k an integer). It can be effectively determined if
each A4, is such a product and, if so, each 4, can be effectively written as such
a product. The only possible cyclically reduced U (up to cyclic permutations)
can then be determined and tested. O

(3) There is an effective procedure to determine, for arbitrary X,Y € F , if
thereisa Z € G, such that XZY € G, and, if so, to produce the finite number
of possible Z .

Proof. Suppose X = AH ---A, H A, , and Y = B K,---BK B, , where
A;,B;€(a,b) and H;, K,€ H. Since XZY € G, all H factors must cancel
and either

@ Z=4, H'a4' H'ZK'B ' K 'B' €G, and 4,Z'B,,,

m+1
€G,;or
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(b) Z=d,, H,'a,' " H'Z'K'B]' - K['B[' € G, where 2 < j <

m+1

m,1<q<l-1,Z"is h-freeand 4,H,---A,_|H,_|A,Z'B,_ K,
"‘BIK1+1BI+1 € Gl :

If (a) then Hl_1 = h:.sl'hf; and K,_1 = hf‘.hfi for some d,,7, = +1 and
6,,t, = 0 or £1. By assumption (iv), there is an effective procedure to de-
termine if H~ 'and K 1_' can be written as such and, if so, to so write them.
Since Z' is h-free and Z € G, , there are four possibilities: hi’Z’h;: € G,,
Z'h} €G,, h?Z' €G,, Z' €G,. Since 4,Z'B,,, € G, implies that the ex-
ponent sum of b in 4,Z 'B, +1 18 zero, each of these four possibilities give rise

to finitely many possible Z' which in turn give rise to finitely many possible
VA

If (b) then Ajz’ B, S 1 which implies that

-1
1

-1

B, -,

-1 -1 -1 =1 =1 ,5=1 ,—1 -1
Z=4a, H'4' H'4'B KB K

again giving rise to only finitely many possible Z. O

(4)If X,Y € F-G,, if D € G, is reduced and if XDY € G,, then
#,(D) <#,(X)+#,(Y)+2.

Proof. Let V =wv,---v, where v, € {b*',(ha 'ba’)*' (i=1,2,...)}. Sup-
pose V' is freely reduced with respect to the free group G, and #(V)>23. 1t
is easy to see that if W is obtained from V' by freely reducing with respect to
the free product H *(a,b), then the subword of V' containing the three b can
be uniquely recovered from W .

Suppose D € G,, XDY € G, and #,(D) > #,(X) +#,(Y) + 3. Assume
further that X,D, and Y are reduced with respect to *. It suffices to show
that X € G,. Consider the cancellation that occurs in the product XDY . Let

X=XX,; D=X,' DY, '; and Y = YY,.

We have that X,D,Y, € G, is reduced with respect to * and #,(D,) > 3. By
the comment above, the shortest words X" and Y, such that X, = XX/, Y, =
Y,Y, and X|'D,Y, € G, can be effectively found. Since X| and Y, are
unique, X, X;'D,Y,Y,’ € G,, and X,D,Y, € G,, it follows that X, and
Y, € G,. Since X is the shortest word such that X|'D,Y, € G, and since
X;'DY! € G,, it follows that X, ' endsin X, . Thatis, X, ' = X,X|
and X, € G,. Therefore, X = X, X,'X, = X;X;' € G, since X| € G, and
X;€G,. O

5. CONCLUSION

The existence of a finitely presented group H and an HNN-extension G =
(H,t; lat= b) where H has solvable conjugacy problem but G has unsolv-
able conjugacy problem is open. The analogous question for free products with
amalgamation is also open.
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