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�¢¥¤¥¨¥

�á«¨ G | ¥ª®â®à ï £àã¯¯ , σ(G) ¡ã¤¥â ®¡®§ ç âì ¯¥à¥á¥ç¥¨¥ ¢á¥å ®à-
¬ «ìëå ¯®¤£àã¯¯ ª®¥ç®£® ¨¤¥ªá  £àã¯¯ë G, E(G) | á®¢®ªã¯®áâì ¢á¥å áîàê-
¥ªâ¨¢ëå í¤®¬®àä¨§¬®¢ íâ®© £àã¯¯ë. �«ï ¯à®¨§¢®«ì®£® ϕ ∈ E(G) ¯®« £ ¥¬
â ª¦¥

K(ϕ) =
∞⋃

i=1
Ker ϕi.

�®áª®«ìªã ä ªâ®à-£àã¯¯  G/σ(G) ï¢«ï¥âáï ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬®©,  
ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ë¥ £àã¯¯ë á ª®¥çë¬ ç¨á«®¬ ¯®à®¦¤ îé¨å å®¯ä®¢ë
(á¬. [3] ), â® ¤«ï «î¡®© ª®¥ç® ¯®à®¦¤¥®© £àã¯¯ë G ¨ «î¡®£® í¤®¬®àä¨§¬ 
ϕ ∈ E(G) ¢ë¯®«¥® ¢ª«îç¥¨¥ K(ϕ) ⊆ σ(G).

� à ¡®â¥ [12] ¡ë«  áä®à¬ã«¨à®¢   (á® ááë«ª®©   �. � £ãá ) § ¤ ç  ®¯¨á -
¨ï â¥å ª®¥ç® ¯®à®¦¤¥ëå ¥å®¯ä®¢ëå £àã¯¯ G, ª®â®àë¥ ®¡« ¤ îâ å®âï ¡ë ®¤-
¨¬ í¤®¬®àä¨§¬®¬ ϕ ∈ E(G), ¤«ï ª®â®à®£® ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® K(ϕ) = σ(G).
� íâ®© à ¡®â¥ ¤«ï àï¤  ¨§¢¥áâëå ª®¥ç® ®¯à¥¤¥«¥ëå ¥å®¯ä®¢ëå £àã¯¯ â ª¨¥
í¤®¬®àä¨§¬ë ï¢® ãª § ë ¨ ¯®áâ ¢«¥ ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ í¤®¬®àä¨§¬ 
á ãª § ë¬ á¢®©áâ¢®¬ ¢ ¯à®¨§¢®«ì®© ª®¥ç® ®¯à¥¤¥«¥®© ¥å®¯ä®¢®© £àã¯¯¥.
�¥âàã¤® ¯®ª § âì, â¥¬ ¥ ¬¥¥¥, çâ® ®â¢¥â   íâ®â ¢®¯à®á ®âà¨æ â¥«¥. � ¨¬¥®,
¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥:

�ãáâì £àã¯¯  G ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ £àã¯¯ A ¨ B á ®¡ê¥¤¨-
¥®© ¯®¤£àã¯¯®© H, G = (A ∗B; H). �à¥¤¯®«®¦¨¬, çâ®

1) áãé¥áâ¢ã¥â í¤®¬®àä¨§¬ τ ∈ E(G) á ¥âà¨¢¨ «ìë¬ ï¤à®¬, ®áâ ¢«ïîé¨©
¥¯®¤¢¨¦ë¬ ª ¦¤ë© í«¥¬¥â ¯®¤£àã¯¯ë H;

2) ®à¬ «ì®¥ § ¬ëª ¨¥ HA ¯®¤£àã¯¯ë H ¢ £àã¯¯¥ A á®¢¯ ¤ ¥â á A;
3) σ(B) á®¤¥à¦¨â ¯®¤£àã¯¯ã H ¨ ï¢«ï¥âáï ®à¬ «ìë¬ § ¬ëª ¨¥¬ ¢ £àã¯¯¥

B ª®¥ç®£® ¬®¦¥áâ¢  ¥¥ í«¥¬¥â®¢.
�®£¤  £àã¯¯  G ¥å®¯ä®¢ , ¨ ¤«ï «î¡®£® í¤®¬®àä¨§¬  ϕ ∈ E(G) ¯®¤£àã¯¯ë

K(ϕ) ¨ σ(G) à §«¨çë.
� á ¬®¬ ¤¥«¥, ãá«®¢¨¥ 1) ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ¨¥ í¤®¬®àä¨§¬  £àã¯¯ë

G, á®¢¯ ¤ îé¥£® á τ   ¯®¤£àã¯¯¥ A ¨ â®¦¤¥áâ¢¥®£®   B,   íâ® ¢«¥ç¥â ¥å®¯-
ä®¢®áâì £àã¯¯ë G. �§ ãá«®¢¨© 2) ¨ 3) á«¥¤ã¥â, çâ® ä ªâ®à-£àã¯¯  G/σ(B)G

*�¥¯®¨à®¢   ¢ ������ à¥¤ª®««¥£¨¥© �¨¡¨àáª. ¬ â¥¬. ¦ãà «  §  ü 6671-� 86. �®-
â æ¨ï: �¨¡¨àáª. ¬ â¥¬. ¦. 1987. �.28, ü 5. �. 219
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¨§®¬®àä  ä ªâ®à-£àã¯¯¥ B/σ(B) ¨ ¯®â®¬ã ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ . �«¥¤®-
¢ â¥«ì®, á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ σ(G) ⊆ σ(B)G. � ¤àã£®© áâ®à®ë, ¯®áª®«ìªã
σ(B) ⊆ σ(G), ¨¬¥¥â ¬¥áâ® ¨ ¯à®â¨¢®¯®«®¦®¥ ¢ª«îç¥¨¥, â ª çâ® ¯®¤£àã¯¯ 
σ(G) = σ(B)G ï¢«ï¥âáï ®à¬ «ìë¬ § ¬ëª ¨¥¬ ¢ £àã¯¯¥ G ª®¥ç®£® ¬®¦¥-
áâ¢  í«¥¬¥â®¢. � ª ª ª ¤«ï «î¡®£® í¤®¬®àä¨§¬  ϕ ∈ E(G) á ¥âà¨¢¨ «ìë¬
ï¤à®¬ ¯®á«¥¤®¢ â¥«ì®áâì Ker ϕi ï¢«ï¥âáï áâà®£® ¢®§à áâ îé¥©, ®âáî¤  á«¥¤ã¥â,
çâ® à ¢¥áâ¢® K(ϕ) = σ(G) ¢ë¯®«ïâìáï ¥ ¬®¦¥â.

(�ª«îç¥¨¥ Ker ϕn ⊂ Ker ϕn+1 ¤®ª ¦¥¬ ¨¤ãªæ¨¥© ¯® n. �ãáâì ¤«ï ¢á¥å
1 ≤ k < n íâ® á¯à ¢¥¤«¨¢®, ® ¤«ï «î¡®£® x ¨§ xϕn+1 = 1 á«¥¤ã¥â xϕn = 1. �® ¨-
¤ãªâ¨¢®¬ã ¯à¥¤¯®«®¦¥¨î áãé¥áâ¢ã¥â a ∈ Ker ϕn\Ker ϕn−1. �®§ì¬¥¬ b ∈ G â ª®©,
çâ® bϕ = a. �®£¤  bϕn+1 = aϕn = 1 ¨ ¯®â®¬ã bϕn = 1. �® ®âáî¤  aϕn−1 = bϕn = 1,
| ¯à®â¨¢®à¥ç¨¥.)

�à®áâ¥©è¨¬ ª®ªà¥âë¬ ¯à¨¬¥à®¬, ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨ï¬ ¯à¨¢¥¤¥-
®£® ãâ¢¥à¦¤¥¨ï, ¯®¢¨¤¨¬®¬ã, ï¢«ï¥âáï £àã¯¯ 

G = 〈a, b, c; a−1b2a = b3, a = [a, c−1ac]〉,
§ ¤  ï âà¥¬ï ®¡à §ãîé¨¬¨ ¨ ¤¢ã¬ï ®¯à¥¤¥«ïîé¨¬¨ á®®â®è¥¨ï¬¨. �¤¥áì A =
〈a, b; a−1b2a = b3〉, B = 〈a, c; a = [a, c−1ac]〉, ¯®¤£àã¯¯  H ï¢«ï¥âáï æ¨ª«¨ç¥áª®©
á ¯®à®¦¤ îé¨¬ a. �®à®è® ¨§¢¥áâ® (¨ «¥£ª® ¯®ª § âì), çâ® à ¢¥áâ¢  aτ = a
¨ bτ = b2 ®¯à¥¤¥«ïîâ áîàê¥ªâ¨¢ë© í¤®¬®àä¨§¬ £àã¯¯ë A á ¥âà¨¢¨ «ìë¬
ï¤à®¬. �¥âàã¤® ¢¨¤¥âì â ª¦¥, çâ® σ(B) á®¢¯ ¤ ¥â á ®à¬ «ìë¬ § ¬ëª ¨¥¬ ¢
£àã¯¯¥ B í«¥¬¥â  a.

�¥¬ ¥ ¬¥¥¥, ¤®ª § ®¥ ¢ëè¥ ¯à¥¤«®¦¥¨¥ ¥ ¯®§¢®«ï¥â ¯®ïâì, ª ª ¢ë£«ï-
¤¨â ®â¢¥â   ã¯®¬ïãâë© ¢®¯à®á ¤«ï £àã¯¯ á ®¤¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â®è¥¨¥¬.

�¥à¢ë¥ ¯à¨¬¥àë ¥å®¯ä®¢ëå £àã¯¯ á ®¤¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â®è¥¨¥¬
¡ë«¨ ®¡ àã¦¥ë �. � ã¬á« £®¬ ¨ �. �®«¨âíà®¬ [9] áà¥¤¨ £àã¯¯ ¢¨¤ 

Gmn = 〈a, b; a−1bma = bn〉,
£¤¥ m ¨ n | ¯à®¨§¢®«ìë¥ æ¥«ë¥ ç¨á« , ®â«¨çë¥ ®â ã«ï. �®ª § ®, çâ® £àã¯¯ 
Gmn ï¢«ï¥âáï ¥å®¯ä®¢®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  |m| > 1, |n| > 1 ¨ áãé¥áâ¢ã¥â
¯à®áâ®¥ ç¨á«®, ¤¥«ïé¥¥ ¢ â®ç®áâ¨ ®¤® ¨§ ç¨á¥« m ¨ n. � à ¡®â¥ [12] ¯®ª § ®,
çâ® ¥á«¨ ç¨á«  m ¨ n ¢§ ¨¬® ¯à®áâë, â® ¤«ï í¤®¬®àä¨§¬  ϕ £àã¯¯ë Gmn, ®áâ ¢-
«ïîé¥£® ¥¯®¤¢¨¦ë¬ í«¥¬¥â a ¨ ¯¥à¥¢®¤ïé¥£® b ¢ bm, ¢ë¯®«¥® à ¢¥áâ¢®
K(ϕ) = σ(Gmn). �¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ®¯¨á ¨¥ ¢á¥å £àã¯¯ ¢¨¤  Gmn,
®¡« ¤ îé¨å í¤®¬®àä¨§¬®¬ á íâ¨¬ á¢®©áâ¢®¬.

� ¯¨è¥¬ ç¨á«  m ¨ n ¢ ¢¨¤¥ m = m1p, n = n1q, £¤¥ m1, n1, p, q | æ¥«ë¥
ç¨á« , (p, n) = (q, m) = 1 ¨ ç¨á«  m1 ¨ n1 ¨¬¥îâ ®¤¨ ¨ â¥ ¦¥ ¯à®áâë¥ ¤¥«¨â¥«¨.
�â®¡ë á¤¥« âì íâã § ¯¨áì ®¤®§ ç®© (å®âï íâ® ¨ ¥ ®ç¥ì áãé¥áâ¢¥®) ¡ã¤¥¬
¯à¥¤¯®« £ âì â ª¦¥, çâ® ç¨á«  m1 ¨ n1 ¯®«®¦¨â¥«ìë. �á®¢®© à¥§ã«ìâ â à ¡®âë
â¥¯¥àì ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢  á«¥¤ãîé¨¬ ®¡à §®¬.

�¥®à¥¬ . �¤®¬®àä¨§¬ ϕ ∈ E(Gmn) â ª®©, çâ® K(ϕ) = σ(Gmn) áãé¥-
áâ¢ã¥â â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  m1 = n1.

� ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë ®âáãâáâ¢ã¥â ¯à¥¤¯®«®¦¥¨¥ ® ¥å®¯ä®¢®áâ¨ £àã¯¯ë
Gmn. �¥«® ¢ â®¬, çâ® â¥®à¥¬  á¯à ¢¥¤«¨¢  ¨ â®£¤ , ª®£¤  £àã¯¯  Gmn ï¢«ï¥âáï
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å®¯ä®¢®©; ¡®«¥¥ â®£®, ¤«ï å®¯ä®¢®© £àã¯¯ë á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë
¯®çâ¨ ®ç¥¢¨¤ . �¥©áâ¢¨â¥«ì®, á ®¤®© áâ®à®ë, ¢ íâ®¬ á«ãç ¥ ¤«ï «î¡®£® í¤®-
¬®àä¨§¬  ϕ ∈ E(Gmn) ¬ë ¨¬¥¥¬ Ker ϕ = 1, ¨ ¯®â®¬ã à ¢¥áâ¢® K(ϕ) = σ(Gmn)
à ¢®á¨«ì® ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë Gmn. � ¤àã£®© áâ®à®ë, ¨§
¯à¨¢¥¤¥®£® ¢ëè¥ ªà¨â¥à¨ï ¥å®¯ä®¢®áâ¨ £àã¯¯ë Gmn á«¥¤ã¥â, çâ® ¥á«¨ ®  å®¯-
ä®¢ , â® à ¢¥áâ¢® m1 = n1 ¢ë¯®«¥® ¢ â®ç®áâ¨ â®£¤ , ª®£¤  ¨«¨ |m| = 1, ¨«¨
|n| = 1, ¨«¨ |m| = |n|, â. ¥. â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  £àã¯¯  Gmn ä¨¨â®
 ¯¯à®ªá¨¬¨àã¥¬  (á¬. [14]).

�à¥¤ë¤ãé¥¥ § ¬¥ç ¨¥ £®¢®à¨â ® â®¬, çâ® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ¤®áâ -
â®ç® ¯à®¢¥áâ¨ ¯à¨ ¤®¯®«¨â¥«ì®¬ ¯à¥¤¯®«®¦¥¨¨ ® ¥å®¯ä®¢®áâ¨ £àã¯¯ë Gmn.
�¥¬ ¥ ¬¥¥¥, ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ ¬ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï «¨èì ¡®«¥¥ á« ¡ë¬ ¯à¥¤-
¯®«®¦¥¨¥¬ |m| 6= |n|, ª®â®à®¥ ¢ ¤ «ì¥©è¥¬ ¯à¥¤¯®« £ ¥âáï ¢ë¯®«¥ë¬ ¡¥§
¤®¯®«¨â¥«ìëå ®£®¢®à®ª. �áî¤ã ¨¦¥ ¯à¥¤¯®« £ îâáï â ª¦¥ ä¨ªá¨à®¢ ë¬¨
§ ç¥¨ï á¨¬¢®«®¢ m1, n1, p ¨ q, ¢¢¥¤¥ë¥ ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë. � -
ª®¥æ, á¨¬¢®« α ¡ã¤¥â ¢á¥£¤  ®¡®§ ç âì í¤®¬®àä¨§¬ £àã¯¯ë Gmn, ®áâ ¢«ïîé¨©
í«¥¬¥â a   ¬¥áâ¥ ¨ ¯¥à¥¢®¤ïé¨© í«¥¬¥â b ¢ í«¥¬¥â bpq. �â¬¥â¨¬ (á¬. ¯à¥¤«®-
¦¥¨¥ 2 ¨¦¥), çâ® α ∈ E(Gmn).

�á®¢ ï â¥®à¥¬  ï¢«ï¥âáï ®ç¥¢¨¤ë¬ á«¥¤áâ¢¨¥¬ á«¥¤ãîé¨å ¤¢ãå ãâ¢¥à-
¦¤¥¨©:

�¥®à¥¬  1. � ªâ®à-£àã¯¯  Gmn/K(α) ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬  â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  m1 = n1.

�¥®à¥¬  2. �¤à® ¯à®¨§¢®«ì®£® í¤®¬®àä¨§¬  ϕ ∈ E(Gmn) á®¤¥à¦¨âáï ¢
¯®¤£àã¯¯¥ K(α).

�¥¯®áà¥¤áâ¢¥® ¤®ª § â¥«ìáâ¢ã íâ¨å â¥®à¥¬ ¯®á¢ïé¥ë âà¥â¨© ¨ ç¥â¢¥àâë©
¯ à £à äë à ¡®âë. �¥à¢ë© ¯ à £à ä á®¤¥à¦¨â àï¤ ¢á¯®¬®£ â¥«ìëå à¥§ã«ìâ -
â®¢; §¤¥áì, ¢ ç áâ®áâ¨, ¢ëç¨á«¥ë ®¯à¥¤¥«ïîé¨¥ á®®â®è¥¨ï ä ªâ®à-£àã¯¯ë
Gmn/K(α) ¨ ¥¤¨áâ¢¥®© ¥¥ ®à¬ «ì®© ¯®¤£àã¯¯ë, ä ªâ®à-£àã¯¯  ¯® ª®â®à®©
ï¢«ï¥âáï ¡¥áª®¥ç®© æ¨ª«¨ç¥áª®©. �® ¢â®à®¬ ¯ à £à ä¥ ¤«ï íâ®© ¯®¤£àã¯¯ë  ©-
¤¥® ¤àã£®¥, ¡®«¥¥ ã¤®¡®¥ ¯à¥¤áâ ¢«¥¨¥ ®¡à §ãîé¨¬¨ ¨ ®¯à¥¤¥«ïîé¨¬¨ á®®â®-
è¥¨ï¬¨, çâ® ¯®§¢®«¨«® ®¯¨á âì ¥¥ áâà®¥¨¥ ¢ â¥à¬¨ å ª®áâàãªæ¨¨ á¢®¡®¤®£®
¯à®¨§¢¥¤¥¨ï á ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®© ¨ ï¢¨«®áì ª«îç®¬ ª ¤®ª § â¥«ìáâ¢ã â¥®-
à¥¬ 1 ¨ 2.

§ 1. �à¥¤¢ à¨â¥«ìë¥ à¥§ã«ìâ âë

�â®â ¯ à £à ä, á®¤¥à¦ é¨© àï¤ ¢á¯®¬®£ â¥«ìëå ãâ¢¥à¦¤¥¨©,  ç¥¬ á
¯¥à¥ç¨á«¥¨ï ¥ª®â®àëå á¢®©áâ¢ í¤®¬®àä¨§¬®¢ £àã¯¯ ¢¨¤  Gmn. � ¦¤ ï â ª ï
£àã¯¯  ï¢«ï¥âáï HNN -à áè¨à¥¨¥¬ á ¯à®å®¤®© ¡ãª¢®© a ¡¥áª®¥ç®© æ¨ª«¨ç¥-
áª®© £àã¯¯ë, ¯®à®¦¤ ¥¬®© í«¥¬¥â®¬ b, ¨ á¢ï§ ë¬¨ ¯®¤£àã¯¯ ¬¨, ¯®à®¦¤ ¥-
¬ë¬¨ í«¥¬¥â ¬¨ bm ¨ bn á®®â¢¥âáâ¢¥®. �á«¨ ϕ | ¯à®¨§¢®«ìë© í¤®¬®àä¨§¬
£àã¯¯ë Gmn, â® í«¥¬¥âë (bϕ)m ¨ (bϕ)n ï¢«ïîâáï á®¯àï¦¥ë¬¨ ¯à¨ ¯®¬®é¨ í«¥-
¬¥â  aϕ, ¨ â ª ª ª |m| 6= |n|, ¨§ «¥¬¬ë �®««¨§  (á¬. [7], á. 254) á«¥¤ã¥â, çâ®
í«¥¬¥â bϕ ¤®«¦¥ ¡ëâì á®¯àï¦¥ë¬ á ¥ª®â®àë¬ í«¥¬¥â®¬ ¡ §®¢®© £àã¯¯ë.
� ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®
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�à¥¤«®¦¥¨¥ 1. �á¥ í¤®¬®àä¨§¬ë £àã¯¯ë Gmn á â®ç®áâìî ¤® ¬®¦¨-
â¥«ï, ï¢«ïîé¥£®áï ¢ãâà¥¨¬  ¢â®¬®àä¨§¬®¬, ¨áç¥à¯ë¢ îâáï â ª¨¬¨, ª®â®-
àë¥ í«¥¬¥â b ¯¥à¥¢®¤ïâ ¢ í«¥¬¥â ¢¨¤  bk (k ∈ Z).

�à¥¤«®¦¥¨¥ 2. �á«¨ ϕ | áîàê¥ªâ¨¢ë© í¤®¬®àä¨§¬ £àã¯¯ë Gmn â -
ª®©, çâ® bϕ = bk, £¤¥ |k| > 1, â® ª ¦¤ë© ¯à®áâ®© ¤¥«¨â¥«ì ç¨á«  k ï¢«ï¥âáï
¤¥«¨â¥«¥¬ ¢ â®ç®áâ¨ ®¤®£® ¨§ ç¨á¥« m ¨ n. � ®¡®à®â, ¥á«¨ ç¨á«® k ã¤®¢«¥â¢®-
àï¥â íâ®¬ã âà¥¡®¢ ¨î, â® í¤®¬®àä¨§¬ ϕ £àã¯¯ë Gmn, ®¯à¥¤¥«ï¥¬ë© à ¢¥-
áâ¢ ¬¨ aϕ = a ¨ bϕ = bk, ï¢«ï¥âáï áîàê¥ªâ¨¢ë¬.

�®ª § â¥«ìáâ¢®. �â®à®¥ ãâ¢¥à¦¤¥¨¥ å®à®è® ¨§¢¥áâ® (á¬.  ¯à. [9]) ¨ «¥£ª®
¯®«ãç ¥âáï ¨¤ãªæ¨¥© ¯® ç¨á«ã á®¬®¦¨â¥«¥© ¢ ª ®¨ç¥áª®¬ à §«®¦¥¨¨ ç¨á«  k.

�«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ãâ¢¥à¦¤¥¨ï § ¬¥â¨¬ á ç « , çâ® ¥á«¨ í«¥-
¬¥âë aϕ ¨ bϕ = bk ¯®à®¦¤ îâ £àã¯¯ã Gmn, â® ä ªâ®à-£àã¯¯  ¥¥ ¯® ®à¬ «ì®¬ã
§ ¬ëª ¨î í«¥¬¥â  bk ¤®«¦  ¡ëâì æ¨ª«¨ç¥áª®©. � ááã¦¤ ï ®â ¯à®â¨¢®£®, ¯à¥¤-
¯®«®¦¨¬ â¥¯¥àì, çâ® áãé¥áâ¢ã¥â ¯à®áâ®© ¤¥«¨â¥«ì t ç¨á«  k â ª®©, çâ® ç¨á«  m
¨ n ®¤®¢à¥¬¥® «¨¡® ¤¥«ïâáï, «¨¡® ¥ ¤¥«ïâáï   t. � ¯¥à¢®¬ á«ãç ¥ ä ªâ®à-
£àã¯¯  £àã¯¯ë Gmn ¯® ®à¬ «ì®¬ã § ¬ëª ¨î í«¥¬¥â  bt ï¢«ï¥âáï á¢®¡®¤ë¬
¯à®¨§¢¥¤¥¨¥¬ ¡¥áª®¥ç®© æ¨ª«¨ç¥áª®© £àã¯¯ë ¨ æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  t,
  ¢® ¢â®à®¬ | à áè¨à¥¨¥¬ æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  t ¯à¨ ¯®¬®é¨ ¡¥áª®¥ç-
®© æ¨ª«¨ç¥áª®© £àã¯¯ë. � ª ª ª ®à¬ «ì®¥ § ¬ëª ¨¥ í«¥¬¥â  bk á®¤¥à¦¨âáï
¢ ®à¬ «ì®¬ § ¬ëª ¨¨ í«¥¬¥â  bt, ¨ â®, ¨ ¤àã£®¥ ¥¢®§¬®¦®.

�à¥¤«®¦¥¨¥ 3. �«ï «î¡®£® æ¥«®£® ç¨á«  k > 1 ï¤à® í¤®¬®àä¨§¬  αk

á®¢¯ ¤ ¥â á ®à¬ «ìë¬ § ¬ëª ¨¥¬ ¢ £àã¯¯¥ Gmn í«¥¬¥â®¢

[a−kbmk
1 ak, b], [b, akbnk

1 a−k], [a−kbmk
1 ak, akbnk

1 a−k]. (1)

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ L ä ªâ®à-£àã¯¯ã £àã¯¯ë Gmn ¯® ®à-
¬ «ì®¬ã § ¬ëª ¨î í«¥¬¥â®¢ (1), ¨ ¯ãáâì ϕ | ¥áâ¥áâ¢¥ë© £®¬®¬®àä¨§¬
£àã¯¯ë Gmn   £àã¯¯ã L. � ª ª ª ¢ £àã¯¯¥ Gmn ¢ë¯®«¥ë à ¢¥áâ¢ 

a−kb(pq)kmk
1 ak = bnkqk ¨ akb(pq)knk

1 a−k = bmkpk

, (2)

â® ®â®¡à ¦¥¨¥ a 7→ a, b 7→ b(pq)k ®¯à¥¤¥«ï¥â £®¬®¬®àä¨§¬ ψ £àã¯¯ë L ¢ £àã¯¯ã
Gmn. (�¤¥áì ¨ ¤ «¥¥ á«®¢  ¢ ä¨ªá¨à®¢ ®¬  «ä ¢¨â¥ ¬®£ãâ ®¡®§ ç âì ª ª í«¥-
¬¥âë ¥ª®â®à®© £àã¯¯ë, â ª ¨ í«¥¬¥âë ¥¥ ä ªâ®à-£àã¯¯ë; ¨§ ª®â¥ªáâ  ¢á¥£¤ 
¡ã¤¥â ïá®, ® ç¥¬ ¨¤¥â à¥çì.) �ç¥¢¨¤®, çâ® ϕψ = αk, ¨ ¯®â®¬ã ¤«ï ¤®ª § â¥«ìáâ¢ 
¯à¥¤«®¦¥¨ï 3  ¬ ¤®áâ â®ç® ã¡¥¤¨âìáï ¢ â®¬, çâ® ψ ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬.

�®áª®«ìªã  ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ç¨á¥« (nq)k, (pq)k ¨ (mp)k à ¢¥ 1,
¤«ï ¯®¤å®¤ïé¨å æ¥«ëå ç¨á¥« x, y ¨ z ¢ë¯®«¥® à ¢¥áâ¢®

(nq)kx + (pq)ky + (mp)kz = 1.

�¡®§ ç¨¬ ç¥à¥§ c í«¥¬¥â
(
a−kbmk

1 ak
)x

by
(
akbnk

1 a−k
)z
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£àã¯¯ë L. � ª ª ª ¢ íâ®© £àã¯¯¥ í«¥¬¥âë a−kbmk
1 ak, b ¨ akbnk

1 a−k ¯®¯ à® ¯¥à¥-
áâ ®¢®çë, ¨¬¥¥¬

c(pq)k =
(
a−kb(pqm1)k

ak
)x

b(pq)ky
(
akb(pqn1)k

a−k
)z

= b.

�à®¬¥ â®£®, ¯®áª®«ìªã

a−1cma = a−k
(
a−1bma

)mk
1x

ak(a−1bma)yak
(
a−1bma

)nk
1z

a−k = cn,

®â®¡à ¦¥¨¥ a 7→ a, b 7→ c ®¯à¥¤¥«ï¥â £®¬®¬®àä¨§¬ θ £àã¯¯ë Gmn ¢ £àã¯¯ã L.
� ª ª ª ¨§ ¢ë¯®«¥ëå ¢ £àã¯¯¥ Gmn à ¢¥áâ¢ (2) á«¥¤ã¥â, çâ® cψ = b, ®ç¥¢¨¤®,
çâ® ®â®¡à ¦¥¨ï ψ ¨ θ ï¢«ïîâáï ¢§ ¨¬® ®¡à âë¬¨ ¨§®¬®àä¨§¬ ¬¨.

� áâë© á«ãç © á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï ¯à¨ (m,n) = 1 á®¤¥à¦¨âáï ¢ [8].
�à¥¤«®¦¥¨¥ 4. �«ï «î¡®£® æ¥«®£® ç¨á«  k > 1 ï¤à® í¤®¬®àä¨§¬  αk

ï¢«ï¥âáï ¢¯®«¥ å à ªâ¥à¨áâ¨ç¥áª®© ¯®¤£àã¯¯®© £àã¯¯ë Gmn.
�®ª § â¥«ìáâ¢®. �¢¨¤ã ¯à¥¤«®¦¥¨ï 1 ¬®¦® ®£à ¨ç¨âìáï à áá¬®âà¥¨¥¬

â ª®£® í¤®¬®àä¨§¬  ϕ £àã¯¯ë Gmn, ¯à¨ ª®â®à®¬ í«¥¬¥â b ¯¥à¥å®¤¨â ¢ í«¥¬¥â
br ¤«ï ¥ª®â®à®£® æ¥«®£® ç¨á«  r. �á«¨, ªà®¬¥ â®£®, u = aϕ, ¢ á¨«ã ¯à¥¤«®¦¥¨ï 3
¤®áâ â®ç® ãáâ ®¢¨âì, çâ® í«¥¬¥âë

[u−kbrmk
1 uk, br], [br, ukbrnk

1 u−k], [u−kbrmk
1 uk, ukbrnk

1 u−k]. (3)

«¥¦ â ¢ ¯®¤£àã¯¯¥ Ker αk.
� ª ª ª u−1bmru = bnr ¨ ®â®¡à ¦¥¨¥ α ¥ ¨§¬¥ï¥â ¢å®¦¤¥¨© ¡ãª¢ë a

¢ § ¯¨áïå í«¥¬¥â®¢ £àã¯¯ë Gmn, ¥âàã¤® ¢¨¤¥âì, çâ® (uαk)−1bmr(uαk) = bnr.
�«¥¤®¢ â¥«ì®,

(u−kbrmk
1 uk)αk =

(
(uαk)−kbmkr(uαk)k

)qk

= b(nq)kr

¨,   «®£¨ç®,
(ukbrnk

1 u−k)αk = b(mp)kr.

�®íâ®¬ã ®¡à §ë ¢á¥å í«¥¬¥â®¢ (3) ®â®á¨â¥«ì® ®â®¡à ¦¥¨ï αk à ¢ë 1.

�¡®§ ç¨¬ ç¥à¥§ Hmn ®à¬ «ì®¥ § ¬ëª ¨¥ ¢ £àã¯¯¥ Gmn í«¥¬¥â  b. �á-
¯®«ì§ãï áâ ¤ àâãî ¯à®æ¥¤ãàã �¥©¤¥¬¥©áâ¥à  { �à¥©¥à  (á¬.  ¯à. [2]),  ©¤¥¬,
çâ® £àã¯¯  Hmn ¢ ®¡à §ãîé¨å bi = aiba−i (i ∈ Z) ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨
bm
i = bn

i+1 (i ∈ Z), â. ¥. ï¢«ï¥âáï ¤à¥¢¥áë¬ ¯à®¨§¢¥¤¥¨¥¬ (®¯à¥¤¥«¥¨¥ ¨ á¢®©-
áâ¢  íâ®© ª®áâàãªæ¨¨ ¬®¦®  ©â¨ ¢ à ¡®â¥ [13]) áç¥â®£® á¥¬¥©áâ¢  ¡¥áª®¥çëå
æ¨ª«¨ç¥áª¨å £àã¯¯ á ®ç¥¢¨¤ë¬¨ ®¡ê¥¤¨¥¨ï¬¨.

�§ ¯à¥¤«®¦¥¨ï 3 á«¥¤ã¥â, çâ® £àã¯¯  Gmn = Gmn/K(α) ¢ ®¡à §ãîé¨å a, b
®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬ a−1bma = bn ¨ ¢á¥¢®§¬®¦ë¬¨ á®®â®è¥¨ï¬¨, ¯à¨-
à ¢¨¢ îé¨¬¨ ¥¤¨¨æ¥ ¢á¥ á«®¢  ¨§ (1) ¯à¨ k = 1, 2, . . . . �¡®§ ç ï ç¥à¥§ Hmn

®à¬ «ì®¥ § ¬ëª ¨¥ ¢ £àã¯¯¥ Gmn í«¥¬¥â  b ¨ á®¢  ¨á¯®«ì§ãï ¯à®æ¥¤ãàã �¥©-
¤¥¬¥©áâ¥à  { �à¥©¥à , ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ãâ¢¥à¦¤¥¨î:
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�à¥¤«®¦¥¨¥ 5. �àã¯¯  Hmn ¢ ®¡à §ãîé¨å bi = aiba−i (i ∈ Z) ®¯à¥¤¥«ï-
¥âáï á®®â®è¥¨ï¬¨

bm
i = bn

i+1, (4)

£¤¥ i ∈ Z,   â ª¦¥ á®®â®è¥¨ï¬¨

[bmk
1

i , bi+k] = [bi, b
nk

1
i+k] = [bmk

1
i−k, b

nk
1

i+k] = 1, (5)

£¤¥ i ∈ Z, k = 1, 2, . . . .
� á«¥¤ãîé¥¬ ¯ à £à ä¥ ¡ã¤¥â  ©¤¥® ¤àã£®¥, ¡®«¥¥ ã¤®¡®¥ ¯à¥¤áâ ¢«¥¨¥

íâ®© £àã¯¯ë ®¡à §ãîé¨¬¨ ¨ ®¯à¥¤¥«ïîé¨¬¨ á®®â®è¥¨ï¬¨; ®áâ â®ª ¦¥ íâ®£®
¯ à £à ä  á®¤¥à¦¨â ¤®ª § â¥«ìáâ¢  àï¤  ¥®¡å®¤¨¬ëå  ¬ á¢®©áâ¢ £àã¯¯ ¢¨¤ 

Dt
rs = 〈d1, d2, . . . , dt; dr

i = ds
i+1 (i = 1, 2, . . . , t− 1)〉,

£¤¥ r > 1, s > 1 ¨ t > 1 | æ¥«ë¥ ç¨á« .
�àã¯¯  Dt

rs ï¢«ï¥âáï, ®ç¥¢¨¤®, ¤à¥¢¥áë¬ ¯à®¨§¢¥¤¥¨¥¬ t íª§¥¬¯«ïà®¢
¡¥áª®¥ç®© æ¨ª«¨ç¥áª®© £àã¯¯ë (á ®ç¥¢¨¤ë¬¨ ®¡ê¥¤¨¥¨ï¬¨). �âáî¤  (¨ ¨§
á¢®©áâ¢ ¤à¥¢¥áëå ¯à®¨§¢¥¤¥¨©) á«¥¤ã¥â, ¢ ç áâ®áâ¨, çâ® «î¡ë¥ ¤¢  á®á¥¤¨å
®¡à §ãîé¨å di ¨ di+1 ¯®à®¦¤ îâ ¢ ¥© ¯®¤£àã¯¯ã 〈di, di+1; dr

i = ds
i+1〉, ï¢«ïîéã-

îáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ á ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®© ¤¢ãå ¡¥áª®¥çëå æ¨ª-
«¨ç¥áª¨å £àã¯¯. �¤ãªâ¨¢ë¥ à ááã¦¤¥¨ï ¡ã¤ãâ ¨á¯®«ì§®¢ âì ¥é¥ ®¤® á¢®©áâ¢®
íâ¨å £àã¯¯,   ¨¬¥® â®, çâ® ¯à¨ t > 2 £àã¯¯  Dt

rs ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥-
¨¥¬ á ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®© £àã¯¯ë Dt−1

rs ¨ ¡¥áª®¥ç®© æ¨ª«¨ç¥áª®© £àã¯¯ë
á ®¡à §ãîé¨¬ dt:

Dt
rs =

(
Dt−1

rs ∗ 〈dt〉; dr
t−1 = ds

t

)
. (6)

� ª, ¨§ â¥®à¥¬ë �. �¥©¬  (á¬.  ¯à. [15], á. 512) ®ç¥¢¨¤®© ¨¤ãªæ¨¥© ¯® t
¯®«ãç ¥¬

�à¥¤«®¦¥¨¥ 6. �ãáâì k | ¯à®¨§¢®«ì®¥ æ¥«®¥ ç¨á«®, ¢§ ¨¬® ¯à®áâ®¥ á
ª ¦¤ë¬ ¨§ ç¨á¥« r ¨ s, ¨ ¯ãáâì ¤«ï i = 1, 2, . . . , t ei = dk

i . �®¤£àã¯¯ , ¯®à®¦¤ ¥¬ ï
¢ £àã¯¯¥ Dt

rs í«¥¬¥â ¬¨ e1, e2, . . . , et, ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨ er
i = es

i+1
(i = 1, 2, . . . , t− 1), ¨ ¯®â®¬ã ¨§®¬®àä  ¢á¥© £àã¯¯¥ Dt

rs.
�á¯®«ì§ãï à §«®¦¥¨¥ (6) ¨ ¨§¢¥áâë¥ á¢®©áâ¢  á¢®¡®¤®£® ¯à®¨§¢¥¤¥¨ï á

®¡ê¥¤¨¥®© ¯®¤£àã¯¯®© (¢ ç áâ®áâ¨, | á«¥¤áâ¢¨¥ 4.4.3 ¨ â¥®à¥¬ã 4.6 ¨§ [2]),
¥âàã¤® ¤®ª § âì ¨ á«¥¤ãîé¥¥

�à¥¤«®¦¥¨¥ 7. �«ï «î¡ëå æ¥«ëå ç¨á¥« k ¨ l í«¥¬¥âë dk
i ¨ dl

j (1 6
i < j 6 t) á®¯àï¦¥ë ¢ £àã¯¯¥ Dt

rs â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¨ à ¢ë. �à¨
íâ®¬ dk

i = dl
j ¢ â®ç®áâ¨ â®£¤ , ª®£¤  ¤«ï ¥ª®â®à®£® æ¥«®£® ç¨á«  z ¢ë¯®«¥ë

à ¢¥áâ¢  k = urj−i
1 z ¨ l = usj−i

1 z, £¤¥ u = (r, s) |  ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì
ç¨á¥« r ¨ s ¨ r = ur1, s = us1.

�«ï ¤ «ì¥©è¥£® ¥®¡å®¤¨¬®  ¯®¬¨âì àï¤ ¯®ïâ¨©, á¢ï§ ëå á® áâà®¥-
¨¥¬ á¢®¡®¤®£® ¯à®¨§¢¥¤¥¨ï á ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®©.
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�ãáâì £àã¯¯  A = (X ∗Y ; U) ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ £àã¯¯ X ¨ Y
á ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®© U . �à®¨§¢®«ìë© í«¥¬¥â a ∈ A ¬®¦¥â ¡ëâì ¢ëà ¦¥
¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï

a = z1z2 · · · zt (t > 1),
£¤¥ ª ¦¤ë© á®¬®¦¨â¥«ì zi «¥¦¨â ¢ ®¤®© ¨§ ¯®¤£àã¯¯ X ¨ Y , ¯à¨ç¥¬ ¥á«¨ t > 1,
â® ¨ª ª¨¥ á®¬®¦¨â¥«¨ zi ¨ zi+1 (i = 1, . . . , t − 1) ¥ ¯à¨ ¤«¥¦ â ®¤®© ¨ â®©
¦¥ ¨§ íâ¨å ¯®¤£àã¯¯ (¨ ¯®â®¬ã ª ¦¤ë© á®¬®¦¨â¥«ì zi ¥ ¢å®¤¨â ¢ ®¡ê¥¤¨ï¥¬ãî
¯®¤£àã¯¯ã U). �â® ¢ëà ¦¥¨¥ í«¥¬¥â  a  §ë¢ ¥âáï ¥£® ¥á®ªà â¨¬®© § ¯¨áìî.
�¥á¬®âàï   â®, çâ® ¯à¨ U 6= 1 ¥á®ªà â¨¬ ï § ¯¨áì í«¥¬¥â  a (¢®®¡é¥ £®¢®àï)
®¯à¥¤¥«¥  ¥®¤®§ ç®, ¢ «î¡ëå ¤¢ãå ¥£® ¥á®ªà â¨¬ëå § ¯¨áïå ç¨á«® á®¬®-
¦¨â¥«¥© ( §ë¢ ¥¬®¥ ¤«¨®© í«¥¬¥â  a ¨ ®¡®§ ç ¥¬®¥ l(a)) ®¤® ¨ â® ¦¥, ¨  
®¤¨ ª®¢ëå ¬¥áâ å áâ®ïâ á®¬®¦¨â¥«¨, ¯à¨ ¤«¥¦ é¨¥ ®¤®© ¨ â®© ¦¥ ¯®¤£àã¯¯¥
X ¨«¨ Y . �«¥¬¥â a ¡ã¤¥¬  §ë¢ âì æ¨ª«¨ç¥áª¨ ¥á®ªà â¨¬ë¬, ¥á«¨ ¯à¨ l(a) > 1
ªà ©¨¥ á®¬®¦¨â¥«¨ ¥£® ¥á®ªà â¨¬®© § ¯¨á¨ ¥ «¥¦ â ¢ ®¤®© ¨ â®© ¦¥ ¯®¤-
£àã¯¯¥ X ¨«¨ Y . (� ª¨¬ ®¡à §®¬, í«¥¬¥âë ¨§ á¢®¡®¤ëå ¬®¦¨â¥«¥© ¬ë áç¨â ¥¬
æ¨ª«¨ç¥áª¨ ¥á®ªà â¨¬ë¬¨.)

�ç¥¢¨¤ ï ¨¤ãªæ¨ï ¯® ¤«¨¥ í«¥¬¥â  ¯®ª §ë¢ ¥â, çâ® ª ¦¤ë© í«¥¬¥â
£àã¯¯ë A á®¯àï¦¥ á ¥ª®â®àë¬ æ¨ª«¨ç¥áª¨ ¥á®ªà â¨¬ë¬ í«¥¬¥â®¬. � ¬ ¯®-
âà¥¡ã¥âáï ¡®«¥¥ â®ç®¥ ãâ¢¥à¦¤¥¨¥, ¤®ª § â¥«ìáâ¢® ª®â®à®£® â ª¦¥ ¯à®¨áå®¤¨â
¯à®áâ®© ¨¤ãªæ¨¥© ¯® ¤«¨¥.
�¥¬¬  1. �«ï ¯à®¨§¢®«ì®£® í«¥¬¥â  a ∈ A = (X ∗ Y ; U) ¨¬¥¥â ¬¥áâ® ®¤® ¨
â®«ìª® ®¤® ¨§ á«¥¤ãîé¨å ãâ¢¥à¦¤¥¨©:

 ) í«¥¬¥â a æ¨ª«¨ç¥áª¨ ¥á®ªà â¨¬;
¡) í«¥¬¥â a ¬®¦¥â ¡ëâì § ¯¨á  ¢ ¢¨¤¥ a = zvz−1 £¤¥ v | æ¨ª«¨ç¥áª¨

¥á®ªà â¨¬ë© í«¥¬¥â ¤«¨ë, ¡®«ìè¥© 1, ¨ z /∈ U , ¯à¨ç¥¬ ¥á«¨ z = z1 · · · zr ¨
v = v1 · · · vs | ¥á®ªà â¨¬ë¥ § ¯¨á¨ í«¥¬¥â®¢ z ¨ v (r > 1, s > 1), â® í«¥¬¥âë
zr ¨ v1 ¥ «¥¦ â ¢ ®¤®© ¨ â®© ¦¥ ¯®¤£àã¯¯¥ X ¨«¨ Y ¨ vsz

−1
r /∈ U .

¢) ®¤  ¨§ ¥á®ªà â¨¬ëå § ¯¨á¥© í«¥¬¥â  a ¨¬¥¥â ¢¨¤

z1z2 · · · zrzz−1
r · · · z−1

2 z−1
1

£¤¥ r > 1;
�ãáâì k > 1 | æ¥«®¥ ç¨á«®. �®¤£àã¯¯ã H ¥ª®â®à®© £àã¯¯ë G  §ë¢ îâ

k-¨§®«¨à®¢ ®©, ¥á«¨ ¤«ï «î¡®£® x ∈ G ¨§ xk ∈ H á«¥¤ã¥â x ∈ H. �àã¯¯  G
 §ë¢ ¥âáï £àã¯¯®© á ®¤®§ çë¬ ¨§¢«¥ç¥¨¥¬ ª®à¥© k-®© áâ¥¯¥¨, ¥á«¨ ¤«ï
«î¡ëå x, y ∈ G ¨§ xk = yk á«¥¤ã¥â x = y.

�¥¬¬  2. �ãáâì A = (X ∗ Y ; U), £¤¥ U | ¡¥áª®¥ç ï æ¨ª«¨ç¥áª ï £àã¯¯ 
á ¯®à®¦¤ îé¨¬ u. �á«¨ ¯®¤£àã¯¯  U k-¨§®«¨à®¢   ¢ £àã¯¯ å X ¨ Y , â® ®¨, ¢
á¢®î ®ç¥à¥¤ì, k-¨§®«¨à®¢ ë ¢ £àã¯¯¥ A. �á«¨, ª â®¬ã ¦¥, X ¨ Y | £àã¯¯ë á
®¤®§ çë¬ ¨§¢«¥ç¥¨¥¬ ª®à¥© k-®© áâ¥¯¥¨ ¨ ¥á«¨ ¤«ï «î¡®£® a ∈ A ¨ «î¡ëå
æ¥«ëå ç¨á¥« r ¨ s ¨§ a−1ura = us á«¥¤ã¥â r = s, â® ¨ A ï¢«ï¥âáï £àã¯¯®© á
®¤®§ çë¬ ¨§¢«¥ç¥¨¥¬ ª®à¥© k-®© áâ¥¯¥¨.

�®ª § â¥«ìáâ¢®. �áâ ®¢¨¬,  ¯à¨¬¥à, k-¨§®«¨à®¢ ®áâì ¯®¤£àã¯¯ë X.
�ãáâì a ∈ A \ X ¨ ak ∈ X. �á«¨ l(a) > 1, â® á«ãç ¨  ) ¨ ¡) ¨§ «¥¬¬ë 1 ¤«ï
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í«¥¬¥â  a ¥¢®§¬®¦ë, â ª ª ª ¤«¨  í«¥¬¥â  ak à ¢  k · l(a) ¢ á«ãç ¥  ) ¨ (¢
®¡®§ ç¥¨ïå «¥¬¬ë) ks+ 2r−1 ¢ á«ãç ¥ ¡). �® ¢ á«ãç ¥ ¢) ¨§ ak ∈ X ¤®«¦® á«¥-
¤®¢ âì, çâ® zk ∈ U , çâ® ¯à®â¨¢®à¥ç¨â k-¨§®«¨à®¢ ®áâ¨ ¯®¤£àã¯¯ë U ¢ £àã¯¯ å
X ¨ Y . � ª¨¬ ®¡à §®¬, l(a) = 1, â.¥. a ∈ Y . �®£¤  ak ∈ X∩Y = U , ¨, á«¥¤®¢ â¥«ì®,
a ∈ U , | ¯à®â¨¢®à¥ç¨¥.

�ãáâì â¥¯¥àì ak = bk ¤«ï ¥ª®â®àëå a, b ∈ A. �á«¨ í«¥¬¥â a «¥¦¨â ¢ ¯®¤-
£àã¯¯¥ X ¨«¨ Y , â® ¢¢¨¤ã k-¨§®«¨à®¢ ®áâ¨ íâ¨å ¯®¤£àã¯¯ â ¬ ¦¥  å®¤¨âáï
í«¥¬¥â b, ¨ à ¢¥áâ¢® a = b ¢ëâ¥ª ¥â ¨§ ãá«®¢¨ï «¥¬¬ë.

�®áª®«ìªã ª ¦¤ë© í«¥¬¥â £àã¯¯ë A á®¯àï¦¥ «¨¡® á æ¨ª«¨ç¥áª¨ ¥á®ªà -
â¨¬ë¬, «¨¡® á í«¥¬¥â®¬ ¨§ á®¬®¦¨â¥«ï, ¡¥§ ¯®â¥à¨ ®¡é®áâ¨ ¬®¦® áç¨â âì,
çâ® a æ¨ª«¨ç¥áª¨ ¥á®ªà â¨¬. �¥£ª® ¯®ïâì, çâ® â®£¤  ¨ b ¤®«¦¥ ¡ëâì æ¨ª«¨-
ç¥áª¨ ¥á®ªà â¨¬ë¬ ¨ l(a) = l(b). �à¨¢¥¤¥¨¥ ®¡¥¨å ç áâ¥© à ¢¥áâ¢  ak = bk

ª ®à¬ «ì®© ä®à¬¥ (á¬. [2]) ¨ ¥¤¨áâ¢¥®áâì ¥¥ ¯®ª §ë¢ îâ, çâ® a = bur ¤«ï
¥ª®â®à®£® æ¥«®£® ç¨á«  r. �âáî¤  urak−1 = bk−1, ¨ á®¢  áà ¢¨¢ ï ®à¬ «ì-
ë¥ ä®à¬ë, ¯®«ãç ¥¬ b = uraus ¤«ï ¯®¤å®¤ïé¥£® s. � ª¨¬ ®¡à §®¬, b = urbur+s,
â. ¥. b−1urb = u−(r+s). �®íâ®¬ã r = −(r + s), í«¥¬¥âë b ¨ ur ¯¥à¥áâ ®¢®çë ¨,
á«¥¤®¢ â¥«ì®,

bk = ak = (bur)k = bkurk.

� ç¨â r = 0 ¨ a = b.
�à¥¤«®¦¥¨¥ 8. �á«¨ æ¥«®¥ ç¨á«® k > 1 ¢§ ¨¬® ¯à®áâ® á ª ¦¤ë¬ ¨§

ç¨á¥« r ¨ s, â® £àã¯¯  Dt
rs ï¢«ï¥âáï £àã¯¯®© á ®¤®§ çë¬ ¨§¢«¥ç¥¨¥¬ ª®à¥©

k-®© áâ¥¯¥¨.
�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¨¤ãªæ¨¥© ¯® t á ¨á¯®«ì§®¢ ¨¥¬ á®®â®è¥¨ï

(5), «¥¬¬ë 2 ¨ ¯à¥¤«®¦¥¨ï 7. �à¨ íâ®¬ ®¤®¢à¥¬¥® á ®á®¢ë¬ ãâ¢¥à¦¤¥¨¥¬
á«¥¤ã¥â ¤®ª §ë¢ âì k-¨§®«¨à®¢ ®áâì æ¨ª«¨ç¥áª¨å ¯®¤£àã¯¯, ¯®à®¦¤ ¥¬ëå í«¥-
¬¥â ¬¨ d1, d2, . . . , dt. �¥â «¨ ®¯ãáª îâáï.

�¥¬¬  3. �ãáâì A = (X ∗ Y ; U), £¤¥ U ï¢«ï¥âáï ®à¬ «ì®© ¯®¤£àã¯¯®©
£àã¯¯ë Y . �ãáâì a | í«¥¬¥â £àã¯¯ë A, «¥¦ é¨© ¢ ®à¬ «¨§ â®à¥ ¯®¤£àã¯¯ë
U , ¨ B | ¯®¤£àã¯¯ , ¯®à®¦¤ ¥¬ ï ¯®¤£àã¯¯ ¬¨ Xa = aXa−1 ¨ Y . �®£¤  B =
(Xa ∗ Y ; U).

�®ª § â¥«ìáâ¢®. �¢ à¨ â®áâì ¯®¤£àã¯¯ë U ¢ £àã¯¯¥ Y ¯®§¢®«ï¥â ¡¥§
¯®â¥à¨ ®¡é®áâ¨ áç¨â âì, çâ® ¥á®ªà â¨¬ ï § ¯¨áì í«¥¬¥â  a  ç¨ ¥âáï ¢ £àã¯¯¥
X. � ª ª ª U ⊆ Xa ∩ Y , ¤®áâ â®ç® ¯®ª § âì, çâ® ¯à®¨§¢®«ì®¥ ¢ëà ¦¥¨¥ ¢¨¤ 

ax1a
−1 · y1 · ax2a

−1 · y2 · · · · · axsa
−1 · ys,

£¤¥ s > 1, xi ∈ X \ U , yi ∈ Y \ U (i=1, 2, . . . , s), ®â«¨ç® ®â ¥¤¨¨æë. �¥âàã¤®
¢¨¤¥âì, çâ® ªà ©¨¥ á®¬®¦¨â¥«¨ ¥á®ªà â¨¬®© § ¯¨á¨ í«¥¬¥â  axia

−1 ¯à¨ ¤-
«¥¦ â ¬®¦¥áâ¢ã X \ U ¢® ¢á¥å á«ãç ïå ªà®¬¥ ®¤®£®, ª®£¤  axia

−1 ∈ U . �® íâ®â
á«ãç © ¥¢®§¬®¦¥, â ª ª ª a ¯à¨ ¤«¥¦¨â ®à¬ «¨§ â®àã ¯®¤£àã¯¯ë U . �«¥¤®-
¢ â¥«ì®, § ¬¥¨¢ ¢  è¥¬ ¢ëà ¦¥¨¨ ª ¦¤ë© í«¥¬¥â axia

−1 ¥£® ¥á®ªà â¨¬®©
§ ¯¨áìî, ¯®«ãç¨¬ ¥á®ªà â¨¬ãî § ¯¨áì íâ®£® ¢ëà ¦¥¨ï, á®¤¥à¦ éãî ¥ ¬¥¥¥
2s á®¬®¦¨â¥«¥©.
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�à¥¤«®¦¥¨¥ 9. �à®¨§¢®«ìë© í¤®¬®àä¨§¬ ϕ £àã¯¯ë Dt
rs â ª®©, çâ® ¤«ï

ª ¦¤®£® i = 1, 2, . . . t, ¥ª®â®àëå í«¥¬¥â®¢ v1, v2, . . . , vt ¨§ Dt
rs ¨ æ¥«®£® ç¨á« 

k 6= 0, ¢§ ¨¬® ¯à®áâ®£® á ª ¦¤ë¬ ¨§ ç¨á¥« r ¨ s, ¢ë¯®«¥® à ¢¥áâ¢®

diϕ = vid
k
i v−1

i ,

¨ê¥ªâ¨¢¥.
�®ª § â¥«ìáâ¢®. �®« £ ï ¤«ï i = 1, 2, . . . t ei = vidiv

−1
i , ¬ë ¢¨¤¨¬ ¢ á¨«ã

¯à¥¤«®¦¥¨ï 8, çâ® í«¥¬¥âë e1, e2, . . . , et ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬

er
i = es

i+1 (i = 1, 2, . . . t− 1),

¨ á ãç¥â®¬ ¯à¥¤«®¦¥¨ï 6  ¬ ¤®áâ â®ç® ¯®ª § âì, çâ® ¯®¤£àã¯¯  E, ¯®à®¦¤ ¥¬ ï
í«¥¬¥â ¬¨ e1, e2, . . . , et, íâ¨¬¨ á®®â®è¥¨ï¬¨ ®¯à¥¤¥«ï¥âáï.

� áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤  r 6= s, áç¨â ï ¤«ï ®¯à¥¤¥«¥®áâ¨, çâ®
ç¨á«® r ¥ ï¢«ï¥âáï ¤¥«¨â¥«¥¬ s. �à®¢¥¤¥¬ ¨¤ãªæ¨î ¯® t.

� ª ª ª £àã¯¯  D2
rs ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ á ®¡ê¥¤¨¥®© ¯®¤-

£àã¯¯®© ¤¢ãå ¡¥áª®¥çëå æ¨ª«¨ç¥áª¨å £àã¯¯ ¨ í«¥¬¥â u = v−1
2 v1 «¥¦¨â ¢ æ¥-

âà «¨§ â®à¥ ®¡ê¥¤¨ï¥¬®© ¯®¤£àã¯¯ë, ¯® «¥¬¬¥ 3 ¯®¤£àã¯¯  v−1
2 Ev2 ¢ á¨áâ¥¬¥

¯®à®¦¤ îé¨å ud1u−1 = v−1
2 e1v2 ¨ d2 = v−1

2 e2v2 ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬
(ud1u−1)r = ds

2.
�à¨ t > 2 ¢®á¯®«ì§ã¥¬áï à §«®¦¥¨¥¬ (5) £àã¯¯ë Dt

rs. �ãáâì fi = v−1
t−1eivt−1 =

uidiu
−1
i , £¤¥ ui = v−1

t−1vt (i = 1, 2, . . . t ). �á®, çâ®

fr
i = fs

i+1 (i = 1, 2, . . . t− 1). (6)

� ¬¥â¨¬ â ª¦¥, çâ® â ª ª ª ut−1 = 1, í«¥¬¥â ut «¥¦¨â ¢ æ¥âà «¨§ â®à¥ ®¡ê¥¤¨ï-
¥¬®© ¯®¤£àã¯¯ë à §«®¦¥¨ï (5). �¡®§ ç ï ¯®¤£àã¯¯ã £àã¯¯ë Dt

rs, ¯®à®¦¤ ¥¬ãî
¯®¤£àã¯¯®© Dt−1

rs ¨ í«¥¬¥â®¬ ft ç¥à¥§ C, á ãç¥â®¬ «¥¬¬ë 3 ¨¬¥¥¬

C = (Dt−1
rs ∗ 〈ft〉; dr

t−1 = fs
t ). (7)

�§ ¯à¥¤«®¦¥¨ï 7 ¨ ãá«®¢¨ï r - s á«¥¤ã¥â, çâ® ¤«ï «î¡®£® i = 1, 2, . . . t − 2
ª ¦¤ë© ¨§ í«¥¬¥â®¢ dr

i ¨ ds
i+1 ¥ ¬®¦¥â ¡ëâì á®¯àï¦¥ë¬ ¢ £àã¯¯¥ Dt−1

rs á í«¥-
¬¥â®¬ ¢¨¤  drx

t−1 (x ∈ Z), â. ¥. á í«¥¬¥â®¬ ¨§ ®¡ê¥¤¨ï¥¬®© ¯®¤£àã¯¯ë à §«®¦¥¨ï
(5) £àã¯¯ë Dt

rs. �®áª®«ìªã ¤«ï ª ¦¤®£® i = 1, 2, . . . t − 2 ¢ £àã¯¯¥ Dt
rs ¢ë¯®«¥ë

à ¢¥áâ¢ 
(u−1

i ui + 1)−1diru
−1
i ui + 1 = di + 1s,

¨§ â¥®à¥¬ë �®«¨âíà  ([2, â¥®à¥¬  4.6]) á«¥¤ã¥â, çâ® ¢á¥ í«¥¬¥âë u−1
i ui + 1 (i =

1, 2, . . . t − 2) ¤®«¦ë ¯à¨ ¤«¥¦ âì ¯®¤£àã¯¯¥ Dt−1
rs . � ª ª ª ut−1 = 1, ¤«ï ª ¦-

¤®£® i = 1, 2, . . . t− 1 ¨¬¥¥¬ ui ∈ Dt−1
rs ¨ ¯®â®¬ã fi ∈ Dt−1

rs . �® ¨¤ãªâ¨¢®¬ã ¯à¥¤-
¯®«®¦¥¨î ¯®¤£àã¯¯  F , ¯®à®¦¤ ¥¬ ï í«¥¬¥â ¬¨ f1, f2, . . . , ft−1, ®¯à¥¤¥«ï¥âáï
á®®â®è¥¨ï¬¨

fr
i = fs

i+1 (i = 1, 2, . . . t− 2).
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� ª ª ª dt−1 = ft−1 ∈ F , ¯®¤£àã¯¯  F á®¤¥à¦¨â ®¡ê¥¤¨ï¥¬ãî ¯®¤£àã¯¯ã
à §«®¦¥¨ï (7) £àã¯¯ë C, ¨ ¯® â¥®à¥¬¥ �.�¥©¬  ¯®¤£àã¯¯ , ¯®à®¦¤ ¥¬ ï ¢ C
¯®¤£àã¯¯®© F ¨ í«¥¬¥â®¬ ft, ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ £àã¯¯ F ¨ 〈ft〉 á
â¥¬ ¦¥ ®¡ê¥¤¨¥¨¥¬. � ª¨¬ ®¡à §®¬, £àã¯¯  v−1

t−1Evt−1 ¢ á¨áâ¥¬¥ ¯®à®¦¤ îé¨å
f1, f2, . . . , ft ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨ (6), ¨ ¨¤ãªæ¨ï § ¢¥àè¥ .

�ãáâì â¥¯¥àì r = s. � íâ®¬ á«ãç ¥ £àã¯¯  Dt
rs ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥-

¤¥¨¥¬ t ¡¥áª®¥çëå æ¨ª«¨ç¥áª¨å £àã¯¯ á ®¤®© ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®©. �®-
áª®«ìªã ¯®ïâ¨¥ ¥á®ªà â¨¬®© § ¯¨á¨ í«¥¬¥â , ¢¢¥¤¥®¥ ¢ëè¥ ¤«ï á«ãç ï ¤¢ãå
á®¬®¦¨â¥«¥©, ¨ á¢ï§ ë¥ á ¨¬ á¢®©áâ¢  ¯¥à¥®áïâáï ¡¥§ ¨§¬¥¥¨©   íâ®â ¡®«¥¥
®¡é¨© á«ãç ©, §¤¥áì ¤®áâ â®ç® ¯®ª § âì, çâ® ¯à®¨§¢®«ì®¥ ¢ëà ¦¥¨¥ ¢¨¤ 

ek1
i1 ek2

i2 · · · ekl
il

,

£¤¥ l > 1, kj 6= 0 ¨ ¯à¨ l > 1 ij 6= ij+1 (j = 1, . . . , l − 1) ¨ r - kj (j = 1, 2, . . . , l),
ï¢«ï¥âáï ¥¥¤¨¨çë¬ í«¥¬¥â®¬. � ª ª ª æ¥âà £àã¯¯ë Dt

rs ¯®à®¦¤ ¥âáï í«¥¬¥-
â®¬ dr

1,   ä ªâ®à-£àã¯¯  ¯® æ¥âàã ï¢«ï¥âáï ®¡ëçë¬ á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ t
æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª  r, ¯¥à¥å®¤ ª ®¡à § ¬ ¯à¨ ¥áâ¥áâ¢¥®¬ £®¬®¬®àä¨§¬¥
£àã¯¯ë Dt

rs   ä ªâ®à-£àã¯¯ã ¯® æ¥âàã á¢®¤¨â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥ ª á«¥¤ã-
îé¥¬ã å®à®è® ¨§¢¥áâ®¬ã (á¬.,  ¯à., [16, áâà. 71]) á¢®©áâ¢ã ®¡ëçëå á¢®¡®¤ëå
¯à®¨§¢¥¤¥¨©:

�á«¨ £àã¯¯  A ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ ¥ª®â®à®£® á¥¬¥©áâ¢ 
£àã¯¯

(
Aλ

)
λ∈� ¨ ¤«ï ª ¦¤®£® λ ∈ � ä¨ªá¨à®¢  í«¥¬¥â vλ ∈ A, â® ¯®¤£àã¯¯ ,

¯®à®¦¤ ¥¬ ï ¢ A á¥¬¥©áâ¢®¬ ¯®¤£àã¯¯
(
vλAλv−1

λ

)
λ∈� , ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®-

¨§¢¥¤¥¨¥¬ íâ¨å £àã¯¯.
�à¥¤«®¦¥¨¥ 9 ¤®ª § ®.

§ 2. �àã£®¥ ¯à¥¤áâ ¢«¥¨¥ £àã¯¯ë Hmn

¯®à®¦¤ îé¨¬¨ ¨ ®¯à¥¤¥«ïîé¨¬¨ á®®â®è¥¨ï¬¨

�¡®§ ç¨¬ ç¥à¥§ Kmn £àã¯¯ã, § ¤ ãî ¯®à®¦¤ îé¨¬¨ xij , £¤¥ æ¥«ë¥ ç¨á« 
i ¨ j ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ j > 0 ¨ |i| 6 j, ¨ ®¯à¥¤¥«ïîé¨¬¨ á®®â®è¥¨ï¬¨

xm1
ij = xn1

i+1,j (j > 0,−j 6 i < j) (8)
xij = xpq

i,j+1 (j > 0, |i| 6 j). (9)

�®ª ¦¥¬, çâ® £àã¯¯  Hmn, ¯®à®¦¤ îé¨¥ ¨ ®¯à¥¤¥«ïîé¨¥ á®®â®è¥¨ï ª®â®à®©
ãª § ë ¢ ¯à¥¤«®¦¥¨¨ 5, ¨§®¬®àä  £àã¯¯¥ Kmn.

�à¥¤«®¦¥¨¥ 10. �â®¡à ¦¥¨¥ ϕ ¬®¦¥áâ¢  bi (i ∈ Z) ¯®à®¦¤ îé¨å
£àã¯¯ë Hmn ¢ £àã¯¯ã Kmn, ®¯à¥¤¥«ï¬®¥ à ¢¥áâ¢ ¬¨

biϕ = xpj+iqj−i

ij , (10)

£¤¥ j | ¯à®¨§¢®«ì®¥ æ¥«®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î j > |i|, ¯à®¤®«¦ ¥¬®
¤® £®¬®¬®àä¨§¬  (â ª¦¥ ®¡®§ ç ¥¬®£® ç¥à¥§ ϕ) £àã¯¯ë Hmn ¢ £àã¯¯ã Kmn.
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�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, ¯à¥¦¤¥ ¢á¥£®, çâ® ¤«ï «î¡ëå æ¥«ëå ç¨á¥« i, j
¨ s â ª¨å, çâ® |i| 6 j ¨ s > 0, ¢ á¨«ã á®®â®è¥¨© (9) ¢ £àã¯¯¥ Kmn ¢ë¯®«¥®
à ¢¥áâ¢®

xij = x
(pq)s

i,j+s.

�®íâ®¬ã ¤«ï ¯à®¨§¢®«ìëå æ¥«ëå i, k ¨ l â ª¨å, çâ® |i| 6 k < l, ¨¬¥¥¬

xpl+iql−i

il = (x(pq)l−k

il )pk+iqk−i = xpk+iqk−i

ik ,

â ª çâ® à ¢¥áâ¢ ¬¨ (10) ®â®¡à ¦¥¨¥ ϕ ®¯à¥¤¥«¥® ª®àà¥ªâ®.
�®áª®«ìªã ¯à¨ j > |i + 1| ¢ á¨«ã á®®â®è¥¨© (8)
(
xpj+iqj−i

ij

)m =
(
xm1

ij

)pj+i+1qj−i

=
(
xn1

i+1,j

)pj+i+1qj−i

=
(
xpj+(i+1)qj−(i+1)

i+1,j

)n
,

®¯à¥¤¥«ïîé¨¥ á®®â®è¥¨ï (4) £àã¯¯ë Hmn ¯à¨ ®â®¡à ¦¥¨¨ ϕ ¯¥à¥å®¤ïâ ¢ à -
¢¥áâ¢ , á¯à ¢¥¤«¨¢ë¥ ¢ £àã¯¯¥ Kmn. � «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ ® á®®â®è¥¨ïå
(5) ®ç¥¢¨¤® ¢¢¨¤ã ¢ë¢®¤¨¬ëå ¨§ (8) à ¢¥áâ¢ x

mk
1

ij = x
nk

1
i+k,j , ¨ ¯à¥¤«®¦¥¨¥ 10

¤®ª § ®.
� «¥¥, ¤«ï ª ¦¤®© ¯ àë æ¥«ëå ç¨á¥« i ¨ j, £¤¥ j > 0 ¨ |i| 6 j, ä¨ªá¨àã¥¬

âà®©ªã æ¥«ëå ç¨á¥« αij , βij ¨ γij â ª¨å, çâ®

nj+i
1 mj−i

1 q2jαij + pj+iqj−iβij + nj+i
1 mj−i

1 p2jγij = 1, (11)

¨ ®¯à¥¤¥«¨¬ í«¥¬¥âë £àã¯¯ë Hmn ¢¨¤ 

cij = b
m2j

1 αij

−j b
βij

i b
n2j

1 γij

j . (12)

�à¥¤«®¦¥¨¥ 11. �¯à¥¤¥«¥ë¥ ¢ (12) í«¥¬¥âë cij £àã¯¯ë Hmn ã¤®¢«¥-
â¢®àïîâ á®®â®è¥¨ï¬

ám1
ij = án1

i+1,j (j > 0,−j 6 i < j) (13)
áij = ápq

i,j+1 (j > 0, |i| 6 j), (14)

â ª çâ® áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ψ £àã¯¯ë Kmn ¢ £àã¯¯ã Hmn â ª®©, çâ® ¤«ï
«î¡ëå i ¨ j, £¤¥ j > 0 ¨ |i| 6 j, xijψ = cij. �à®¬¥ â®£®, £®¬®¬®àä¨§¬ë ϕ ¨ ψ

¢§ ¨¬® ®¡à âë, â ª çâ® £àã¯¯ë Hmn ¨ Kmn ¨§®¬®àäë.

�®ª § â¥«ìáâ¢®. �§ á®®â®è¥¨© (5) á«¥¤ã¥â, çâ® ¯à¨ |i| > j í«¥¬¥âë b
m2j

1
−j ,

bi ¨ b
n2j

1
j ¯®¯ à® ¯¥à¥áâ ®¢®çë, ®âªã¤  á ãç¥â®¬ (11) ¯®«ãç ¥¬

cpj+iqj−i

ij = bi (15)

¤«ï «î¡ëå i ¨ j, j > 0 ¨ |i| 6 j. � ç áâ®áâ¨, b−j = cq2j

−j,j ¨ bj = cp2j

j,j , ¨ ¯®â®¬ã
à ¢¥áâ¢  (12) ¯à¨¨¬ îâ ¢¨¤

c
nj+i

1 mj−i
1 (q2jαij+p2jγij)

ij = c
m2j

1 q2jαij

−j,j c
n2j

1 p2jγij

jj (16)
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�à¨ i = −j ¨ i = j ®âáî¤  ¯®«ãç ¥¬ á®®â¢¥âáâ¢¥®

c
m2j

1 p2jγ−j,j

−j,j = c
n2j

1 p2jγ−j,j

j,j

¨

c
m2j

1 q2jαj,j

−j,j = c
n2j

1 q2jαj,j

j,j .

� ¤àã£®© áâ®à®ë, ¨§ (15) ¨ (3) ¯®«ãç ¥¬

c
(m1pq)2j

−j,j = c
(n1pq)2j

j,j .

� ª ª ª ¢ á¨«ã (11) (γ−j,j , q
2j) = (αj,j , p

2j) = (p, q) = 1, ®âáî¤  á«¥¤ã¥â, çâ® ¯à¨
«î¡ëå j > 0

c
m2j

1
−j,j = c

n2j
1

j,j . (17)

�¥¯¥àì á®®â®è¥¨¥ (16) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

c
nj+i

1 mj−i
1 (q2jαij+p2jγij)

ij = c
m2j

1 (q2jαij+p2jγij)
−j,j .

�à®¬¥ â®£®, ¨§ á®®â®è¥¨© (15) ¨ (3) ¯®«ãç ¥¬

c
nj+i

1 pj+iq2j

ij = c
mj+i

1 pj+iq2j

−j,j .

�®áª®«ìªã ¨§ (11) á«¥¤ã¥â, çâ® ¯à¨ i < j ç¨á«  pj+iq2j ¨ mj−i
1 (q2jαij + p2jγij)

¢§ ¨¬® ¯à®áâë, ¤¢  ¯®á«¥¤¨å á®®â®è¥¨ï ¯à¨ i < j à ¢®á¨«ìë à ¢¥áâ¢ã

c
nj+i

1
ij = c

mj+i
1

−j,j . (18)

� ¤¥©áâ¢¨â¥«ì®áâ¨, à ¢¥áâ¢® (18) á¯à ¢¥¤«¨¢® ¯à¨ «î¡ëå i ¨ j â ª¨å, çâ® |i| 6 j,
¯®áª®«ìªã ¯à¨ i = j (18) á®¢¯ ¤ ¥â á (17).

�ãáâì â¥¯¥àì −j 6 i < j. �§ (18) ¨¬¥¥¬

c
m1nj+i

1
ij = c

nj+i+1
1

i+1,j .

� ¤àã£®© áâ®à®ë, ¨§ (15) ¨ (3) á«¥¤ã¥â, çâ®

cm1pj+i+1qj−i

ij = cn1pj+iqj−i

i+1,j ,

¨ â ª ª ª ç¨á«  nj+i
1 ¨ pj+iqj−i ¢§ ¨¬® ¯à®áâë, ¨§ ¤¢ãå ¯®á«¥¤¨å à ¢¥áâ¢ ¯®«ã-

ç ¥¬ á®®â®è¥¨¥ (13).
�«ï ¤®ª § â¥«ìáâ¢  á¯à ¢¥¤«¨¢®áâ¨ á®®â®è¥¨© (14) § ¬¥â¨¬ á ç « , çâ®

¢ £àã¯¯¥ Hmn ¯à¨ «î¡ëå i ¨ j, |i| 6 j, ¨¬¥îâ ¬¥áâ® á®®â®è¥¨ï

b
m

2(j+1)
1 pq

−(j+1) = c
n

(j+1)+i
1 m

(j+1)−i
1 q2(j+1)

ij
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¨

b
n

2(j+1)
1 pq

j+1 = c
n

(j+1)+i
1 m

(j+1)−i
1 p2(j+1)

ij .

�¥©áâ¢¨â¥«ì®, ¨§ á®®â®è¥¨© (13) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® æ¥«®£® k > 0 â ª®£®,
çâ® i + k 6 j, ¢ £àã¯¯¥ Hmn ¢ë¯®«¥® à ¢¥áâ¢® c

mk
1

ij = c
nk

1
i+k,j . �âáî¤  á ãç¥â®¬

(3), (11) ¨ ®â¬¥ç¥ëå ¢ëè¥ à ¢¥áâ¢ b−j = cq2j

−j,j ¨ bj = cp2j

j,j ¯®«ãç ¥¬

b
m

2(j+1)
1 pq

−(j+1) =
(
bm
−(j+1)

)m2j+1
1 q = b

nm2j+1
1 q

−j =
(
cq2j

−j,j

)n1m2j+1
1 q2

=
(
c
mj+i

1
−j,j

)n1mj−i+1
1 q2(j+1)

=
(
c
nj+i

1
ij

)n1mj−i+1
1 q2(j+1)

= c
n

(j+1)+i
1 m

(j+1)−i
1 q2(j+1)

ij

¨

b
n

2(j+1)
1 pq

j+1 =
(
bn
j+1

)n2j+1
1 p = b

mn2j+1
1 p

j =
(
cp2j

jj

)m1n2j+1
1 p2

=
(
c
nj−i

1
jj

)m1nj+i+1
1 p2(j+1)

=
(
c
mj−i

1
ij

)m1nj+i+1
1 p2(j+1)

= c
n

(j+1)+i
1 m

(j+1)−i
1 p2(j+1)

ij .

�¥¯¥àì ¨á¯®«ì§ãï (12), (15) ¨ íâ¨ á®®â®è¥¨ï, á ãç¥â®¬ (11) ¯®«ãç ¥¬

cpq
i,j+1 =

(
b
m

2(j+1)
1 αi,j+1

−(j+1) b
βi,j+1
i b

n
2(j+1)
1 γi,j+1

j+1

)pq

=
(

b
m

2(j+1)
1 pq

−(j+1)

)αi,j+1

· bβi,j+1pq
i ·

(
b
n

2(j+1)
1 pq

j+1

)γi,j+1

=
(

c
n

(j+1)+i
1 m

(j+1)−i
1 q2(j+1)

ij

)αi,j+1

·
(
cpj+iqj−i

ij

)βi,j+1pq

·
(

c
n

(j+1)+i
1 m

(j+1)−i
1 p2(j+1)

ij

)γi,j+1

=

c
n

(j+1)+i
1 m

(j+1)−i
1 q2(j+1)αi,j+1+p(j+1)+iq(j+1)−iβi,j+1+n

(j+1)+i
1 m

(j+1)−i
1 p2(j+1)γi,j+1

ij = cij ,

â ª çâ® á®®â®è¥¨ï (14) ¢ë¯®«¥ë.
� á¨«ã ®¯à¥¤¥«¥¨© ®â®¡à ¦¥¨© ϕ ¨ ψ ¨ ¢ë¯®«¨¬®áâ¨ á®®â®è¥¨ï (15)

á¯à ¢¥¤«¨¢®áâì à ¢¥áâ¢  bi(ϕψ) = bi ¯à¨ «î¡®¬ æ¥«®¬ i ®ç¥¢¨¤ . �®áª®«ìªã,
¤ «¥¥, ¤«ï «î¡ëå i ¨ j, |i| 6 j,

xijψ = b
m2j

1 αij

−j b
βij

i b
n2j

1 γij

j ,

b
m2j

1
−j ϕ =

(
xq2j

−j,j

)m2j
1 =

(
x

mj+i
1

−j,j

)mj−i
1 q2j

= x
nj+i

1 mj−i
1 q2j

ij

¨

b
n2j

1
j ϕ =

(
xp2j

jj

)n2j
1 =

(
x

nj−i
1

jj

)nj+i
1 p2j

= x
nj+i

1 mj−i
1 p2j

ij ,

¨¬¥¥¬
xij(ψϕ) = x

nj+i
1 mj−i

1 q2jαij

ij · xpj+iqj−iβij

ij · xnj+i
1 mj−i

1 p2jγij

ij = xij .

� ª¨¬ ®¡à §®¬, ®â®¡à ¦¥¨ï ϕ ¨ ψ ï¢«ïîâáï ¢§ ¨¬® ®¡à âë¬¨ ¨§®¬®àä¨§¬ ¬¨,
¨ ¯à¥¤«®¦¥¨¥ 11 ¤®ª § ®.
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�à¥¤«®¦¥¨¥ 12. �àã¯¯  Hmn ¢ á¨áâ¥¬¥ ¯®à®¦¤ îé¨å cij (®¯à¥¤¥«¥ëå
¢ (12)) ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨ (13) ¨ (14). �«ï ª ¦¤®£® j > 0 ¯®¤£àã¯¯  Lj

£àã¯¯ë Hmn, ¯®à®¦¤ ¥¬ ï í«¥¬¥â ¬¨ cij, £¤¥ |i| 6 j, ¨§®¬®àä  £àã¯¯¥ D2j+1
m1n1 ,

  £àã¯¯  Hmn á®¢¯ ¤ ¥â á ®¡ê¥¤¨¥¨¥¬ ¢®§à áâ îé¥© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®¤-
£àã¯¯ Lj.

� á ¬®¬ ¤¥«¥, ¯¥à¢®¥ ãâ¢¥à¦¤¥¨¥ íâ®£® ¯à¥¤«®¦¥¨ï ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥-
¨ï 11,   ®áâ «ìë¥ ¢¢¨¤ã ¢§ ¨¬®© ¯à®áâ®âë ç¨á«  pq á ª ¦¤ë¬ ¨§ ç¨á¥« m1 ¨
n1 á«¥¤ãîâ ¨§ ¯à¥¤«®¦¥¨ï 6.

§ 3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1

� ç¥¬ á ¯à®áâ®£® ¢á¯®¬®£ â¥«ì®£® ãâ¢¥à¦¤¥¨ï:
�¥¬¬  4. �ãáâì í«¥¬¥âë a ¨ b £àã¯¯ë G ¨¬¥îâ à ¢ë¥ ª®¥çë¥ ¯®àï¤ª¨

¨ am = bn ¤«ï ¥ª®â®àëå æ¥«ëå ç¨á¥« m ¨ n. �®£¤  ¢ £àã¯¯¥ G ¢ë¯®«¥ë à ¢¥-
áâ¢ 

[
ad, b

]
= 1 =

[
a, bd

]
, £¤¥ d = (m,n) |  ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ç¨á¥« m

¨ n.
�¥©áâ¢¨â¥«ì®, ¥á«¨ s ®¡®§ ç ¥â ¯®àï¤®ª ª ¦¤®£® ¨§ í«¥¬¥â®¢ a ¨ b, â® ¨§

á®¢¯ ¤¥¨ï í«¥¬¥â®¢ am ¨ bn á«¥¤ã¥â à ¢¥áâ¢® (m, s) = (n, s). �«¥¤®¢ â¥«ì®,
 ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì (m, s) ç¨á¥« m ¨ s ï¢«ï¥âáï ®¡é¨¬ ¤¥«¨â¥«¥¬ ç¨á¥«
m ¨ n,   ¯®â®¬ã | ¤¥«¨â¥«¥¬ ç¨á«  d. �®íâ®¬ã áà ¢¥¨¥ mx ≡ d (mod s) ¨¬¥¥â
à¥è¥¨¥ x0. �®£¤  ad = amx0 = bnx0 , â ª çâ®

[
ad, b

]
= 1. � «®£¨ç®,

[
a, bd

]
.

�à¥¤«®¦¥¨¥ 13. �á«¨ m1 6= n1, â® £àã¯¯  Gmn ¥ ï¢«ï¥âáï ä¨¨â®
 ¯¯à®ªá¨¬¨àã¥¬®©.

�®ª § â¥«ìáâ¢®. �§ ¯à¥¤«®¦¥¨ï 12 á«¥¤ã¥â, çâ® ¯®¤£àã¯¯  M £àã¯¯ë Gmn,
¯®à®¦¤ ¥¬ ï í«¥¬¥â ¬¨ c01 ¨ c11, ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ ¤¢ãå ¡¥á-
ª®¥çëå æ¨ª«¨ç¥áª¨å £àã¯¯ á ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®©:

M = 〈c01, c11; cm1
01 = cn1

11 〉.
� ª ª ª m1 6= n1,  ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì d ç¨á¥« m1 ¨ n1 ¤®«¦¥ ¡ëâì
®â«¨çë¬ å®âï ¡ë ®â ®¤®£® ¨§ íâ¨å ç¨á¥«; ¡ã¤¥¬ ¤«ï ®¯à¥¤¥«¥®áâ¨ áç¨â âì,
çâ® d < m1. �®áª®«ìªã, ª â®¬ã ¦¥, ¨§ ãá«®¢¨ï m1 6= n1 á«¥¤ã¥â, ®ç¥¢¨¤®, çâ® ®¡ 
ç¨á«  m1 ¨ n1 ®â«¨çë ®â 1, § ¯¨áì

[
cd
01, c11

]
= c−d

01 c−1
11 cd

01c11 ª®¬¬ãâ â®à  í«¥¬¥â®¢
cd
01 ¨ c11 ï¢«ï¥âáï ¥á®ªà â¨¬®© ¢ ãª § ®¬ à §«®¦¥¨¨ £àã¯¯ë M , â ª çâ® íâ®â

ª®¬¬ãâ â®à ï¢«ï¥âáï ¥¥¤¨¨çë¬ í«¥¬¥â®¬ £àã¯¯ë Gmn.
� ¤àã£®© áâ®à®ë, ¯ãáâì N | ®à¬ «ì ï ¯®¤£àã¯¯  £àã¯¯ë Gmn, ¯® ¬®¤ã«î

ª®â®à®© ¯®àï¤®ª í«¥¬¥â  b ª®¥ç¥. �§ à ¢¥áâ¢ (12) ¨ (15) ¨ ¯®¯ à®© ¯¥à¥áâ -
®¢®ç®áâ¨ ¢ £àã¯¯¥ Gmn í«¥¬¥â®¢ b

m2j
1

−j , bi ¨ b
n2j

1
j á«¥¤ã¥â, çâ® â®â ¦¥ ¯®àï¤®ª ¯®

¬®¤ã«î N ¨¬¥îâ ¢á¥ í«¥¬¥âë cij . �®£¤  ¯® «¥¬¬¥ 4 ª®¬¬ãâ â®à
[
cd
01, c11

]
¤®«¦¥

¯à¨ ¤«¥¦ âì ¯®¤£àã¯¯¥ N . � ª¨¬ ®¡à §®¬, ãª §  ¥¥¤¨¨çë© í«¥¬¥â £àã¯¯ë
Gmn, ¢å®¤ïé¨© ¢ ª ¦¤ãî ¥¥ ¯®¤£àã¯¯ã ª®¥ç®£® ¨¤¥ªá . �à¥¤«®¦¥¨¥ ¤®ª § ®.

�ã¤¥¬ áç¨â âì â¥¯¥àì, çâ® m1 = n1. �ë¡¥à¥¬ æ¥«®¥ ç¨á«® s > 1, ¢§ ¨¬®
¯à®áâ®¥ á ª ¦¤ë¬ ¨§ ç¨á¥« p ¨ q ¨ ªà â®¥ ç¨á«ã m1. �¨ªá¨àã¥¬ â ª¦¥ (¤«ï
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ª ¦¤®£® â ª®£® s) ç¨á«® t, ã¤®¢«¥â¢®àïîé¥¥ áà ¢¥¨î pt ≡ q (mod s), ¨ ¢¢¥¤¥¬ ¢
à áá¬®âà¥¨¥ £àã¯¯ã

Ts = 〈x, y; ys = 1, x−1ym1x = ym1t〉.
�®áª®«ìªã ¢ æ¨ª«¨ç¥áª®© £àã¯¯¥ ¯®àï¤ª  s á ¯®à®¦¤ îé¨¬ y í«¥¬¥âë ym1 ¨ ym1t

¯®à®¦¤ îâ ®¤ã ¨ âã ¦¥ ¯®¤£àã¯¯ã, £àã¯¯  Ts ï¢«ï¥âáï HNN -à áè¨à¥¨¥¬ á ¯à®-
å®¤®© ¡ãª¢®© x ª®¥ç®© æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  s, ¯®à®¦¤ ¥¬®© í«¥¬¥â®¬
y. � ç áâ®áâ¨, £àã¯¯  Ts ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ .

�®áª®«ìªã ¢ £àã¯¯¥ Ts ¢ë¯®«¥ë à ¢¥áâ¢ 

x−1ymx = ym1tp = ym1q = yn

¨ ¤«ï «î¡®£® æ¥«®£® k > 0

x−kymk
1xk = y(m1t)k

, xkymk
1 x−k = y(m1t′)k

,

£¤¥ t′  å®¤¨âáï ¨§ áà ¢¥¨ï tt′ ≡ 1 (mod s), áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ θs £àã¯¯ë
Gmn ¢ £àã¯¯ã Ts â ª®©, çâ® aθs = x ¨ bθs = y.

�¨¨â ï  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë Gmn ¢ëâ¥ª ¥â â¥¯¥àì ¨§ á«¥¤ãîé¥£®
ãâ¢¥à¦¤¥¨ï:

�à¥¤«®¦¥¨¥ 14. �«ï «î¡®£® ¥¥¤¨¨ç®£® í«¥¬¥â  g £àã¯¯ë Gmn  ©-
¤¥âáï ç¨á«® s â ª®¥, çâ® gθs 6= 1.

�®ª § â¥«ìáâ¢®. �ãáâì Rs ®¡®§ ç ¥â ®à¬ «ì®¥ § ¬ëª ¨¥ ¢ £àã¯¯¥ Ts

í«¥¬¥â  y. �¥â®¤ �¥©¤¥¬¥©áâ¥à  { �à¥©¥à  ¯®ª §ë¢ ¥â, çâ® £àã¯¯  Rs ¢ á¨áâ¥¬¥
¯®à®¦¤ îé¨å yi = xiyx−1 (i ∈ Z) ®¯à¥¤¥«ï¥âáï á®®â®è¥¨ï¬¨

ys
i = 1, ym1

i = ym1t
i+1 (i ∈ Z),

â. ¥. ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥¤¥¨¥¬ á ®¤®© ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®© áç¥â-
®£® á¥¬¥©áâ¢  ª®¥çëå æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª  s. � ¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥
(ª®£¤  m1 = n1) ª ¦¤ ï ¯®¤£àã¯¯  Lj £àã¯¯ë Hmn ï¢«ï¥âáï á¢®¡®¤ë¬ ¯à®¨§¢¥-
¤¥¨¥¬ á ®¤®© ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®© 2j + 1 ¡¥áª®¥çëå æ¨ª«¨ç¥áª¨å £àã¯¯
á ¯®à®¦¤ îé¨¬¨ cij (|i| 6 j), ¯à¨ç¥¬ ¢ ª ¦¤®¬ ¨§ á®¬®¦¨â¥«¥© ®¡ê¥¤¨ï¥¬ ï
¯®¤£àã¯¯  ¯®à®¦¤ ¥âáï í«¥¬¥â®¬ cm1

ij .
�ãáâì â¥¯¥àì g | ¥¥¤¨¨çë© í«¥¬¥â £àã¯¯ë Gmn. �á«¨ í«¥¬¥â g ¥ ¢å®-

¤¨â ¢ ¯®¤£àã¯¯ã Hmn, â® ¯®áª®«ìªã íâ  ¯®¤£àã¯¯  á®¢¯ ¤ ¥â, ª ª «¥£ª® ¢¨¤¥âì, á
¯®«ë¬ ¯à®®¡à §®¬ ®â®á¨â¥«ì® θs ¯®¤£àã¯¯ë Rs, í«¥¬¥â gθs ®â«¨ç¥ ®â ¥¤¨-
¨æë ¯à¨ «î¡®¬ ¢ë¡®à¥ s.

�á«¨ g ∈ Hmn, â® ¤«ï ¥ª®â®à®£® j í«¥¬¥â g «¥¦¨â ¢ ¯®¤£àã¯¯¥ Lj . �à¥¤¯®-
«®¦¨¬ á ç « , çâ® ¤«¨  ¥á®ªà â¨¬®© § ¯¨á¨ (¢ ãª § ®¬ à §«®¦¥¨¨ ¢ á¢®-
¡®¤®¥ ¯à®¨§¢¥¤¥¨¥ á ®¡ê¥¤¨¥®© ¯®¤£àã¯¯®© £àã¯¯ë Lj) í«¥¬¥â  g ¡®«ìè¥ 1.
�à®¨§¢®«ìë© á«®£ íâ®© § ¯¨á¨ ¨¬¥¥â ¢¨¤ cr

ij , £¤¥ ç¨á«® r ¥ ¤¥«¨âáï   m1. �§
á®®â®è¥¨© (15) á«¥¤ã¥â, çâ® ¯à¨ «î¡®¬ s (¤«ï ª®â®à®£® ®¯à¥¤¥«¥ë £àã¯¯  Ts ¨
®â®¡à ¦¥¨¥ θs)

cijθs = y
pj+i

1 qj−i
1

i ,
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£¤¥ ç¨á«  p1 ¨ q1 ®¯à¥¤¥«ïîâáï ¨§ áà ¢¥¨© pp1 ≡ 1 ≡ qq1 (mod s). �à¨ ¤«¥¦-
®áâì í«¥¬¥â  cr

ijθs ®¡ê¥¤¨ï¥¬®© ¯®¤£àã¯¯¥ à §«®¦¥¨ï £àã¯¯ë Rs ®§ ç «  ¡ë
¯®íâ®¬ã, çâ® ¤«ï ¥ª®â®à®£® æ¥«®£® ç¨á«  u ¢ë¯®«¥® áà ¢¥¨¥

rpj+i
1 qj−i

1 ≡ m1u (mod s).

�® íâ® ¥¢®§¬®¦®, ¯®áª®«ìªã ¢¢¨¤ã â®£®, çâ® m1 ¤¥«¨â s ¨ ¢§ ¨¬® ¯à®áâ® á
ç¨á« ¬¨ p1 ¨ q1, ®âáî¤  á«¥¤®¢ «® ¡ë, çâ® r ¤®«¦® ¤¥«¨âìáï   m1.

� ª¨¬ ®¡à §®¬, ¥á«¨ ¤«¨  ¥á®ªà â¨¬®© § ¯¨á¨ ¢ £àã¯¯¥ Lj í«¥¬¥â  g
¡®«ìè¥ 1, â® ¯à¨ «î¡®¬ ¢ë¡®à¥ s ®¡à § íâ®£® í«¥¬¥â  ®â®á¨â¥«ì® ®â®¡à ¦¥-
¨ï θs ¨¬¥¥â âã ¦¥ ¤«¨ã ¢ £àã¯¯¥ Rs ¨ ¯®â®¬ã ®â«¨ç¥ ®â ¥¤¨¨æë. �á«¨ ¦¥
í«¥¬¥â g ¨¬¥¥â ¢¨¤ cr

ij , â® r 6= 0, ¨ ¢ íâ®¬ á«ãç ¥ ¤®áâ â®ç® ¢ë¡à âì s â ª, çâ®¡ë
s > |r|: ¥á«¨ ¯à¨ íâ®¬ gθs = 1, â® rpj+i

1 qj−i
1 ≡ 0 (mod s), â. ¥. r ¤®«¦® ¤¥«¨âìáï  

s, çâ® ¥¢®§¬®¦®.

§ 4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2

�ãáâì ϕ | áîàê¥ªâ¨¢ë© í¤®¬®àä¨§¬ £àã¯¯ë Gmn. �¢¨¤ã ¯à¥¤«®¦¥¨ï 4
ϕ ¨¤ãæ¨àã¥â í¤®¬®àä¨§¬ ϕ ä ªâ®à-£àã¯¯ë Gmn = Gmn/K(α), ¨ ¬ë ¯®ª ¦¥¬,
çâ® ϕ ¨ê¥ªâ¨¢¥. �®áª®«ìªã Hmn ï¢«ï¥âáï ¥¤¨áâ¢¥®© ®à¬ «ì®© ¯®¤£àã¯-
¯®© £àã¯¯ë Gmn, ä ªâ®à-£àã¯¯  ¯® ª®â®à®© ¡¥áª®¥ç ï æ¨ª«¨ç¥áª ï, â® Hmnϕ =
Hmn ¨ ®â®¡à ¦¥¨¥ ϕ ¨¤ãæ¨àã¥â  ¢â®¬®àä¨§¬ ä ªâ®à-£àã¯¯ë Gmn/Gmn. �®-
íâ®¬ã  ¬ ¤®áâ â®ç® ãáâ ®¢¨âì ¨ê¥ªâ¨¢®áâì ¤¥©áâ¢¨ï ϕ   ¯®¤£àã¯¯¥ Hmn.

�à¥¤«®¦¥¨¥ 1 ¯®§¢®«ï¥â ¡¥§ ¯®â¥à¨ ®¡é®áâ¨ áç¨â âì, çâ® bϕ = br, ¯à¨ç¥¬
ç¨á«® r ¢¢¨¤ã ¯à¥¤«®¦¥¨ï 2 ¢§ ¨¬® ¯à®áâ® á ª ¦¤ë¬ ¨§ ç¨á¥« m1 ¨ n1. �¡®-
§ ç¨¬, ªà®¬¥ â®£®, w = aϕ. �¥âàã¤® ¢¨¤¥âì, çâ® w = w0a, £¤¥ w0 ∈ Hmn (á¬.,
 ¯à., «¥¬¬ã 1   á. 488 à ¡®âë [11]; ãá«®¢¨¥ ¢§ ¨¬®© ¯à®áâ®âë ç¨á¥« m ¨ n ¢ ¥¥
ä®à¬ã«¨à®¢ª¥ ¨§«¨è¥). �®£¤  ¤«ï «î¡®£® k ∈ Z

bkϕ = (akba−k)ϕ = ukbr
ku−1

k ,

£¤¥ uk = wka−k ∈ Hmn. � £àã¯¯¥ Gmn ¨§ à ¢¥áâ¢  (15) ¯®«ãç ¥¬

(cijϕ)pj+iqj−i = biϕ = (uiciju
−1
i )pj+iqj−i

,

®âªã¤  ¢ á¨«ã ¯à¥¤«®¦¥¨© 12 ¨ 8 ¨¬¥¥¬

cijϕ = uiciju
−1
i .

�ãáâì â¥¯¥àì í«¥¬¥â h ∈ Hmn á®¤¥à¦¨âáï ¢ ï¤à¥ í¤®¬®àä¨§¬  ϕ. �ë¡¥-
à¥¬  âãà «ì®¥ ç¨á«® j0 â ª, çâ®¡ë h ∈ Lj0 , ¨ ¯ãáâì ç¨á«® j1 > j0 â ª®¢®, çâ®
¯®¤£àã¯¯  Lj1 á®¤¥à¦¨â ¢á¥ í«¥¬¥âë ui, £¤¥ |i| 6 j0. �¯à¥¤¥«¨¬, ¤ «¥¥, á¥¬¥©-
áâ¢® í«¥¬¥â®¢ vi ¯®¤£àã¯¯ë Lj1 , |i| 6 j1, ¯®« £ ï vi = ui, ¥á«¨ |i| 6 j0, vi = vj0 ,
¥á«¨ j0 < i 6 j1, ¨ vi = v−j0 , ¥á«¨ −j1 6 i < −j0. �®áª®«ìªã â®£¤  ¤«ï ¢á¥å i,
−j1 6 i < j1, ¢ë¯®«¥ë à ¢¥áâ¢ 

vic
m1r
i,j1 v−1

i = vi+1c
n1r
i+1,j1v

−1
i+1,
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®â¡à ¦¥¨¥, ¯¥à¥¢®¤ïé¥¥ í«¥¬¥â cij vicijv
−1
i , |i| 6 j1, ®¯à¥¤¥«ï¥â í¤®¬®àä¨§¬ ψ

£àã¯¯ë Lj1 . �§ ¯à¥¤«®¦¥¨© 12 ¨ 9 á«¥¤ã¥â, çâ® ï¤à® ¥£® âà¨¢¨ «ì®, ¨ â ª ª ª
¤¥©áâ¢¨¥ ψ   ¯®¤£àã¯¯¥ Lj0 á®¢¯ ¤ ¥â á ¤¥©áâ¢¨¥¬ ®â®¡à ¦¥¨ï ϕ, § ª«îç ¥¬,
çâ® h = 1. �¥®à¥¬  2 ¤®ª §  .

�¨â¥à âãà 
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