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�«ï á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï à §à¥è¨¬ëå £àã¯¯ ª®­¥ç­®£® à ­£  á
­®à¬ «ì­ë¬¨ ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ ¯®«ãç¥­® ­¥®¡å®¤¨¬®¥ ¨ ¤®-
áâ â®ç­®¥ ãá«®¢¨¥ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨.

�«îç¥¢ë¥ á«®¢ : à §à¥è¨¬ ï £àã¯¯  ª®­¥ç­®£® à ­£ , á¢®¡®¤­®¥
¯à®¨§¢¥¤¥­¨¥ £àã¯¯ á ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨, ä¨­¨â­®  ¯¯à®ªá¨-
¬¨àã¥¬ ï £àã¯¯ .

The necessary and su�cient condition of residual �niteness for free
product of soluble groups of �nite rank with normal amalgamated subgroups
is obtained.

Key words: soluble group of �nite rank, free product of groups with
amalgamated subgroups, residually �nite group.

1. �¢¥¤¥­¨¥
� ¯®¬­¨¬, çâ® £àã¯¯  G ­ §ë¢ ¥âáï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®©,

¥á«¨ ¤«ï ª ¦¤®£® ­¥¥¤¨­¨ç­®£® í«¥¬¥­â  a £àã¯¯ë G áãé¥áâ¢ã¥â £®¬®-
¬®àä¨§¬ £àã¯¯ë G ­  ­¥ª®â®àãî ª®­¥ç­ãî £àã¯¯ã, ¯à¨ ª®â®à®¬ ®¡à §
í«¥¬¥­â  a ®â«¨ç¥­ ®â 1.

�ãáâì A ¨ B | ¯à®¨§¢®«ì­ë¥ £àã¯¯ë, H ¨ K | ¯®¤£àã¯¯ë £àã¯¯
A ¨ B á®®â¢¥âáâ¢¥­­®, ϕ | ¨§®¬®àä¨§¬ ¯®¤£àã¯¯ë H ­  ¯®¤£àã¯¯ã K. �
¯ãáâì

P = (A ∗B; H = K, ϕ)

| á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B á ¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨-
­¥­­ë¬¨ ®â­®á¨â¥«ì­® ¨§®¬®àä¨§¬  ϕ.

�ç¥¢¨¤­ë¬ ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨
£àã¯¯ë P ï¢«ï¥âáï ä¨­¨â­ ï  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ A ¨ B. �¥á«®¦-
­ë¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® íâ® ãá«®¢¨¥ ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬.

� ¨¡®«¥¥ à á¯à®áâà ­¥­­ë© ¯®¤å®¤ ª ¨§ãç¥­¨î ä¨­¨â­®©  ¯¯à®ª-
á¨¬¨àã¥¬®áâ¨ £àã¯¯ë P á®áâ®¨â ¢ â®¬, çâ® ­  á¢®¡®¤­ë¥ ¬­®¦¨â¥«¨ A ¨
B, ¯®¬¨¬® ãá«®¢¨ï ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨, ­ ª« ¤ë¢ îâáï ¥é¥
­¥ª®â®àë¥ ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï. �®¯®«­¨â¥«ì­ë¥ ®£à ­¨ç¥­¨ï, ª ª
¯à ¢¨«®, ­ ª« ¤ë¢ îâáï ¨ ­  ®¡ê¥¤¨­ï¥¬ë¥ ¯®¤£àã¯¯ë H ¨ K. �à¨¬¥-
à ¬¨ â ª¨å ®£à ­¨ç¥­¨© ¬®£ãâ á«ã¦¨âì ª®­¥ç­®áâì ¯®¤£àã¯¯ H ¨ K, ¨å
æ¨ª«¨ç­®áâì,   â ª¦¥ ­®à¬ «ì­®áâì ¯®¤£àã¯¯ H ¨ K ¢ £àã¯¯ å A ¨ B
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á®®â¢¥âáâ¢¥­­®. �. � ã¬á« £ [2] ¤®ª § «, çâ® ¥á«¨ £àã¯¯ë A ¨ B ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬ë,   ®¡ê¥¤¨­¥­­ë¥ ¯®¤£àã¯¯ë H ¨ K ª®­¥ç­ë, â® £àã¯¯ 
P ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .

�à¥¤¨ à §à¥è¨¬ëå £àã¯¯ áãé¥áâ¢ã¥â ¬­®£® ¯à¨¬¥à®¢ ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬ëå £àã¯¯. �« áá¨ç¥áª¨¬¨ ¯à¨¬¥à ¬¨ â ª®£® à®¤  ï¢«ïîâáï
¢á¥ ¯®«¨æ¨ª«¨ç¥áª¨¥ £àã¯¯ë. �å ä¨­¨â­ ï  ¯¯à®ªá¨¬¨àã¥¬®áâì ¡ë« 
ãáâ ­®¢«¥­  �. �¨àè¥¬ [4]. � ª« ¤ë¢ ï ­  £àã¯¯ë A ¨ B ãá«®¢¨¥ ¯®-
«¨æ¨ª«¨ç­®áâ¨, �¦. � ©¥à [3] ¤®ª § «  ä¨­¨â­ãî  ¯¯à®ªá¨¬¨àã¥¬®áâì
£àã¯¯ë P ¯à¨ ãá«®¢¨¨, çâ® ®¡ê¥¤¨­¥­­ë¥ ¯®¤£àã¯¯ë H ¨ K ï¢«ïîâáï
æ¨ª«¨ç¥áª¨¬¨. � á¢®¥© äã­¤ ¬¥­â «ì­®© à ¡®â¥ [2] �. � ã¬á« £ ¯®«ãç¨«
á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  1. �¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ¯®«¨æ¨ª«¨ç¥áª¨å £àã¯¯ á
­®à¬ «ì­ë¬¨ ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ ï¢«ï¥âáï ä¨­¨â­®  ¯¯à®ªá¨-
¬¨àã¥¬®© £àã¯¯®©.

�¤­¨¬ ¨§ ®¡®¡é¥­¨© ¯®­ïâ¨ï ¯®«¨æ¨ª«¨ç¥áª®© £àã¯¯ë ï¢«ï¥âáï ¯®-
­ïâ¨¥ à §à¥è¨¬®© £àã¯¯ë ª®­¥ç­®£® à ­£ . � ¯®¬­¨¬, çâ® £àã¯¯  G ­ -
§ë¢ ¥âáï £àã¯¯®© ª®­¥ç­®£® à ­£ , ¥á«¨ áãé¥áâ¢ã¥â æ¥«®¥ ¯®«®¦¨â¥«ì­®¥
ç¨á«® r â ª®¥, çâ® «î¡ ï ª®­¥ç­® ¯®à®¦¤¥­­ ï ¯®¤£àã¯¯  £àã¯¯ë G ¯®-
à®¦¤ ¥âáï ­¥ ¡®«¥¥ ç¥¬ r í«¥¬¥­â ¬¨.

�à¨¢¥¤¥­­ë© ­¨¦¥ ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥
¤¢ãå ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ëå à §à¥è¨¬ëå £àã¯¯ ª®­¥ç­®£® à ­£  á
­®à¬ «ì­ë¬¨ ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ ­¥ ®¡ï§ ­® ¡ëâì ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬®© £àã¯¯®©. �«ï â ª®£® á¢®¡®¤­®£® ¯à®¨§¢¥¤¥­¨ï §¤¥áì ¡ã-
¤¥â ¤®ª § ­ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  2. �ãáâì P | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ä¨­¨â­®  ¯¯à®ª-
á¨¬¨àã¥¬ëå £àã¯¯ A ¨ B á ­®à¬ «ì­ë¬¨ ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ H
¨ K, ­¥ á®¢¯ ¤ îé¨¬¨ á £àã¯¯ ¬¨ A ¨ B á®®â¢¥âáâ¢¥­­®. �á«¨ £àã¯¯ë
A ¨ B ï¢«ïîâáï à §à¥è¨¬ë¬¨ £àã¯¯ ¬¨ ª®­¥ç­®£® à ­£ , â® £àã¯¯  P
â®£¤  ¨ â®«ìª® â®£¤  ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , ª®£¤  ¯®¤£àã¯¯ë H ¨
K ä¨­¨â­® ®â¤¥«¨¬ë ¢ £àã¯¯ å A ¨ B á®®â¢¥âáâ¢¥­­®.

� ¯®¬­¨¬, çâ® ¯®¤£àã¯¯  H £àã¯¯ë A ­ §ë¢ ¥âáï ä¨­¨â­® ®â¤¥-
«¨¬®©, ¥á«¨ ¤«ï ª ¦¤®£® í«¥¬¥­â  a £àã¯¯ë A, ­¥ ¯à¨­ ¤«¥¦ é¥£® H,
áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ £àã¯¯ë A ­  ­¥ª®â®àãî ª®­¥ç­ãî £àã¯¯ã, ¯à¨
ª®â®à®¬ ®¡à § í«¥¬¥­â  a ­¥ ¯à¨­ ¤«¥¦¨â ®¡à §ã ¯®¤£àã¯¯ë H. �®à®è®
¨§¢¥áâ­®, çâ® ¯®«¨æ¨ª«¨ç¥áª¨¥ £àã¯¯ë ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë ¨ ¢
­¨å ¢á¥ ¯®¤£àã¯¯ë ä¨­¨â­® ®â¤¥«¨¬ë (á¬., ­ ¯à., [5, ¯. 1.3.10]). �®íâ®¬ã
¤®ª § ­­ ï �. � ã¬á« £®¬ â¥®à¥¬  1 ï¢«ï¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬ á«¥¤-
áâ¢¨¥¬ â¥®à¥¬ë 2.

� ¬¥â¨¬ â¥¯¥àì, çâ® á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ P ¤¢ãå ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬ëå à §à¥è¨¬ëå £àã¯¯ A ¨ B ª®­¥ç­®£® à ­£  á ­®à¬ «ì-
­ë¬¨ ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ H ¨ K ­¥ ®¡ï§ ­® ¡ëâì ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬®© £àã¯¯®© ¤ ¦¥ ¢ á«ãç ¥, ª®£¤  A ¨ B  ¡¥«¥¢ë. �¥©áâ¢¨-
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â¥«ì­®, áãé¥áâ¢ãîâ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ë¥  ¡¥«¥¢ë £àã¯¯ë ª®­¥ç-
­®£® à ­£ , ¢ ª®â®àëå ­¥ ¢á¥ ¯®¤£àã¯¯ë ä¨­¨â­® ®â¤¥«¨¬ë. �à¨¬¥à®¬
â ª®£® à®¤  ¬®¦¥â á«ã¦¨âì  ¤¤¨â¨¢­ ï £àã¯¯  Qp p-¨ç­ëå ¤à®¡¥©, £¤¥
p | ¯à®áâ®¥ ç¨á«®. � íâ®© £àã¯¯¥ ¯®¤£àã¯¯  Z æ¥«ëå ç¨á¥« ­¥ ï¢«ï¥âáï
ä¨­¨â­® ®â¤¥«¨¬®©. �®íâ®¬ã á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå íª§¥¬¯«ïà®¢
£àã¯¯ë Qp á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®© Z ­¥ ¡ã¤¥â ä¨­¨â­®  ¯¯à®ªá¨¬¨-
àã¥¬®© £àã¯¯®©.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ­ ¬ ¯®âà¥¡ã¥âáï àï¤ ¢á¯®¬®£ â¥«ì-
­ëå ãâ¢¥à¦¤¥­¨©.

2. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

�¥¬¬  1. �àã¯¯  ª®­¥ç­®£® à ­£  ¬®¦¥â á®¤¥à¦ âì â®«ìª® ª®-
­¥ç­®¥ ç¨á«® ¯®¤£àã¯¯ ¤ ­­®£® ª®­¥ç­®£® ¨­¤¥ªá .

�â® ãâ¢¥à¦¤¥­¨¥, ¤ ¦¥ ¢ ¡®«¥¥ ®¡é¥¬ ¢¨¤¥, ¤®ª § ­® ¢ à ¡®â¥ [1].
�¥¬¬  2. �ãáâì G | £àã¯¯  ª®­¥ç­®£® à ­£ . � ¯ãáâì H | ¯®¤-

£àã¯¯  ª®­¥ç­®£® ¨­¤¥ªá  £àã¯¯ë G. �®£¤  ¢ £àã¯¯¥ G áãé¥áâ¢ã¥â å à ª-
â¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  N ª®­¥ç­®£® ¨­¤¥ªá  â ª ï, çâ® N ⊆ H.

�®ª § â¥«ìáâ¢®. �ãáâì G | £àã¯¯  ª®­¥ç­®£® à ­£ , H | ¯®¤-
£àã¯¯  £àã¯¯ë G ¨ ¨­¤¥ªá [G : H] ª®­¥ç¥­. �¡®§­ ç¨¬ ¨­¤¥ªá [G : H]
ç¥à¥§ n. �® «¥¬¬¥ 1 ¢ £àã¯¯¥ G áãé¥áâ¢ã¥â â®«ìª® ª®­¥ç­®¥ ç¨á«® ¯®¤-
£àã¯¯ ¨­¤¥ªá  n. �ãáâì N | ¯¥à¥á¥ç¥­¨¥ ¢á¥å â ª¨å ¯®¤£àã¯¯. �®£¤ 
N ⊆ H ¨ ®ç¥¢¨¤­®, çâ® N ¨¬¥¥â ª®­¥ç­ë© ¨­¤¥ªá ¢ £àã¯¯¥ G. � ª ª ª
«î¡®©  ¢â®¬®àä¨§¬ ϕ £àã¯¯ë G ¯¥à¥áâ ¢«ï¥â ¬¥¦¤ã á®¡®© ¥¥ ¯®¤£àã¯¯ë
¨­¤¥ªá  n, â® ϕ ®áâ ¢«ï¥â ­  ¬¥áâ¥ ¨å ¯¥à¥á¥ç¥­¨¥. �®íâ®¬ã N | å à ª-
â¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë G. �¥¬¬  ¤®ª § ­ .

� ¯®¬­¨¬, çâ® í«¥¬¥­â a £àã¯¯ë G ­ §ë¢ ¥âáï ¯®«­ë¬, ¥á«¨ ¤«ï
ª ¦¤®£® æ¥«®£® ¯®«®¦¨â¥«ì­®£® ç¨á«  n ãà ¢­¥­¨¥ xn = a à §à¥è¨¬® ¢
£àã¯¯¥ G. �àã¯¯  G ­ §ë¢ ¥âáï ¯®«­®©, ¥á«¨ ¢á¥ ¥¥ í«¥¬¥­âë ï¢«ïîâáï
¯®«­ë¬¨.

�«¥¤ãï �. �®¡¨­á®­ã ¨ �¦. �¥­­®ªáã [5], £àã¯¯ã G ¡ã¤¥¬ ­ §ë¢ âì
à¥¤ãæ¨à®¢ ­­®©, ¥á«¨ ®­  ­¥ á®¤¥à¦¨â ­¥âà¨¢¨ «ì­ëå ¯®«­ëå ¯®¤£àã¯¯.

�ç¥¢¨¤­®, çâ® «î¡ ï ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯  à¥¤ãæ¨à®-
¢ ­ . �«ï à §à¥è¨¬ëå £àã¯¯ ª®­¥ç­®£® à ­£  ¨¬¥¥â ¬¥áâ® ¨ ®¡à â­®¥
ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  3. � §à¥è¨¬ ï £àã¯¯  ª®­¥ç­®£® à ­£  ä¨­¨â­®  ¯¯à®ªá¨-
¬¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  à¥¤ãæ¨à®¢ ­ .

�â  «¥¬¬ , ¤ ¦¥ ¢ ¡®«¥¥ ®¡é¥¬ ¢¨¤¥, ¤®ª § ­  ¢ [5, ¯. 5.3.2].
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�¥¬¬  4. �ãáâì G | à §à¥è¨¬ ï £àã¯¯  ª®­¥ç­®£® à ­£ . �á«¨
£àã¯¯  G ï¢«ï¥âáï à áè¨à¥­¨¥¬ ª®­¥ç­®© £àã¯¯ë á ¯®¬®éìî ä¨­¨â­®
 ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë, â® £àã¯¯  G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .

�®ª § â¥«ìáâ¢®. �ãáâì G | à §à¥è¨¬ ï £àã¯¯  ª®­¥ç­®£® à ­£ ,
H | ª®­¥ç­ ï ¯®¤£àã¯¯  £àã¯¯ë G ¨ ä ªâ®à-£àã¯¯  G/H ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬ . �®ª ¦¥¬, çâ® G ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .

� ª ª ª ä ªâ®à-£àã¯¯  G/H ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ , â® ®­  à¥-
¤ãæ¨à®¢ ­ . �®ª ¦¥¬, çâ® G à¥¤ãæ¨à®¢ ­ .

�ãáâì A | ¯®«­ ï ¯®¤£àã¯¯  £àã¯¯ë G. � ª ª ª ä ªâ®à-£àã¯¯ 
¯®«­®© £àã¯¯ë á ¬  ï¢«ï¥âáï ¯®«­®©, â® ¯®¤£àã¯¯  AH/H £àã¯¯ë G/H
ï¢«ï¥âáï ¯®«­®©. �âáî¤  ¨ ¨§ â®£®, çâ® G/H à¥¤ãæ¨à®¢ ­ , á«¥¤ã¥â, çâ®
AH/H | ¥¤¨­¨ç­ ï ¯®¤£àã¯¯ , â. ¥. AH = H. �«¥¤®¢ â¥«ì­®, A ⊆ H, ¨
¯®íâ®¬ã ¯®¤£àã¯¯  A ª®­¥ç­ . �âáî¤  ¨ ¨§ â®£®, çâ® ¯®¤£àã¯¯  A ¯®«-
­ ï, á«¥¤ã¥â, çâ® A = 1. � ª¨¬ ®¡à §®¬, G | à §à¥è¨¬ ï à¥¤ãæ¨à®¢ ­­ ï
£àã¯¯  ª®­¥ç­®£® à ­£ . �®íâ®¬ã ¢ á¨«ã «¥¬¬ë 2 £àã¯¯  G ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬ . �¥¬¬  ¤®ª § ­ .

�¥¬¬  5. �ãáâì P | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A ¨ B á
¯®¤£àã¯¯ ¬¨ H ¨ K, ®¡ê¥¤¨­¥­­ë¬¨ ®â­®á¨â¥«ì­® ¨§®¬®àä¨§¬  ϕ.
� ¯ãáâì (Ai)i∈I ¨ (Bj)j∈J | á¥¬¥©áâ¢  ¢á¥å ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®-
­¥ç­®£® ¨­¤¥ªá  ¢ £àã¯¯ å A ¨ B á®®â¢¥âáâ¢¥­­®,

� = {(i, j) ∈ I × J : (Ai ∩H)ϕ = Bj ∩K}.

�«ï ª ¦¤®£® λ = (i, j) ¨§ � ¢¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: Aλ = Ai,
Bλ = Bj. �á«¨

⋂

λ∈�
Aλ = 1,

⋂

λ∈�
AλH = H,

⋂

λ∈�
Bλ = 1,

⋂

λ∈�
BλK = K, (*)

â® £àã¯¯  P ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ . �á«¨ £àã¯¯  P ä¨­¨â­®  ¯¯à®ª-
á¨¬¨àã¥¬ , £àã¯¯ë A ¨ B ã¤®¢«¥â¢®àïîâ ­¥âà¨¢¨ «ì­®¬ã â®¦¤¥áâ¢ã,
H 6= A ¨ K 6= B, â® ¢ë¯®«­ïîâáï ãá«®¢¨ï (*), ¨ ¢ ç áâ­®áâ¨ ¯®¤£àã¯¯ë
H ¨ K ä¨­¨â­® ®â¤¥«¨¬ë ¢ £àã¯¯ å A ¨ B á®®â¢¥âáâ¢¥­­®.

�¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 5 å®à®è® ¨§¢¥áâ­® ª ª ä¨«ìâà æ¨®­-
­ ï â¥®à¥¬  �. � ã¬á« £  ¨ ¤®ª § ­® ¢ [2]. �â®à®¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë
¯à¥¤áâ ¢«ï¥â á®¡®© ®¡à é¥­¨¥ ä¨«ìâà æ¨®­­®© â¥®à¥¬ë �. � ã¬á« £  ¨
¤®ª § ­® ¢ [6].
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3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2
�ãáâì P | á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ëå

£àã¯¯ A ¨ B á ­®à¬ «ì­ë¬¨ ®¡ê¥¤¨­¥­­ë¬¨ ¯®¤£àã¯¯ ¬¨ H ¨ K, ­¥
á®¢¯ ¤ îé¨¬¨ á £àã¯¯ ¬¨ A ¨ B á®®â¢¥âáâ¢¥­­®. � ¯ãáâì £àã¯¯ë A ¨ B
ï¢«ïîâáï à §à¥è¨¬ë¬¨ £àã¯¯ ¬¨ ª®­¥ç­®£® à ­£ . �®ª ¦¥¬, çâ® £àã¯¯ 
P ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯®¤£àã¯¯ë H ¨
K ä¨­¨â­® ®â¤¥«¨¬ë ¢ £àã¯¯ å A ¨ B á®®â¢¥âáâ¢¥­­®.

� ª ª ª £àã¯¯ë A ¨ B à §à¥è¨¬ë, â® ª ¦¤ ï ¨§ ­¨å ã¤®¢«¥â¢®àï¥â
®¤­®¬ã ¨§ ª®¬¬ãâ â®à­ëå â®¦¤¥áâ¢ δn(x1, . . . , x2n) = 1, £¤¥

δ0(x) = x,

δn+1(x1, . . . , x2n+1) = [δn(x1, . . . , x2n), δn(x2n+1, . . . , x2n+1)].

�®íâ®¬ã ­¥®¡å®¤¨¬®áâì ¢ ¤®ª §ë¢ ¥¬®© â¥®à¥¬¥ ®¡¥á¯¥ç¨¢ ¥âáï ¢â®àë¬
ãâ¢¥à¦¤¥­¨¥¬ «¥¬¬ë 5.

�®ª ¦¥¬ â¥¯¥àì ¤®áâ â®ç­®áâì. �ãáâì ¯®¤£àã¯¯ë H ¨ K ä¨­¨â­®
®â¤¥«¨¬ë ¢ £àã¯¯ å A ¨ B á®®â¢¥âáâ¢¥­­®. �®ª ¦¥¬, çâ® £àã¯¯  P ä¨-
­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ . �ã¤¥¬ áç¨â âì, çâ® A ¨ B | ¯®¤£àã¯¯ë £àã¯¯ë
P . �®£¤  A ∩ B = H = K. �ç¥¢¨¤­®, çâ® H | ­®à¬ «ì­ ï ¯®¤£àã¯¯ 
£àã¯¯ë P ¨ ä ªâ®à-£àã¯¯  P/H ï¢«ï¥âáï á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¯®¤-
£àã¯¯ A/H ¨ B/H. �ãáâì g ∈ P ¨ g 6= 1. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â £®¬®-
¬®àä¨§¬ £àã¯¯ë P ­  ª®­¥ç­ãî £àã¯¯ã, ¯¥à¥¢®¤ïé¨© g ¢ í«¥¬¥­â, ®â«¨ç-
­ë© ®â 1.

� áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  g 6∈ H. � ª ª ª H ä¨­¨â­® ®â¤¥-
«¨¬  ¢ A ¨ ¢ B, â® ä ªâ®à-£àã¯¯ë A/H ¨ B/H ä¨­¨â­®  ¯¯à®ªá¨¬¨àã-
¥¬ë. �®íâ®¬ã £àã¯¯ 

P/H = A/H ∗B/H

¯à¥¤áâ ¢«ï¥â á®¡®© á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ä¨­¨â­®  ¯¯à®ªá¨¬¨-
àã¥¬ëå £àã¯¯. �«¥¤®¢ â¥«ì­®, £àã¯¯  P/H ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .
�ãáâì ε | ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ £àã¯¯ë P ­  ä ªâ®à-£àã¯¯ã P/H.
�®£¤  gε | ­¥¥¤¨­¨ç­ë© í«¥¬¥­â ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë
P/H. �®íâ®¬ã áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ρ £àã¯¯ë P/H ­  ­¥ª®â®àãî ª®-
­¥ç­ãî £àã¯¯ã â ª®©, çâ® gερ 6= 1. �®¬®¬®àä¨§¬ ερ ï¢«ï¥âáï ¨áª®¬ë¬.

�¥¯¥àì à áá¬®âà¨¬ á«ãç ©, ª®£¤  g ∈ H. � ª ª ª H ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬ , â® ¢ ­¥© áãé¥áâ¢ã¥â ¯®¤£àã¯¯  M ª®­¥ç­®£® ¨­¤¥ªá , ­¥
á®¤¥à¦ é ï g. �®¤£àã¯¯  H ­ á«¥¤ã¥â ®â £àã¯¯ë A á¢®©áâ¢® ª®­¥ç­®áâ¨
à ­£ . �®íâ®¬ã ¢ á¨«ã «¥¬¬ë 2 ¢ £àã¯¯¥ H áãé¥áâ¢ã¥â å à ªâ¥à¨áâ¨ç¥-
áª ï ¯®¤£àã¯¯  N ª®­¥ç­®£® ¨­¤¥ªá  â ª ï, çâ® N ⊆ M . � ª¨¬ ®¡à §®¬,
N | å à ªâ¥à¨áâ¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë H, ª®â®à ï, ¢ á¢®î ®ç¥à¥¤ì,
­®à¬ «ì­  ¢ £àã¯¯¥ P . �®íâ®¬ã N ­®à¬ «ì­  ¢ P . �âáî¤  ¨ ¨§ â®£®, çâ®
N 6 H, á«¥¤ã¥â, çâ®



103

P/N = (A/N ∗B/N, H/N)

| á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ £àã¯¯ A/N ¨ B/N á ®¡ê¥¤¨­¥­­®© ¯®¤£àã¯¯®©
H/N . � ¬¥â¨¬, çâ® ®¡ê¥¤¨­¥­­ ï ¯®¤£àã¯¯  H/N ª®­¥ç­ .

�®ª ¦¥¬, çâ® ä ªâ®à-£àã¯¯ë A/N ¨ B/N ä¨­¨â­®  ¯¯à®ªá¨¬¨àã-
¥¬ë. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: A = A/N , H = H/N . � ª ª ª A
| à §à¥è¨¬ ï £àã¯¯  ª®­¥ç­®£® à ­£ , â® ¥¥ ä ªâ®à-£àã¯¯  A â ª¦¥
ï¢«ï¥âáï à §à¥è¨¬®© £àã¯¯®© ª®­¥ç­®£® à ­£ . � ¬¥â¨¬, çâ® H | ª®-
­¥ç­ ï ­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë A ¨ ä ªâ®à-£àã¯¯  A/H ∼= A/H
ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ . �®íâ®¬ã, ¨á¯®«ì§ãï «¥¬¬ã 4, ¯®«ãç ¥¬, çâ®
£àã¯¯  A = A/N ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ . �­ «®£¨ç­® ¯à®¢¥àï¥âáï,
çâ® ¨ ä ªâ®à-£àã¯¯  B/N ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ .

� ª¨¬ ®¡à §®¬, ä ªâ®à-£àã¯¯  P/N ï¢«ï¥âáï á¢®¡®¤­ë¬ ¯à®¨§¢¥-
¤¥­¨¥¬ ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ëå £àã¯¯ A/N ¨ B/N á ª®­¥ç­®© ®¡ê-
¥¤¨­¥­­®© ¯®¤£àã¯¯®© H/N . �®íâ®¬ã ¢ á¨«ã ®â¬¥ç¥­­®£® ¢ëè¥ à¥§ã«ì-
â â  �. � ã¬á« £  £àã¯¯  P/N ä¨­¨â­®  ¯¯à®ªá¨¬¨àã¥¬ . �ãáâì ε |
¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ £àã¯¯ë P ­  ä ªâ®à-£àã¯¯ã P/N . � ª ª ª
Kerε = N , N ⊆ M ¨ g 6∈ M , â® gε | ­¥¥¤¨­¨ç­ë© í«¥¬¥­â ä¨­¨â­®  ¯-
¯à®ªá¨¬¨àã¥¬®© £àã¯¯ë P/N . �¥¯¥àì ¨áª®¬ë© £®¬®¬®àä¨§¬ £àã¯¯ë P
­  ª®­¥ç­ãî £àã¯¯ã áâà®¨âáï â®ç­® â ª ¦¥, ª ª ¨ ¢ á«ãç ¥, ª®£¤  g 6∈ H.
�¥®à¥¬  ¤®ª § ­ .
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