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�ãáâì G | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B c ª®­¥ç­ë¬¨ ®¡ê-
¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ H ¨ K. �®ª § ­®, çâ® ¥á«¨ £àã¯¯ë A ¨ B
¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬ë ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, â® ¨ £àã¯¯  G ¯®çâ¨
 ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

�«îç¥¢ë¥ á«®¢ : á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤-
£àã¯¯ ¬¨, ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬®áâì ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

Let G be a free product of groups A and B with amalgamated �nite
subgroups H and K. It is proved that if A and B are virtually residually
�nite p-groups, then G is virtually residually a �nite p-group.

Key words: free product with amalgamated subgroups, virtually
residually a �nite p-group.

1. �¢¥¤¥­¨¥
� ¯®¬­¨¬,çâ® £àã¯¯  G ­ §ë¢ ¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®©

( ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨), ¥á«¨ ¤«ï ª ¦¤®£® ­¥¥¤¨­¨ç-
­®£® í«¥¬¥­â  a £àã¯¯ë G cãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ϕ £àã¯¯ë G ­  ª®-
­¥ç­ãî £àã¯¯ã (­  ª®­¥ç­ãî p-£àã¯¯ã), ¯à¨ ª®â®à®¬ ®¡à § í«¥¬¥­â  a
®â«¨ç¥­ ®â 1. �àã¯¯  G ­ §ë¢ ¥âáï ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨, ¥á«¨ ®­  á®¤¥à¦¨â ¯®¤£àã¯¯ã ª®­¥ç­®£® ¨­¤¥ªá ,  ¯¯à®ªá¨-
¬¨àã¥¬ãî ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

�ãáâì
G = (A ∗B; H = K, ϕ)

| á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨-
­¥­­ë¬¨ ®â­®á¨â¥«ì­® ¨§®¬®àä¨§¬  ϕ : H → K.

�á«¨ £àã¯¯ë A ¨ B ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë,   ¯®¤£àã¯¯ë H ¨
K ª®­¥ç­ë, â® £àã¯¯  G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ . �â®â à¥§ã«ìâ â ¡ë«
¯®«ãç¥­ ¢ 1963 £®¤ã �. � ã¬á« £®¬ [4].

�á«¨ £àã¯¯ë A ¨ B  ¯¯à®ªá¨¬¨àã¥¬ë ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨,   ¯®¤-
£àã¯¯ë H ¨ K ª®­¥ç­ë, â® £àã¯¯  G â®£¤  ¨ â®«ìª® â®£¤   ¯¯à®ªá¨¬¨àã-
¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, ª®£¤  ¢ £àã¯¯ å A ¨ B áãé¥áâ¢ãîâ ­®à¬ «ì-
­ë¥ àï¤ë
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1 6 A0 6 A1 6 · · · 6 Am = A

¨
1 6 B0 6 B1 6 · · · 6 Bn = B

â ª¨¥, çâ® ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ âà¨ ãá«®¢¨ï:
(1) ¤«ï ª ¦¤®£® i ∈ {1, ...,m} ä ªâ®à-£àã¯¯  Ai/Ai−1 ï¢«ï¥âáï ª®­¥ç-

­®© £àã¯¯®© ¯®àï¤ª  p ¨ A0 ∩H = 1;
(2) ¤«ï ª ¦¤®£® j ∈ {1, ..., n} ä ªâ®à-£àã¯¯  Bj/Bj−1 ï¢«ï¥âáï ª®­¥ç-

­®© £àã¯¯®© ¯®àï¤ª  p ¨ B0 ∩K = 1;
(3) ¨§®¬®àä¨§¬ ϕ ®â®¡à ¦ ¥â ¬­®¦¥áâ¢® ¯¥à¥á¥ç¥­¨©

A0 ∩H, A1 ∩H, . . . , Am ∩H

­  ¬­®¦¥áâ¢® ¯¥à¥á¥ç¥­¨©

B0 ∩K, B1 ∩K, . . . , Bn ∩K.

�â®â à¥§ã«ìâ â ¡ë« ¯®«ãç¥­ �. �. �§ à®¢ë¬ ¢ [1] ¨ ®¡®¡é ¥â  ­ -
«®£¨ç­ë© à¥§ã«ìâ â �¨£¬ ­  [6], ®â­®áïé¨©áï ª á«ãç î, ª®£¤  A ¨ B |
ª®­¥ç­ë¥ p-£àã¯¯ë.

�à®áâë¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ G ¤¢ãå
£àã¯¯ A ¨ B,  ¯¯à®ªá¨¬¨àã¥¬ëå ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, á ª®­¥ç­ë¬¨
®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ H ¨ K á ¬® ¬®¦¥â ­¥  ¯¯à®ªá¨¬¨à®¢ âìáï
ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨. �¥¬ ­¥ ¬¥­¥¥ â ª®¥ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¯®çâ¨
 ¯¯à®ªá¨¬¨àã¥¬® ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨. �â® ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥£®
¡®«¥¥ ®¡é¥£® à¥§ã«ìâ â .

�¥®à¥¬  1. �á«¨ £àã¯¯ë A ¨ B ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬ë ª®­¥ç-
­ë¬¨ p-£àã¯¯ ¬¨,   ¯®¤£àã¯¯ë H ¨ K ª®­¥ç­ë, â® ¨ £àã¯¯  G ¯®çâ¨
 ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à¨¢¥¤¥­® ¢ ¯. 2.
�« áá¨ç¥áª¨¬ ¯à¨¬¥à®¬ £àã¯¯ë, ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç-

­ë¬¨ p-£àã¯¯ ¬¨ ¤«ï ª ¦¤®£® ¯à®áâ®£® ç¨á«  p, ï¢«ï¥âáï «î¡ ï ¯®«¨-
æ¨ª«¨ç¥áª ï £àã¯¯ . �â®â à¥§ã«ìâ â ¯à¨­ ¤«¥¦¨â �. �. �¬¥«ìª¨­ã [3].
�®íâ®¬ã ­¥¯®áà¥¤áâ¢¥­­ë¬ á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1 ï¢«ï¥âáï á«¥¤ãîé¥¥
ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  2. �á«¨ A ¨ B | ¯®«¨æ¨ª«¨ç¥áª¨¥ £àã¯¯ë,   ¯®¤£àã¯¯ë
H ¨ K ª®­¥ç­ë, â® £àã¯¯  G ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨
p-£àã¯¯ ¬¨ ¤«ï ª ¦¤®£® ¯à®áâ®£® ç¨á«  p.
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2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1
�ãáâì G = (A ∗ B; H = K, ϕ) | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A ¨

B á ¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨­¥­­ë¬¨ ®â­®á¨â¥«ì­® ¨§®¬®àä¨§¬  ϕ.
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® £àã¯¯ë A ¨ B ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬ë ª®­¥ç-
­ë¬¨ p-£àã¯¯ ¬¨,   ¯®¤£àã¯¯ë H ¨ K ª®­¥ç­ë. �®ª ¦¥¬, çâ® £àã¯¯  G
¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

� ª ª ª £àã¯¯  A ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, â®
¢ ­¥© áãé¥áâ¢ã¥â ¯®¤£àã¯¯  U ª®­¥ç­®£® ¨­¤¥ªá ,  ¯¯à®ªá¨¬¨àã¥¬ ï ª®-
­¥ç­ë¬¨ p-£àã¯¯ ¬¨. �¥§ ¯®â¥à¨ ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® ¯®¤£àã¯¯ 
U ­®à¬ «ì­  ¢ A. �ç¥¢¨¤­®, çâ® «î¡ ï £àã¯¯ , ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬ ï
ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, ï¢«ï¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®©. �®íâ®¬ã
£àã¯¯  A ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ . �âáî¤  ¨ ¨§ â®£®, çâ® H | ª®­¥ç-
­ ï ¯®¤£àã¯¯  £àã¯¯ë A, á«¥¤ã¥â, çâ® ¢ £àã¯¯¥ A áãé¥áâ¢ã¥â ­®à¬ «ì­ ï
¯®¤£àã¯¯  V ª®­¥ç­®£® ¨­¤¥ªá  â ª ï, çâ® V ∩H = 1. �ãáâì M = U∩V . �®-
£¤  M | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë A, M ∩H = 1
¨ £àã¯¯  M  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

�­ «®£¨ç­® ¯à®¢¥àï¥âáï, çâ® ¢ £àã¯¯¥ B áãé¥áâ¢ã¥â ­®à¬ «ì­ ï
¯®¤£àã¯¯  N ª®­¥ç­®£® ¨­¤¥ªá , ï¢«ïîé ïáï  ¯¯à®ªá¨¬¨àã¥¬®© ª®­¥ç-
­ë¬¨ p-£àã¯¯ ¬¨ ¨ â ª ï, çâ® N ∩K = 1.

� ª ª ª M ∩ H = 1 ¨ N ∩ K = 1, â® ®â®¡à ¦¥­¨¥ ϕ
MN

¯®¤£àã¯¯ë
HM/M = {hM : h ∈ H} £àã¯¯ë A/M ­  ¯®¤£àã¯¯ã

KN/N = {kN : k ∈ K}
£àã¯¯ë B/N , á®¯®áâ ¢«ïîé¥¥ ª ¦¤®¬ã í«¥¬¥­âã hM ¨§ HM/M í«¥¬¥­â
hϕN ¨§ KN/N , ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬. �®íâ®¬ã ¬®¦­® à áá¬ âà¨¢ âì
á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥

G
MN

= (A/M ∗B/N ; HM/M = KN/N,ϕ
MN

)

£àã¯¯ A/M ¨ B/N á ¯®¤£àã¯¯ ¬¨ HM/M ¨ KN/N , ®¡ê¥¤¨­¥­­ë¬¨ ®â-
­®á¨â¥«ì­® ¨§®¬®àä¨§¬  ϕMN . � ª ª ª £àã¯¯ë A/M ¨ B/N ª®­¥ç­ë, â®
£àã¯¯  G

MN
ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  [4].

�®à®è® ¨§¢¥áâ­®, çâ® «î¡ë¥ ¤¢  £®¬®¬®àä¨§¬  £àã¯¯ A ¨ B ¢
£àã¯¯ã F , á®£« á®¢ ­­ë¥ ®â­®á¨â¥«ì­® ϕ, ¬®£ãâ ¡ëâì ¯à®¤®«¦¥­ë ¤® £®-
¬®¬®àä¨§¬  £àã¯¯ë G ¢ £àã¯¯ã F . �®íâ®¬ã ¬®¦­® à áá¬®âà¥âì £®¬®-
¬®àä¨§¬ ρMN : G → GMN , ¯à®¤®«¦ îé¨© ¥áâ¥áâ¢¥­­ë¥ £®¬®¬®àä¨§¬ë
£àã¯¯ A ¨ B ¢ £àã¯¯ã GMN . �®£¤  aρMN = aM ¨ bρMN = bN ¤«ï ¯à®¨§-
¢®«ì­ëå í«¥¬¥­â®¢ a ¨ b ¨§ ¯®¤£àã¯¯ A ¨ B á®®â¢¥âáâ¢¥­­®.

� ª ª ª £àã¯¯  G
MN

ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ,   ¥¥ ¯®¤£àã¯¯ë
A/M ¨ B/N ª®­¥ç­ë, â® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ σ £àã¯¯ë G

MN
­ 

ª®­¥ç­ãî £àã¯¯ã G, ¨­ê¥ªâ¨¢­ë© ­  A/M ¨ B/N . �®£¤  ¯à®¨§¢¥¤¥­¨¥
ρMN σ ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ £àã¯¯ë G ­  ª®­¥ç­ãî £àã¯¯ã G. �®íâ®¬ã
ï¤à® L £®¬®¬®àä¨§¬  ρ

MN
σ ï¢«ï¥âáï ­®à¬ «ì­®© ¯®¤£àã¯¯®© ª®­¥ç­®£®

¨­¤¥ªá  £àã¯¯ë G.
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�®áª®«ìªã A ∩ Kerρ
MN

= M ¨ σ ¨­ê¥ªâ¨¢¥­ ­  ¯®¤£àã¯¯¥
Aρ

MN
= A/M , â® A ∩ Kerρ

MN
σ = M , â. ¥. L ∩ A = M . �­ «®£¨ç­® ¯®-

«ãç ¥âáï, çâ® L ∩B = N .
�®£¤  L ∩H = L ∩ A ∩H = M ∩H = 1. �âáî¤  ¨ ¨§ â®£®, çâ® L |

­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë G, á«¥¤ã¥â, çâ® L ¯¥à¥á¥ª ¥âáï ¯® ¥¤¨­¨æ¥
á® ¢á¥¬¨ á®¯àï¦¥­¨ï¬¨ ª H ¢ £àã¯¯¥ G. �®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë �. �¥©-
¬ ­ (á¬. [2, c. 122]) ¯®¤£àã¯¯  L à áª« ¤ë¢ ¥âáï ¢ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥
á¢®¡®¤­®© £àã¯¯ë F ¨ ­¥ª®â®àëå ¯®¤£àã¯¯ ¢¨¤ 

L ∩ x−1Ax = x−1(L ∩A)x = x−1Mx,

L ∩ y−1By = y−1(L ∩B)y = y−1Ny,

£¤¥ x, y ∈ G.
� ª ª ª M ¨ N  ¯¯à®ªá¨¬¨àã¥¬ë ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, â® â¥¬ ¦¥

á¢®©áâ¢®¬ ®¡« ¤ îâ ¨ ¯®¤£àã¯¯ë x−1Mx ¨ y−1Ny. �¢®¡®¤­ ï £àã¯¯  F
â ª¦¥  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨. � ª¨¬ ®¡à §®¬, £àã¯¯ 
L à áª« ¤ë¢ ¥âáï ¢ á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯,  ¯¯à®ªá¨¬¨àã¥¬ëå
ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨.

�àî­¡¥à£ [5] ¤®ª § «, çâ® á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ «î¡®£® á¥¬¥©áâ¢ 
£àã¯¯,  ¯¯à®ªá¨¬¨àã¥¬ëå ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨, á ¬®  ¯¯à®ªá¨¬¨àã-
¥âáï ª®­¥ç­ë¬¨ p-£àã¯¯ ¬¨. �®íâ®¬ã £àã¯¯  L  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç-
­ë¬¨ p-£àã¯¯ ¬¨. �âáî¤  ¨ ¨§ â®£®, çâ® L ¨¬¥¥â ª®­¥ç­ë© ¨­¤¥ªá ¢
£àã¯¯¥ G, á«¥¤ã¥â, çâ® £àã¯¯  G ¯®çâ¨  ¯¯à®ªá¨¬¨àã¥¬  ª®­¥ç­ë¬¨ p-
£àã¯¯ ¬¨. �¥®à¥¬  1 ¤®ª § ­ .
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