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In the present paper we give a complete characterisation of subgroup separa-
bility of HNN-extensions with finitely generated abelian base group. We are also
able to characterise subgroup separability for some families of free-by-cyclic groups
and thus answer partially a question of Scott (1987, “Combinatorial Group Theory
and Topology,” Annals of Mathematics Studies, Vol. 111, Princeton Univ. Press,
Princeton, NJ).  2001 Academic Press

1. INTRODUCTION

A group G is called residually finite if the trivial subgroup is the intersec-
tion of the finite index subgroups of G.
The group G is said to be subgroup separable (or LERF) if for every

finitely generated subgroup H of G, H is the intersection of finite index
subgroups of G. Equivalently, every finitely generated subgroup of G is
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closed in the profinite topology, the topology whose closed basis consists of
the cosets of finite index subgroups of the group.
There are other equivalent definitions of subgroup separability. Hence,

G is subgroup separable if for every finitely generated subgroup H of G
and every g ∈ G with g �∈ H there is a normal subgroup N of finite index
in G such that g �∈ NH. This is equivalent to saying that gN �∈ HN/N or
that

⋂
N∈� NH = H where � is the set of all normal subgroups of finite

index in G.
Malćev [16] showed that subgroup separable groups have decidable mem-

bership problem with respect to their finitely generated subgroups. Also, as
shown by Thurston [20], subgroup separability allows certain immersions
to lift to an embedding in a finite cover. Nevertheless, very few families
of groups are known to be subgroup separable. Hall [14] showed subgroup
separability for free groups. Malćev also showed that polycyclic-by-finite
groups are subgroup separable and Scott [18, 19] showed subgroup separa-
bility for surface groups. Brunner et al. [6] generalised the above results
by showing that free products of two free groups with cyclic amalgamation
are subgroup separable.
Further work on the subject has been done by Tretkoff, Niblo, Gitik and

Wise (see [12, 13, 21] and the references cited there) using topological
rather than purely algebraic techniques.
The present work gives a complete characterisation for subgroup separa-

bility of HNN-extensions with finitely generated abelian base groups. The
counterexample of Burns et al. found in [8] is a key point for our results. A
similar characterisation was given by Wong [22] for a special case. In fact,
Wong, using the results in [3], gives a characterisation for subgroup separa-
bility of HNN-extensions where the associated subgroups have finite index
as subgroups of the base group.
We should mention here that another class of examples not related to

that of [8], but strongly related to the result in [5], can be found in the
work of Leary et al. in [15].

2. MAIN RESULTS

For the sequel, G is the HNN-extension

G = �t�K � t−1At = B��
where K is a finitely generated abelian group and A�B are finitely gen-
erated isomorphic subgroups of K. With the above notation we prove the
following.

Lemma 1. If A = K�B = K	 and B �= K�A �= K	 then G is not subgroup
separable.
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The proof is an immediate consequence of the following theorem of Blass
and Neumann.

Theorem 1 [5]. Let G be a group and let H be a subgroup of G which is
the intersection of subgroups of finite index in G. Then H is not a conjugate
in G to a proper subgroup of itself.

Notice that if A = K = B then K is a normal subgroup of G and G/K ∼=
�t�. Therefore G is a polycyclic group and, by [16], G is subgroup separable.
For the sequel we shall assume that the case A = K = B does not occur.
Lemma 1 provides examples of HNN-extensions with subgroup separable

base group which are not subgroup separable.

Lemma 2. Let A ∩ B be a subgroup of finite index in both A and B, such
that A �= K �= B. Then the following statements are equivalent:

1. G is subgroup separable.
2. There is a subgroup of finite index in A∩B, say H, such that H�G.

Proof. If G is subgroup separable then G is residually finite and the
result follows from [3].
Conversely, let Hk = �hk�h ∈ H. Then Hk is a characteristic subgroup

of H for every k ∈ �. Using standard results one can show that G/Hk =
�τ�K/Hk�τ−1�A/Hk	τ = B/Hk� where the isomorphic subgroups A/Hk

and B/Hk are finite. We shall show first that G/Hk is subgroup separable.
The group G/Hk�k ∈ �	 is an HNN-extension with base an abelian group.
By Corollary 1 in [4] G/Hk is residually finite. So for every non-trivial
gHk ∈ G/Hk there is a subgroup of finite index in G, say N , such that
gHk �∈ N/Hk. Notice that the base group of G/Hk�K/Hk, is finitely gener-
ated (since K is) and abelian, so its finite part is a finite subgroup of K/Hk.
Let giHk� i = 1� � � � � n be the elements of K/Hk of finite order. Then we
can always find subgroups of finite index in G, say Mi/H

k� i = 1� � � � � n,
such that giHk �∈Mi/H

k. Let M/Hk = ⋂n
i=1Mi/H

k. Then M/Hk is a sub-
group of finite index in G/Hk and P/Hk = M/Hk ∩ �K/Hk	 is of finite
index in K/Hk. Moreover, P/Hk is torsion-free, hence free-abelian.
Now, let ���X	 be a graph of groups with a single vertex v and

single edge e with Gv = K/Hk and Ge = A/Hk. It is well known
that the fundamental group π1����X		 = G/Hk. From the struc-
ture theorem of Bass–Serre theory (see for example [9]), we know
that M/Hk is the fundamental group of a graph of groups where the
vertex groups are M/Hk ∩ aGva−1 = M/Hk ∩ a�K/Hk	a−1, a runs
over a suitable finite set of �M/Hk�K/Hk	 double coset representa-
tives and edge groups M/Hk ∩ bGeb−1, where b runs over a suitable
finite set of �M/Hk�A/Hk	 double coset representatives. But from the
choice of M/Hk�M/Hk ∩ a�K/Hk	a−1 is some conjugate of P/Hk and



subgroup separability of hnn-extensions 45

M/Hk ∩ b�A/Hk	b−1 = �1. Hence, M/Hk is the free product of a finite
number of free abelian groups and (possibly) a free group. But by [7, 17]
such a product is subgroup separable. Moreover, M/Hk is of finite index
in G/Hk and by [18], G/Hk is also subgroup separable.
Let L be a finitely generated subgroup of G. Then it suffices to show that⋂
N∈� LN = L where � is the set of all normal subgroups of finite index in

G. We claim that is enough to show that
⋂
n∈� LHn = L. Indeed, we know

that the quotient group LHn/Hn is a finitely generated subgroup of G/Hn

since L is finitely generated. Moreover, G/Hn is subgroup separable so if
� is the set of all normal subgroups of finite index in G/Hn then

⋂

N/Hn∈�

N

Hn
LHn

Hn
= LHn

Hn
�

But the above is equivalent to
⋂

N∈�

N

Hn
LHn

Hn
= LHn

Hn
�

and so
⋂
N∈� LN ⊆ LHn for every n ∈ �. Therefore

⋂
N∈� LN is a sub-

group of
⋂
n∈� LHn and that completes the proof of the claim.

Now, let U = ⋂
n∈� LHn. Obviously L is a subgroup of U . Then U ∩H =

�⋂n∈� LHn	 ∩H = ⋂
n∈��L∩H	Hn = L∩H since L∩H is a subgroup of

H and H is subgroup separable as a finitely generated abelian group. Let
w ∈ ⋂

n∈� LHn. Then there is an l ∈ L such that for every n ∈ � there is
an hn ∈ Hn with w = lhn. So l−1w = hn ∈ H. But l−1w = hn ∈

⋂
n∈� LHn.

Hence, l−1w ∈ �⋂n∈� LHn	 ∩H = L ∩H. Thus, there is an l1 ∈ L such
that l−1w = l1 which implies that w = ll1 ∈ L. So ⋂

n∈� LHn ⊆ L. But
L ⊆ ⋂

n∈� LHn and therefore
⋂
n∈� LHn = L. Consequently, G is subgroup

separable.

Theorem 2. Let K be a finitely generated abelian group and let A�B be
subgroups of K such that G is the HNN-extension

G = �t�K � t−1At = B��
Then G is subgroup separable �LERF	 if and only if A ∩ B is a subgroup of
finite index in both A and B and there is a finitely generated normal subgroup
of G, say H, such that H has finite index in A ∩ B.
Proof. Assume that G is subgroup separable. Then G is residually finite

and by [4] either A = K or B = K or there exist a finitely generated normal
subgroup H of G such that H is a subgroup of finite index in D where D
is the group

D = {
x ∈ K � for every n ∈ � there exists a

λn ∈ � such that t−nxλntn ∈ K}
�
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If A = K�B �= K	 or B = K�A �= K	 we get a contradiction by using
Lemma 1. On the other hand, if the subgroup H described above exists
then in view of Lemma 2 it suffices to show that �A � A ∩ B� <∞ and �B �
A ∩ B� < ∞. Assume that �A � A ∩ B� = ∞. Since H ≤ A ∩ B�H has
infinite index in A. But H has finite index in D. Therefore we can find
an element of infinite order in A, say x, such that �x� ∩ D = �1. This
choice of x implies that there is a n ∈ � such that t−nxλtn �∈ K for every
λ ∈ � and t−n+1xtn−1 ∈ K. For if t−nxtn ∈ K for every n ∈ �, together
with the assumption that K is finitely generated implies that t−nxtn ∈ K for
every n ∈ �, a contradiction to the choice of x. Let y = t−n+1xtn−1. Then
�x� y freely generate a subgroup of K. Indeed, if there is some m ∈ �
such that xm = yk = t−n+1xktn−1�k ∈ �	 then t−1xmt = t−1ykt = t−nxktn.
But t−1xmt ∈ B < K and so t−nxktn ∈ K, a contradiction to the above
discussion.

Now let P be the subgroup of G generated by �tn−1� x� y. Then P has
a presentation of the form

P = �tn−1� x� y � �x� y� = 1� tn−1xtn−1 = y��
By setting α = tn−1 we get the equivalent presentation

P = �α� x� y � �x� y� = 1� αxα−1 = y��
Set again y = βx and use Tietze transformations to get the equivalent
presentation

P = �α�β� x � xβx−1 = β� xαx−1 = αβ��
But P is not subgroup separable by the results in [8]. Hence, G con-
tains a subgroup which is not subgroup separable although G is subgroup
separable and that contradicts the results of Scott in [18, 19]. Therefore
�A � A ∩ B� <∞ and �A � H� <∞. Moreover, since A/H ∼= B/H we have
�B � A ∩ B� <∞.
The converse of the theorem is obvious from Lemma 2.

Apparently, the case K = �a� is a special case of a result proven in [21].

Corollary 1. The Baumslag–Solitar groups

BS�p� q	 = �a� t � t−1apt = aq�
are subgroup separable if and only if |p| = |q|.

Another consequence of Theorem 2 is the following:

Corollary 2. If G is subgroup separable then �K � A� = �K � B�.



subgroup separability of hnn-extensions 47

Finally, an application of our theorem gives a partial answer to Problem 5
set by Scott in [11]. The problem is as follows: let F be a free group of rank
n and let G be the semidirect product G = F �φ � with φ ∈ AutF . Is G
subgroup separable? The above problem was first answered negatively by
Burns et al. in [8]. Here, we show that the members of a certain family of
free-by-� groups contain the example of Burns et al. [8] as a subgroup and
therefore can never be subgroup separable.
More specifically, suppose that φ is an automorphism of the free group

F of rank n and that X = �x1� � � � � xn is a basis for F ; then X is a right
layered basis for φ if

φ�x1	 = x1 and φ�xi	 = xiwi� wi ∈ F�x1� � � � � xi−1	 for 2 ≤ i ≤ n�
The existence of a right layered basis for an automorphism φ is strongly

connected with the rank of Fix�φ	. In fact, it was shown in [10] that if F
is a free group of rank n and φ is an automorphism of F such that rank
(Fix�φ	) = n then there is a right layered basis for φ such that all the
words wi lie in Fix�φ	.
Corollary 3. Let G be as above and let 1 �= φ ∈ AutF such that there

is a right layered basis for φ. Then G is subgroup separable if and only if φ is
the identity automorphism.

Proof. Let 1 �= φ ∈ AutF such that there is a right layered basis
�x1� � � � � xn for φ. Then,

φ�x1	 = x1 and φ�xi	 = xiwi� wi ∈ F�x1� � � � � xi−1	 for 2 ≤ i ≤ n�
So G has a presentation

G = �α� x1� � � � � xn � αx1α−1 = x1� αx2α−1 = x2w2� � � � � αxnα
−1 = xnwn��

where wi are words as above.
Since φ �= 1, at least one of the wi is a non-trivial word. Assume that

ws is the first such word and let H be the subgroup of G generated by
�α�ws� xs. Then one can easily show that H has a presentation of the
form

H = �α� xs�ws � �α�ws� = 1� αxsα
−1 = xsws�

or equivalently

H = �α�ws� xs � �α�ws� = 1� x−1s αxs = αws��
So H is an HNN-extension with base K a free abelian group of rank two
generated by �α�ws, and stable letter xs. The isomorphic subgroups of K,
A and B, are the infinite cyclic subgroups generated by �α and �αws. It is
obvious that A ∩ B = �1 and by Theorem 2, H is not subgroup separable.
Therefore G cannot be subgroup separable because it contains H.
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On the other hand if φ = 1 then G = Fn × � and G is known to be
subgroup separable by the results in �1� 18�.
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16. A. L. Malćev, On homomorphisms onto finite groups, Amer. Math. Soc. Transl. Ser. 2 119
(1983).

17. N. S. Romanovskii, On the finite residuallity of free products, relative to an embedding,
Izv. Akad. Nauk SSSR Ser. Mat. 33 (1969), 1324–1329.

18. P. Scott, Subgroups of surface groups are almost geometric, J. London Math. Soc. 17
(1978), 555–565.



subgroup separability of hnn-extensions 49

19. P. Scott, Correction to “Subgroups of surface groups are almost geometric,” J. London
Math. Soc. 32 (1985), 217–220.

20. W. P. Thurston, Three dimensional manifolds, kleinian groups and hyperbolic geometry,
Bull. Amer. Math. Soc. 6 (1982), 357–381.

21. D. T. Wise, Subgroup separability of graphs of free groups with cyclic edge groups, Quart.
J. Math. 51 (2000), 107–129.

22. P. C. Wong, Subgroup separability of certain HNN extensions of finitely generated abelian
groups, Rocky Mountain J. Math. 27 (1997), 359–365.


	1.INTRODUCTION
	2.MAIN RESULTS
	ACKNOWLEDGMENT
	REFERENCES

