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�«ï £àã¯¯ á ®¤­¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â­®è¥­¨¥¬, ¯à¨­ ¤«¥¦ é¨å
á¥¬¥©áâ¢ã £àã¯¯ � ã¬á« £  | �®«¨âíà , à áá¬ âà¨¢ îâáï ãá«®¢¨ï  ¯-
¯à®ªá¨¬¨àã¥¬®áâ¨ ¢ ª« áá¥ ª®­¥ç­ëå π-£àã¯¯ ®â­®á¨â¥«ì­® ®â­®è¥­¨©
à ¢¥­áâ¢  ¨ á®¯àï¦¥­­®áâ¨.

�«îç¥¢ë¥ á«®¢ : £àã¯¯ë � ã¬á« £  | �®«¨âíà ,  ¯¯à®ªá¨¬¨àã¥-
¬®áâì ¢ ª« áá¥ ª®­¥ç­ëå π-£àã¯¯,  ¯¯à®ªá¨¬¨àã¥¬®áâì ®â­®á¨â¥«ì­® á®-
¯àï¦¥­­®áâ¨ ¢ ª« áá¥ ª®­¥ç­ëå π-£àã¯¯.

For one-relator groups from the family of Baumslag | Solitar groups
the conditions to be residually a �nite π-groups and conjugacy separable by
�nite π-groups are considered.

Key words: Baumslag | Solitar groups, residuallity a �nite π-groups,
conjugacy separability by �nite π-groups.

1. �®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢
� ¯®¬­¨¬, çâ® ¥á«¨ K | ­¥ª®â®àë© ª« áá £àã¯¯, â® £àã¯¯  G ­ §ë-

¢ ¥âáï K- ¯¯à®ªá¨¬¨àã¥¬®© (K- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï-
¦¥­­®áâ¨), ¥á«¨ ¤«ï «î¡ëå à §«¨ç­ëå (á®®â¢¥âáâ¢¥­­® ­¥ á®¯àï¦¥­­ëå)
¥¥ í«¥¬¥­â®¢ a ¨ b áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ £àã¯¯ë G ­  ­¥ª®â®àãî
£àã¯¯ã X ¨§ ª« áá  K, ¯à¨ ª®â®à®¬ ®¡à §ë í«¥¬¥­â®¢ a ¨ b à §«¨ç­ë
(á®®â¢¥âáâ¢¥­­® ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ X).

�¥à¥§ F ¡ã¤¥â ®¡®§­ ç âìáï ª« áá ¢á¥å ª®­¥ç­ëå £àã¯¯, ¨ ¤«ï ­¥ª®-
â®à®£® ¯à®áâ®£® ç¨á«  p ¨ ­¥ª®â®à®£® ¬­®¦¥áâ¢  π ¯à®áâëå ç¨á¥« á¨¬¢®«ë
Fp ¨ Fπ ¡ã¤ãâ ®¡®§­ ç âì á®®â¢¥âáâ¢¥­­® ª« áá ¢á¥å ª®­¥ç­ëå p-£àã¯¯
¨ ª« áá ¢á¥å ª®­¥ç­ëå π-£àã¯¯. �¢®©áâ¢® F- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ (®â­®-
á¨â¥«ì­® á®¯àï¦¥­­®áâ¨) £àã¯¯ë á®¢¯ ¤ ¥â, à §ã¬¥¥âáï, á ª« áá¨ç¥áª¨¬
á¢®©áâ¢®¬ ä¨­¨â­®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ (®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨).

�àã¯¯ ¬¨ � ã¬á« £  | �®«¨âíà  ­ §ë¢ îâ £àã¯¯ë ¢¨¤ 

G(m,n) = 〈a, b; a−1bma = bn〉,
£¤¥ m ¨ n | ­¥­ã«¥¢ë¥ æ¥«ë¥ ç¨á« , ¯à¨ç¥¬, ¯®áª®«ìªã £àã¯¯ë G(m,n),
G(n,m) ¨ G(−m,−n) ¨§®¬®àä­ë ¬¥¦¤ã á®¡®©, ¡¥§ ¯®â¥à¨ ®¡é­®áâ¨
¬®¦­® áç¨â âì, çâ® |n| > m > 0 (¨ íâ® ¯® ã¬®«ç ­¨î ¯à¥¤¯®« £ ¥âáï
¢áî¤ã ­¨¦¥). �ç¥¢¨¤­®, çâ® ¯à®¨§¢®«ì­ ï £àã¯¯  ¢¨¤  G(m,n) ï¢«ï-
¥âáï HNN -à áè¨à¥­¨¥¬ á ¯à®å®¤­®© ¡ãª¢®© a ¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®©
£àã¯¯ë B, ¯®à®¦¤ ¥¬®© í«¥¬¥­â®¬ b, á ¯®¤£àã¯¯ ¬¨ Bm ¨ Bn, á¢ï§ ­-
­ë¬¨ ¢ á®®â¢¥âáâ¢¨¨ á ¨§®¬®àä¨§¬®¬, ¯¥à¥¢®¤ïé¨¬ í«¥¬¥­â bm ¢ í«¥-
¬¥­â bn.
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� ¯®¬­¨¬ (á¬. [10, 12]), çâ® £àã¯¯  G(m,n) F- ¯¯à®ªá¨¬¨àã¥¬ 
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨«¨ m = 1, ¨«¨ |n| = m. �§¢¥áâ­®, çâ®
ª ¦¤ ï F- ¯¯à®ªá¨¬¨àã¥¬ ï £àã¯¯  � ã¬á« £  | �®«¨âíà  ï¢«ï¥âáï
â ª¦¥ F- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨: ¤«ï £àã¯¯ ¢¨¤ 
G(1, n) íâ® ¡ë«® ¤®ª § ­® ¢ [5],   ¤«ï £àã¯¯ G(m,n), £¤¥ |n| = m, ¬®¦¥â
¡ëâì ¢ë¢¥¤¥­® ¨§ à¥§ã«ìâ â  à ¡®âë [13] ¨«¨ ¨§ ¥£® ®¡®¡é¥­¨ï, ¯®«ãç¥­-
­®£® ¢ [9]. �¤¥áì ¡ã¤¥â ¯®«ãç¥­ à¥§ã«ìâ â, ä®à¬ã«¨à®¢ª  ¨ ¤®ª § â¥«ìáâ¢®
ª®â®à®£® á«¥¤ãîâ ¨¤¥ï¬ áâ âì¨ �. �. � à£ ¯®«®¢  [3] ¨ ­¥¯®áà¥¤áâ¢¥­-
­ë¬ á«¥¤áâ¢¨¥¬ ª®â®à®£® ï¢«ï¥âáï F- ¯¯à®ªá¨¬¨àã¥¬®áâì ®â­®á¨â¥«ì­®
á®¯àï¦¥­­®áâ¨ £àã¯¯ G(m,n) ¯à¨ |n| = m.

�¥®à¥¬  1. �ãáâì £àã¯¯  G ®¡« ¤ ¥â ­®à¬ «ì­®© ¯®¤£àã¯¯®© U ,
ï¢«ïîé¥©áï ¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯®©, ¨ ¯ãáâì ¤«ï «î¡®£® æ¥«®£®
ç¨á«  r > 0 ä ªâ®à-£àã¯¯  G/Ur £àã¯¯ë G ¯® ¯®¤£àã¯¯¥ Ur F- ¯¯à®ª-
á¨¬¨àã¥¬  ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨. �®£¤  ¨ £àã¯¯  G ï¢«ï¥âáï
F- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨.

�«ï ¢ë¢®¤  ¨§ íâ®© â¥®à¥¬ë ãâ¢¥à¦¤¥­¨ï ®¡ F- ¯¯à®ªá¨¬¨àã¥¬®áâ¨
®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ £àã¯¯ G(m,n) ¯à¨ |n| = m ¤®áâ â®ç­® § ¬¥-
â¨âì, çâ® ¢ íâ®¬ á«ãç ¥ ¯®¤£àã¯¯  U = Bm £àã¯¯ë G(m, n) ­®à¬ «ì­ 
¨ çâ® ¤«ï «î¡®£® æ¥«®£® ç¨á«  r > 0 ä ªâ®à-£àã¯¯  G(m,n)/Ur =
〈a, b; a−1bma = bn, bmr = 1〉 £àã¯¯ë G(m,n) ¯® ¯®¤£àã¯¯¥ Ur ï¢«ï¥âáï
HNN -à áè¨à¥­¨¥¬ ª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  mr ¨ ¯®â®-
¬ã [11] F- ¯¯à®ªá¨¬¨àã¥¬  ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨.

� à ¡®â¥ [7] ¡ë«® ¯®ª § ­®, çâ® ¤«ï ¯à®¨§¢®«ì­®£® ¯à®áâ®£® ç¨á« 
p £àã¯¯  G(m,n) ï¢«ï¥âáï Fp- ¯¯à®ªá¨¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ¨«¨ m = 1 ¨ n ≡ 1 (mod p), ¨«¨ |n| = m = pr ¤«ï ­¥ª®â®à®£®
r > 0, ¯à¨ç¥¬ ¥á«¨ n = −m, â® p = 2. � ¯¥à¢®¬ á«ãç ¥ íâ® ãâ¢¥à¦¤¥­¨¥
¡ë«® ®¡®¡é¥­® ¢ [2] á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï ¯à®¨§¢®«ì­®£® ¬­®¦¥áâ¢ 
π ¯à®áâëå ç¨á¥« £àã¯¯  G(1, n) ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®© â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â π-ç¨á«® l > 1 â ª®¥, çâ® l ¢§ ¨¬­® ¯à®áâ®
á n ¨ ¯®àï¤®ª ç¨á«  n ¯® ¬®¤ã«î l â ª¦¥ ï¢«ï¥âáï π-ç¨á«®¬.

�«ï £àã¯¯ ¢¨¤  G(m,n), £¤¥ |n| = m, ®¡é¨© ªà¨â¥à¨© Fπ- ¯¯à®ªá¨-
¬¨àã¥¬®áâ¨ ¤®¯ãáª ¥â ¡®«¥¥ ¯à®§à ç­ãî ä®à¬ã«¨à®¢ªã:

�¥®à¥¬  2. �«ï «î¡®£® ¬­®¦¥áâ¢  π ¯à®áâëå ç¨á¥« £àã¯-
¯  G(m,m) ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®-
£¤  m ï¢«ï¥âáï π-ç¨á«®¬,   £àã¯¯  G(m,−m) ï¢«ï¥âáï Fπ- ¯¯à®ªá¨-
¬¨àã¥¬®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  m ï¢«ï¥âáï π-ç¨á«®¬ ¨ ¬­®¦¥-
áâ¢® π á®¤¥à¦¨â ç¨á«® 2. �à®¬¥ â®£®, ¥á«¨ £àã¯¯  G(m,n), £¤¥ |n| = m,
Fπ- ¯¯à®ªá¨¬¨àã¥¬ , â® ®­  ï¢«ï¥âáï ¨ Fπ- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨-
â¥«ì­® á®¯àï¦¥­­®áâ¨.

� á¢ï§¨ á ¯®á«¥¤­¨¬ ãâ¢¥à¦¤¥­¨¥¬ íâ®© â¥®à¥¬ë ®â¬¥â¨¬, çâ® ¤«ï
«î¡®£® æ¥«®£® ç¨á«  n, ®â«¨ç­®£® ®â 0 ¨ ±1, ¨ ¤«ï «î¡®£® ¬­®¦¥-
áâ¢  π, á®áâ®ïé¥£® ¨§ ¤¢ãå ¯à®áâëå ç¨á¥«, £àã¯¯  G(1, n) ­¥ ï¢«ï¥âáï
Fπ- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ [1]. �âáî¤  ¨ ¨§ à¥-
§ã«ìâ â®¢ à ¡®âë [2] á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª¨å 2-í«¥¬¥­â­ëå ¬­®-
¦¥áâ¢ π, ¯à¨ ª®â®àëå £àã¯¯  G(1, n) ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®©, ­®
­¥ ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨.
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2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 1
�ãáâì U | ­®à¬ «ì­ ï ¯®¤£àã¯¯  £àã¯¯ë G, ï¢«ïîé ïáï ¡¥áª®­¥ç-

­®© æ¨ª«¨ç¥áª®© £àã¯¯®© á ¯®à®¦¤ îé¨¬ u, ¨ ¯ãáâì ¤«ï «î¡®£® æ¥«®£®
ç¨á«  r > 0 ä ªâ®à-£àã¯¯  G/Ur F- ¯¯à®ªá¨¬¨àã¥¬  ®â­®á¨â¥«ì­® á®-
¯àï¦¥­­®áâ¨.

�«ï ¯à®¨§¢®«ì­®£® í«¥¬¥­â  g ∈ G ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ á«¥¤ãî-
é¨¥ ¤¢  ¬­®¦¥áâ¢  æ¥«ëå ç¨á¥«:

Kg =
{
k ∈ Z

∣∣ (∃x ∈ G)(x−1gx = guk
}

¨
Hg =

{
k ∈ Z ∣∣ (∃x ∈ G)(x−1gx = guk ∧ xu = ux

}
.

�¥¬¬ . �«ï «î¡®£® í«¥¬¥­â  g ∈ G ¬­®¦¥áâ¢® Hg ï¢«ï¥âáï
¯®¤£àã¯¯®©  ¤¤¨â¨¢­®© £àã¯¯ë Z æ¥«ëå ç¨á¥«. �á«¨ Kg 6= Hg ¨ ç¨á«®
k0 ∈ Kg ­¥ ¯à¨­ ¤«¥¦¨â ¯®¤£àã¯¯¥ Hg, â® ¬­®¦¥áâ¢® Kg á®¢¯ ¤ ¥â á
®¡ê¥¤¨­¥­¨¥¬ ¯®¤£àã¯¯ë Hg ¨ á¬¥¦­®£® ª« áá  Hg + k0.

� á ¬®¬ ¤¥«¥, ¢ª«îç¥­¨¥ 0 ∈ Hg ®ç¥¢¨¤­®. �ãáâì ç¨á«  k ¨ l ¯à¨-
­ ¤«¥¦ â ¬­®¦¥áâ¢ã Hg, â. ¥. ¤«ï ¯®¤å®¤ïé¨å í«¥¬¥­â®¢ x ¨ y £àã¯¯ë
G, ¯¥à¥áâ ­®¢®ç­ëå á í«¥¬¥­â®¬ u, ¢ë¯®«­¥­ë à ¢¥­áâ¢  x−1gx = guk ¨
y−1gy = gul. � ª ª ª â®£¤  xgx−1 = gu−k ¨ (xy)−1g(xy) = guk+l, ç¨á« 
−k ¨ k + l ¯à¨­ ¤«¥¦ â ¯®¤¬­®¦¥áâ¢ã Hg. �«¥¤®¢ â¥«ì­®, Hg 6 Z.

�®áª®«ìªã ­®à¬ «ì­ ï ¯®¤£àã¯¯  U £àã¯¯ë G ï¢«ï¥âáï ¡¥áª®­¥ç­®©
æ¨ª«¨ç¥áª®© £àã¯¯®©, â® ¤«ï «î¡®£® í«¥¬¥­â  x ∈ G ¬ë ¤®«¦­ë ¨¬¥âì
x−1ux = u±1. �âáî¤  «¥£ª® á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ç¨á«  k ∈ Kg á¯à -
¢¥¤«¨¢® ¢ª«îç¥­¨¥ Hg + k ⊆ Kg. � ¤àã£®© áâ®à®­ë, ¥á«¨ Kg 6= Hg ¨ k0 |
ä¨ªá¨à®¢ ­­ë© í«¥¬¥­â ¬­®¦¥áâ¢  Kg, ­¥ ¯à¨­ ¤«¥¦ é¨© ¯®¤£àã¯¯¥ Hg,
â® ¯à®¨§¢®«ì­®¥ ç¨á«® k ∈ Kg \Hg «¥¦¨â ¢ á¬¥¦­®¬ ª« áá¥ Hg + k0.

�¥©áâ¢¨â¥«ì­®, ¤«ï ¯®¤å®¤ïé¨å í«¥¬¥­â®¢ x ¨ y £àã¯¯ë G ¬ë
¤®«¦­ë ¨¬¥âì x−1gx = guk0 ¨ y−1gy = guk, ¯à¨ç¥¬ x−1ux = u−1 ¨
y−1uy = u−1. �âáî¤ 

(xy)−1g(xy) = y−1(guk0)y = guk−k0

¨
(xy)−1u(xy) = u,

â ª çâ® k − k0 ∈ Hg. �¥¬¬  ¤®ª § ­ .
�¥à¥©¤¥¬ â¥¯¥àì ­¥¯®áà¥¤áâ¢¥­­® ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.

�ãáâì f ¨ g | ¯à®¨§¢®«ì­ë¥ í«¥¬¥­âë £àã¯¯ë G, ­¥ á®¯àï¦¥­­ë¥ ¢ íâ®©
£àã¯¯¥. � ¬ ¤®áâ â®ç­® ãª § âì â ª®© £®¬®¬®àä¨§¬ ρ £àã¯¯ë G ¢ ­¥ª®-
â®àãî F- ¯¯à®ªá¨¬¨àã¥¬ãî ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ £àã¯¯ã X, ¯à¨
ª®â®à®¬ í«¥¬¥­âë fρ ¨ gρ ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ X.

�®áª®«ìªã ä ªâ®à-£àã¯¯  G/U ¯® ãá«®¢¨î ï¢«ï¥âáï F- ¯¯à®ª-
á¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨, ¢ á«ãç ¥, ª®£¤  ¥¥ í«¥¬¥­âë
fU ¨ gU ­¥ á®¯àï¦¥­ë, ¢ ª ç¥áâ¢¥ ρ ¬®¦­® ¢§ïâì ¥áâ¥áâ¢¥­­ë© £®¬®-
¬®àä¨§¬ £àã¯¯ë G ­  £àã¯¯ã G/U . �®íâ®¬ã ­ ¬ ®áâ ¥âáï à áá¬®âà¥âì
á«ãç ©, ª®£¤  í«¥¬¥­âë fU ¨ gU á®¯àï¦¥­ë ¢ £àã¯¯¥ G/U . �ç¥¢¨¤­®,
çâ® íâ® ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ £àã¯¯¥ G í«¥¬¥­âë f
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¨ g á®¯àï¦¥­ë ¯® ¬®¤ã«î ¯®¤£àã¯¯ë U , â. ¥. ¤«ï ­¥ª®â®à®£® í«¥¬¥­â 
x ∈ G ¨ ­¥ª®â®à®£® æ¥«®£® ç¨á«  r ¢ë¯®«­¥­® à ¢¥­áâ¢® x−1fx = gur.
�®áª®«ìªã ¢ «î¡®¬ £®¬®¬®àä­®¬ ®¡à §¥ £àã¯¯ë G ®¡à §ë í«¥¬¥­â®¢ f ¨
gur ¡ã¤ãâ á®¯àï¦¥­ë, £®¬®¬®àä¨§¬ á ãª § ­­ë¬¨ á¢®©áâ¢ ¬¨ ¤®áâ â®ç­®
¯®áâà®¨âì ¤«ï í«¥¬¥­â®¢ g ¨ gur.

� ª ª ª í«¥¬¥­âë g ¨ gur ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ G, ç¨á«® r ­¥
¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã Kg, ¢¢¥¤¥­­®¬ã ¢ëè¥. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â
æ¥«®¥ ç¨á«® k > 0 â ª®¥, çâ® ¤«ï «î¡®£® æ¥«®£® ç¨á«  t ç¨á«® r + kt
­¥ ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã Kg. � ª ¨ ¢ëè¥, íâ® à ¢­®á¨«ì­® â®¬ã, çâ®
¢ ä ªâ®à-£àã¯¯¥ G/Uk í«¥¬¥­âë gUk ¨ (gur)Uk ­¥ ï¢«ïîâáï á®¯àï¦¥­-
­ë¬¨, ¨ ¯®â®¬ã ¢ á¨«ã ãá«®¢¨ï â¥®à¥¬ë 1 ¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬
£àã¯¯ë G ­  ä ªâ®à-£àã¯¯ã G/Uk ¡ã¤¥â ¨áª®¬ë¬.

�¥©áâ¢¨â¥«ì­®, ¨§ «¥¬¬ë á«¥¤ã¥â, çâ® Hg = sZ ¤«ï ­¥ª®â®à®£® æ¥-
«®£® ç¨á«  s > 0. �á«¨ ¤«ï ­¥ª®â®à®£® æ¥«®£® ç¨á«  t ç¨á«® r + st ¯à¨-
­ ¤«¥¦¨â ¬­®¦¥áâ¢ã Kg, â® (¯® «¥¬¬¥) «¨¡® r + st ∈ sZ, ¨ â®£¤  r ∈ sZ,
«¨¡® r + st ∈ sZ + k0 (£¤¥ k0 ∈ Kg \ Hg), ¨ â®£¤  r ∈ sZ + k0. � ª¨¬ ®¡-
à §®¬, ¨§ â®£®, çâ® ¯à¨ ­¥ª®â®à®¬ t ç¨á«® r + st ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã
Kg, á«¥¤ã¥â, çâ® ¨ ç¨á«® r ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã Kg,   íâ® ­¥¢®§¬®¦­®.
�«¥¤®¢ â¥«ì­®, ¯à¨ s > 0 ç¨á«® k = s ï¢«ï¥âáï ¨áª®¬ë¬.

�á«¨ s = 0, â® Hg = {0}, ¨ ¯®â®¬ã, ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®©, «¨¡®
Kg = {0}, «¨¡® Kg = {0, k0} ¤«ï ­¥ª®â®à®£® k0 6= 0. �®áª®«ìªã ç¨á«® r ­¥
¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã Kg, ¢ ®¡®¨å á«ãç ïå r 6= 0,   ¢® ¢â®à®¬ á«ãç ¥
ª â®¬ã ¦¥ r 6= k0. �®íâ®¬ã áãé¥áâ¢ã¥â æ¥«®¥ ç¨á«® k > 0, ­¥ ï¢«ïîé¥¥áï
¤¥«¨â¥«¥¬ ç¨á«  r ¨ (¢® ¢â®à®¬ á«ãç ¥) ç¨á«  r − k0. �¥£ª® ¢¨¤¥âì, çâ®
¯à¨ â ª®¬ ¢ë¡®à¥ k ç¨á«® r+kt ¯à¨ «î¡®¬ æ¥«®¬ t ­¥ ¢å®¤¨â ¢ ¬­®¦¥áâ¢®
Kg. �¥®à¥¬  1 ¤®ª § ­ .

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2
�à¥¤¯®«®¦¨¬ á­ ç « , çâ® ¤«ï ­¥ª®â®à®£® ¬­®¦¥áâ¢  ¯à®áâëå ç¨á¥«

π £àã¯¯  G(m,mε), £¤¥ m > 0 ¨ ε = ±1, ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®©
¨ çâ®, â¥¬ ­¥ ¬¥­¥¥, m ­¥ ï¢«ï¥âáï π-ç¨á«®¬, â. ¥. m = qm1 ¤«ï ­¥ª®-
â®à®£® ¯à®áâ®£® ç¨á«  q, ­¥ ¢å®¤ïé¥£® ¢ ¬­®¦¥áâ¢® π. �®ª ¦¥¬, çâ®
â®£¤  ª®¬¬ãâ â®à w =

[
a−1bm1a, b

]
ï¢«ï¥âáï ­¥¥¤¨­¨ç­ë¬ í«¥¬¥­â®¬

£àã¯¯ë G(m,mε), ¯¥à¥å®¤ïé¨¬ ¢ ¥¤¨­¨æã ¯à¨ «î¡®¬ £®¬®¬®àä¨§¬¥ íâ®©
£àã¯¯ë ¢ ª®­¥ç­ãî π-£àã¯¯ã, çâ® ¨ ¡ã¤¥â ¯à®â¨¢®à¥ç¨âì ¯à¥¤¯®«®¦¥­¨î
®¡ Fπ- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ £àã¯¯ë G(m,mε).

�®áª®«ìªã ç¨á«® m ­¥ ï¢«ï¥âáï, ®ç¥¢¨¤­®, ¤¥«¨â¥«¥¬ ç¨á¥« 1 ¨ m1,
í«¥¬¥­âë b ¨ bm1 ­¥ ¢å®¤ïâ ¢ ¯®¤£àã¯¯ã Bm ¡ §®¢®© £àã¯¯ë B HNN -
à áè¨à¥­¨ï G(m,mε). �®íâ®¬ã § ¯¨áì

w = a−1b−m1a b−1a−1bm1a b

í«¥¬¥­â  w ï¢«ï¥âáï ¯à¨¢¥¤¥­­®© ¢ íâ®¬ HNN -à áè¨à¥­¨¨, â ª çâ® ¢
á¨«ã «¥¬¬ë �à¨ââ®­  (á¬., ­ ¯à., [6, á. 249]) w 6= 1.

�ãáâì â¥¯¥àì ϕ | £®¬®¬®àä¨§¬ £àã¯¯ë G(m, mε) ­  ª®­¥ç­ãî
π-£àã¯¯ã H. �á«¨ x = aϕ ¨ y = bϕ, â® ¢ £àã¯¯¥ H ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®
x−1ymx = ymε. � ª ª ª ¯®àï¤®ª r £àã¯¯ë H ï¢«ï¥âáï π-ç¨á«®¬ ¨ ¯®â®¬ã
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¢§ ¨¬­® ¯à®áâ á q, áãé¥áâ¢ã¥â æ¥«®¥ ç¨á«® s â ª®¥, çâ® qs ≡ 1 (mod r), ¨,
§­ ç¨â, ¤«ï «î¡®£® í«¥¬¥­â  h ∈ H ¢ë¯®«­¥­® à ¢¥­áâ¢® h = hqs. �âáî¤ 

x−1ym1x = x−1(yqs)m1x = (x−1ymx)s = ymsε,

¨ ¯®â®¬ã wϕ =
[
x−1ym1x, y

]
=

[
ymsε, y

]
= 1.

�â ª, ¬ë ¯®ª § «¨, çâ® ¥á«¨ £àã¯¯  G(m,mε) ï¢«ï¥âáï Fπ- ¯¯à®-
ªá¨¬¨àã¥¬®©, â® m ¤®«¦­® ¡ëâì π-ç¨á«®¬. �®ª ¦¥¬ â¥¯¥àì, çâ® ¥á«¨
£àã¯¯  G(m,mε) ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®© ¨ ε = −1, â® 2 ∈ π.

�ç¥¢¨¤­ ï ¨­¤ãªæ¨ï ¯®ª §ë¢ ¥â, çâ® ¤«ï «î¡®£® æ¥«®£® ç¨á«  k > 0
¢ £àã¯¯¥ G(m,mε) ¢ë¯®«­¥­® à ¢¥­áâ¢® a−kbmak = bmεk . �®íâ®¬ã ¥á«¨
á­®¢  ϕ | £®¬®¬®àä¨§¬ £àã¯¯ë G(m,mε) ­  ª®­¥ç­ãî π-£àã¯¯ã H ¨
x = aϕ, y = bϕ, â® ¢ £àã¯¯¥ H ¤«ï «î¡®£® æ¥«®£® ç¨á«  k > 0 ¨¬¥¥â ¬¥áâ®
à ¢¥­áâ¢® x−kymxk = ymεk . �á«¨ ç¨á«® k ï¢«ï¥âáï ¯®àï¤ª®¬ í«¥¬¥­â  x,
â® íâ® à ¢¥­áâ¢® ¯à¨­¨¬ ¥â ¢¨¤ ym = ymεk . �®íâ®¬ã ¥á«¨ ε = −1 ¨ ç¨á«®
2 ­¥ ¢å®¤¨â ¢ ¬­®¦¥áâ¢® π, â® ¢¢¨¤ã ­¥ç¥â­®áâ¨ ç¨á«  k ¨¬¥¥¬ y2m = 1.
� ª¨¬ ®¡à §®¬, ¥á«¨ 2 /∈ π, ­¥¥¤¨­¨ç­ë© í«¥¬¥­â b2m £àã¯¯ë G(m,−m)
¯¥à¥å®¤¨â ¢ ¥¤¨­¨æã ¯à¨ «î¡®¬ ¥¥ £®¬®¬®àä¨§¬¥ ­  ª®­¥ç­ãî π-£àã¯¯ã,
â ª çâ® £àã¯¯  G(m,−m) ­¥ ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®©.

� ª ª ª Fπ- ¯¯à®ªá¨¬¨àã¥¬ ï ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ £àã¯¯ 
ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®©, ®áâ ¥âáï ¯®ª § âì, çâ® ¤«ï «î¡®£® ¬­®-
¦¥áâ¢  ¯à®áâëå ç¨á¥« π ¨ «î¡®£® π-ç¨á«  m £àã¯¯  G(m,m) ï¢«ï-
¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨,   ¥á«¨ ¬­®¦¥-
áâ¢® π á®¤¥à¦¨â ç¨á«® 2, â® ¤«ï «î¡®£® π-ç¨á«  m £àã¯¯  G(m,−m)
ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨. �à¥¤¢ à¨-
â¥«ì­® áä®à¬ã«¨àã¥¬ âà¨ ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨ï.

�. �. �¥¬¥á«¥­­¨ª®¢ [8] ¤®ª § «, çâ® á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥­¨¥ ¯à®¨§-
¢®«ì­®£® á¥¬¥©áâ¢  £àã¯¯, F- ¯¯à®ªá¨¬¨àã¥¬ëå ®â­®á¨â¥«ì­® á®¯àï¦¥­-
­®áâ¨, ï¢«ï¥âáï £àã¯¯®© F- ¯¯à®ªá¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®-
áâ¨. �à ªâ¨ç¥áª¨ ­¥ ¬¥­ïï ¥£® à ááã¦¤¥­¨©, ¬®¦­® ¤®ª § âì

�à¥¤«®¦¥­¨¥ 1. �«ï «î¡®£® ¬­®¦¥áâ¢  ¯à®áâëå ç¨á¥« π á¢®¡®¤-
­®¥ ¯à®¨§¢¥¤¥­¨¥ ¯à®¨§¢®«ì­®£® á¥¬¥©áâ¢  Fπ- ¯¯à®ªá¨¬¨àã¥¬ëå ®â­®-
á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ £àã¯¯ ï¢«ï¥âáï £àã¯¯®©, Fπ- ¯¯à®ªá¨¬¨àã¥-
¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨.

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥, ¯®-¢¨¤¨¬®¬ã, å®à®è® ¨§¢¥áâ­® ¨ ¬®¦¥â
¡ëâì ¡¥§ âàã¤  ¤®ª § ­® á ¨á¯®«ì§®¢ ­¨¥¬ § ¬¥ç ­¨ï, ¢ëâ¥ª îé¥£® ¨§
â¥®à¥¬ë �¥¬ ª  (á¬., ­ ¯à., [4, â¥®à¥¬  4.3.9]): ¢ ¯à®¨§¢®«ì­®© £àã¯¯¥
¯¥à¥á¥ç¥­¨¥ ª®­¥ç­®£® á¥¬¥©áâ¢  ­®à¬ «ì­ëå ¯®¤£àã¯¯ ª®­¥ç­®£® π-
¨­¤¥ªá  ï¢«ï¥âáï ­®à¬ «ì­®© ¯®¤£àã¯¯®© ª®­¥ç­®£® π-¨­¤¥ªá .

�à¥¤«®¦¥­¨¥ 2. �ãáâì H | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ª®­¥ç­®£®
π-¨­¤¥ªá  £àã¯¯ë G. �á«¨ £àã¯¯  H Fπ- ¯¯à®ªá¨¬¨àã¥¬  ®â­®á¨â¥«ì­®
á®¯àï¦¥­­®áâ¨, â® ¤«ï «î¡ëå ¤¢ãå í«¥¬¥­â®¢ f ¨ g ¨§ ¯®¤£àã¯¯ë H,
­¥ á®¯àï¦¥­­ëå ¢ £àã¯¯¥ G, áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬ ϕ £àã¯¯ë G ­ 
ª®­¥ç­ãî π-£àã¯¯ã X â ª®©, çâ® í«¥¬¥­âë fϕ ¨ gϕ ­¥ á®¯àï¦¥­ë ¢
£àã¯¯¥ X.
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�à¥¤«®¦¥­¨¥ 3. �ãáâì £àã¯¯  G á®¤¥à¦¨â ­®à¬ «ì­ãî ¯®¤-
£àã¯¯ã U , ¯¥à¥á¥ç¥­¨¥ ª®â®à®© á ª®¬¬ãâ ­â®¬ G′ £àã¯¯ë G âà¨¢¨-
 «ì­®. �à¥¤¯®«®¦¨¬ ¥é¥, çâ® ä ªâ®à-£àã¯¯  G/U Fπ- ¯¯à®ªá¨¬¨àã¥¬ 
®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ ¨ ä ªâ®à-£àã¯¯  G/G′ Fπ- ¯¯à®ªá¨¬¨-
àã¥¬ . �®£¤  £àã¯¯  G Fπ- ¯¯à®ªá¨¬¨àã¥¬  ®â­®á¨â¥«ì­® á®¯àï¦¥­­®-
áâ¨.

�®ª § â¥«ìáâ¢®. �à¥¡ã¥âáï ¯®ª § âì, çâ® ¤«ï «î¡ëå í«¥¬¥­â®¢ f
¨ g £àã¯¯ë G, ­¥ á®¯àï¦¥­­ëå ¢ íâ®© £àã¯¯¥, áãé¥áâ¢ã¥â £®¬®¬®àä¨§¬
ϕ £àã¯¯ë G ­  ª®­¥ç­ãî π-£àã¯¯ã X â ª®©, çâ® í«¥¬¥­âë fϕ ¨ gϕ ­¥
á®¯àï¦¥­ë ¢ £àã¯¯¥ X.

�á«¨ í«¥¬¥­âë f ¨ g ­¥ á®¯àï¦¥­ë ¯® ¬®¤ã«î ¯®¤£àã¯¯ë U ,
â® áãé¥áâ¢®¢ ­¨¥ â ª®£® £®¬®¬®àä¨§¬  ï¢«ï¥âáï ®ç¥¢¨¤­ë¬ á«¥¤-
áâ¢¨¥¬ Fπ- ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨ ä ªâ®à-
£àã¯¯ë G/U .

�á«¨ ¦¥ í«¥¬¥­âë f ¨ g á®¯àï¦¥­ë ¯® ¬®¤ã«î ¯®¤£àã¯¯ë U , â®
x−1fx = gu ¤«ï ­¥ª®â®àëå x ∈ G ¨ u ∈ U , ¯à¨ç¥¬, ¯®áª®«ìªã f ¨ g
­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ G, u 6= 1. �®íâ®¬ã í«¥¬¥­â u ­¥ ¢å®¤¨â ¢ ª®¬-
¬ãâ ­â G′ £àã¯¯ë G, ¨, â. ª. ä ªâ®à-£àã¯¯  G/G′ Fπ- ¯¯à®ªá¨¬¨àã¥¬ ,
áãé¥áâ¢ã¥â ­®à¬ «ì­ ï ¯®¤£àã¯¯  N ª®­¥ç­®£® π-¨­¤¥ªá  £àã¯¯ë G, á®-
¤¥à¦ é ï ª®¬¬ãâ ­â G′ ¨ ­¥ á®¤¥à¦ é ï í«¥¬¥­â  u. �â¢¥à¦¤ ¥âáï, çâ®
¥áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬ £àã¯¯ë G ­  ä ªâ®à-£àã¯¯ã G/N ï¢«ï¥âáï
¨áª®¬ë¬, â. ¥. í«¥¬¥­âë f ¨ g ­¥ á®¯àï¦¥­ë ¯® ¬®¤ã«î ¯®¤£àã¯¯ë N .

�¥©áâ¢¨â¥«ì­®, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ¨ í«¥¬¥­âë g ¨ gu ¡ã¤ãâ á®¯àï-
¦¥­ë ¯® ¬®¤ã«î N , â. ¥., ¯®áª®«ìªã ä ªâ®à-£àã¯¯  G/N  ¡¥«¥¢ ,

g ≡ gu (mod N).
�® â®£¤  u ∈ N , çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã ¯®¤£àã¯¯ë N . �à¥¤«®¦¥­¨¥ 3
¤®ª § ­®.

�¥£ª® ¯®­ïâì, çâ® ¤«ï «î¡®£® ¬­®¦¥áâ¢  π ¯à®áâëå ç¨á¥« ¨ ¯à®¨§-
¢®«ì­®£® π-ç¨á«  m > 0 Fπ- ¯¯à®ªá¨¬¨àã¥¬®áâì ®â­®á¨â¥«ì­® á®¯àï¦¥­-
­®áâ¨ £àã¯¯ë G(m,m) ï¢«ï¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬ á«¥¤áâ¢¨¥¬ ¯à¥¤«®¦¥-
­¨ï 3.

� á ¬®¬ ¤¥«¥, ¯®¤£àã¯¯  U = Bm £àã¯¯ë G(m,m) ï¢«ï¥âáï ­®à-
¬ «ì­®© (¨ ¤ ¦¥ æ¥­âà «ì­®©) ¯®¤£àã¯¯®© íâ®© £àã¯¯ë. � ªâ®à-£àã¯¯ 
G(m,m)/U £àã¯¯ë G(m, m) ¯® ¯®¤£àã¯¯¥ U ¥áâì á¢®¡®¤­®¥ ¯à®¨§¢¥¤¥-
­¨¥ ¡¥áª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë ¨ ª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë
¯®àï¤ª  m ¨ ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 1 Fπ- ¯¯à®ªá¨¬¨àã¥¬  ®â­®á¨â¥«ì­® á®-
¯àï¦¥­­®áâ¨. � ªâ®à-£àã¯¯  £àã¯¯ë G(m,m) ¯® ¥¥ ª®¬¬ãâ ­âã ï¢«ï¥âáï,
®ç¥¢¨¤­®, á¢®¡®¤­®©  ¡¥«¥¢®© £àã¯¯®©, á¢®¡®¤­® ¯®à®¦¤ ¥¬®© ®¡à § ¬¨
í«¥¬¥­â®¢ a ¨ b, ¨ ¯®â®¬ã Fπ- ¯¯à®ªá¨¬¨àã¥¬ . �®áª®«ìªã ¥áâ¥áâ¢¥­­ë©
£®¬®¬®àä¨§¬ £àã¯¯ë G(m,m) ­  ¥¥ ä ªâ®à-£àã¯¯ã ¯® ª®¬¬ãâ ­âã ¤¥©-
áâ¢ã¥â ¨­ê¥ªâ¨¢­® ­  ¯®¤£àã¯¯¥ B, ¯¥à¥á¥ç¥­¨¥ U á ª®¬¬ãâ ­â®¬ âà¨¢¨-
 «ì­®. � ª¨¬ ®¡à §®¬, ¢á¥ ãá«®¢¨ï ¯à¥¤«®¦¥­¨ï 3 ¤¥©áâ¢¨â¥«ì­® ¢ë¯®«-
­¥­ë.

�®ª ¦¥¬ â¥¯¥àì Fπ- ¯¯à®ªá¨¬¨àã¥¬®áâì ®â­®á¨â¥«ì­® á®¯àï¦¥­­®-
áâ¨ £àã¯¯ë G = G(m,−m) ¯à¨ ãá«®¢¨¨, çâ® ¬­®¦¥áâ¢® π á®¤¥à¦¨â ç¨á«®
2 ¨ m ï¢«ï¥âáï π-ç¨á«®¬.
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� ªâ®à-£àã¯¯  G/G′ £àã¯¯ë G ¯® ¥¥ ª®¬¬ãâ ­âã ¨¬¥¥â, ®ç¥¢¨¤­®,
¯à¥¤áâ ¢«¥­¨¥ ¯®à®¦¤ îé¨¬¨ ¨ ®¯à¥¤¥«ïîé¨¬¨ á®®â­®è¥­¨ï¬¨ ¢¨¤ 
〈a, b; ab = ba, b2m = 1〉 ¨ ¯®â®¬ã ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®©. �¥¬ ­¥
¬¥­¥¥ ¨§ ¢¨¤  íâ®£® ¯à¥¤áâ ¢«¥­¨ï «¥£ª® á«¥¤ã¥â, çâ® G′ ∩U = U2 = B2m

(£¤¥ á­®¢  U = Bm), â ª çâ®, ¢ ç áâ­®áâ¨, ­¥¯®áà¥¤áâ¢¥­­®¥ ¯à¨¬¥­¥­¨¥
¯à¥¤«®¦¥­¨ï 3 §¤¥áì ­¥¢®§¬®¦­®.

�ãáâì f ¨ g | ­¥ á®¯àï¦¥­­ë¥ í«¥¬¥­âë £àã¯¯ë G. �à¥¡ã¥âáï ¯®ª -
§ âì, çâ® ¨å ®¡à §ë ¯à¨ ­¥ª®â®à®¬ £®¬®¬®àä¨§¬¥ £àã¯¯ë G ­  ª®­¥ç­ãî
π-£àã¯¯ã ­¥ á®¯àï¦¥­ë ¢ íâ®© £àã¯¯¥. �®áª®«ìªã ä ªâ®à-£àã¯¯  G/U ï¢-
«ï¥âáï (¢ á¨«ã ¯à¥¤«®¦¥­¨ï 1) Fπ- ¯¯à®ªá¨¬¨àã¥¬®©, ¢ á«ãç ¥, ª®£¤  íâ¨
í«¥¬¥­âë ­¥ á®¯àï¦¥­ë ¯® ¬®¤ã«î ¯®¤£àã¯¯ë U , áãé¥áâ¢®¢ ­¨¥ â ª®£®
£®¬®¬®àä¨§¬  ®ç¥¢¨¤­®. �®íâ®¬ã ¤ «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® x−1fx = gbmk

¤«ï ­¥ª®â®à®£® í«¥¬¥­â  x ∈ G ¨ ­¥ª®â®à®£® æ¥«®£® ç¨á«  k. �ç¥¢¨¤­®,
çâ® í«¥¬¥­âë g ¨ gbmk ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ G ¨ çâ® £®¬®¬®àä¨§¬ á
ãª § ­­ë¬¨ á¢®©áâ¢ ¬¨ ¤®áâ â®ç­® ¯®áâà®¨âì ¤«ï íâ®© ¯ àë í«¥¬¥­â®¢.

� ª ª ª U = Bm | ¡¥áª®­¥ç­ ï æ¨ª«¨ç¥áª ï ­®à¬ «ì­ ï ¯®¤-
£àã¯¯  £àã¯¯ë G, ¤«ï í«¥¬¥­â  g ¤®«¦­® ¢ë¯®«­ïâìáï à ¢¥­áâ¢® ¢¨¤ 
g−1bmg = b±m, ¨ ¬ë à áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  g−1bmg = b−m.
�®áª®«ìªã â®£¤  ¤«ï «î¡®£® æ¥«®£® ç¨á«  l ¨¬¥¥¬

b−mlgbml = g · g−1b−mlgbml = gb2ml,

  í«¥¬¥­âë g ¨ gbmk ­¥ ï¢«ïîâáï á®¯àï¦¥­­ë¬¨, ç¨á«® k ¤®«¦­® ¡ëâì
­¥ç¥â­ë¬. �®íâ®¬ã í«¥¬¥­â bmk ­¥ ¯à¨­ ¤«¥¦¨â ª®¬¬ãâ ­âã £àã¯¯ë G,
¨, â. ª. ä ªâ®à-£àã¯¯  G/G′ ï¢«ï¥âáï Fπ- ¯¯à®ªá¨¬¨àã¥¬®©, ¢ £àã¯¯¥ G
­ ©¤¥âáï ­®à¬ «ì­ ï ¯®¤£àã¯¯  N ª®­¥ç­®£® π-¨­¤¥ªá , á®¤¥à¦ é ï ª®¬-
¬ãâ ­â G′ ¨ ­¥ á®¤¥à¦ é ï í«¥¬¥­â  bmk. �áâ¥áâ¢¥­­ë© £®¬®¬®àä¨§¬
£àã¯¯ë G ­  ä ªâ®à-£àã¯¯ã G/N ï¢«ï¥âáï ¨áª®¬ë¬: ¯®áª®«ìªã £àã¯¯ 
G/N  ¡¥«¥¢ , á®¯àï¦¥­­®áâì í«¥¬¥­â®¢ g ¨ gbmk ¯® ¬®¤ã«î N ®§­ ç « 
¡ë ¨å á®¢¯ ¤¥­¨¥ ¯® ¬®¤ã«î N , çâ® ­¥¢®§¬®¦­®, â. ª. bmk /∈ N .

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® g−1bmg = bm, â. ¥. í«¥¬¥­â g ¯à¨­ ¤«¥-
¦¨â æ¥­âà «¨§ â®àã C ¢ £àã¯¯¥ G í«¥¬¥­â  bm. �­¤¥ªá ¯®¤£àã¯¯ë C ¢
£àã¯¯¥ G à ¢¥­ 2, ¨ ­¥âàã¤­® ¯®ª § âì (­ ¯à¨¬¥à, ¨á¯®«ì§ãï ¬¥â®¤ �¥©-
¤¥¬¥©áâ¥à  | �à¥©¥à  (á¬. [6, á. 147]) ¯à¨¬¥­¨â¥«ì­® ª èà¥©¥à®¢áª®©
á¨áâ¥¬¥ {1, a} ¯à¥¤áâ ¢¨â¥«¥© á¬¥¦­ëå ª« áá®¢ £àã¯¯ë G ¯® ¯®¤£àã¯¯¥
C), çâ® ¯®¤£àã¯¯  C ¯®à®¦¤ ¥âáï âà¥¬ï í«¥¬¥­â ¬¨: b, c = a2 ¨ d = aba−1

| ¨ ¢ íâ®© á¨áâ¥¬¥ ¯®à®¦¤ îé¨å ®¯à¥¤¥«ï¥âáï ¤¢ã¬ï á®®â­®è¥­¨ï¬¨:
cbm = bmc ¨ bm = d−m.

�á¯®«ì§ãï íâ® ®¯¨á ­¨¥ £àã¯¯ë C, «¥£ª® ¯®­ïâì, çâ® ¤«ï ­¥¥ ¨ ¥¥
¯®¤£àã¯¯ë U = Bm ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï ¯à¥¤«®¦¥­¨ï 3. � á ¬®¬
¤¥«¥, ä ªâ®à-£àã¯¯  C/C ′ £àã¯¯ë C ¯® ¥¥ ª®¬¬ãâ ­âã ï¢«ï¥âáï ¯àï¬ë¬
¯à®¨§¢¥¤¥­¨¥¬ ¤¢ãå ¡¥áª®­¥ç­ëå æ¨ª«¨ç¥áª¨å £àã¯¯, ¯®à®¦¤ ¥¬ëå ®¡-
à § ¬¨ í«¥¬¥­â®¢ b ¨ c, ¨ æ¨ª«¨ç¥áª®© £àã¯¯ë ¯®àï¤ª  m, ¯®à®¦¤ ¥¬®©
®¡à §®¬ í«¥¬¥­â  bd. �«¥¤®¢ â¥«ì­®, £àã¯¯  C/C ′ Fπ- ¯¯à®ªá¨¬¨àã¥¬  ¨
U ∩ C ′ = 1. � ªâ®à-£àã¯¯  G/U ï¢«ï¥âáï á¢®¡®¤­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¡¥á-
ª®­¥ç­®© æ¨ª«¨ç¥áª®© £àã¯¯ë, ¯®à®¦¤ ¥¬®© ®¡à §®¬ í«¥¬¥­â  c, ¨ ¤¢ãå
æ¨ª«¨ç¥áª¨å £àã¯¯ ¯®àï¤ª  m, ¯®à®¦¤ ¥¬ëå ®¡à § ¬¨ í«¥¬¥­â®¢ b ¨ d,
¨ ¯®â®¬ã Fπ- ¯¯à®ªá¨¬¨àã¥¬  ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨.
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� ª¨¬ ®¡à §®¬, ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 3 £àã¯¯  C ï¢«ï¥âáï Fπ- ¯¯à®ª-
á¨¬¨àã¥¬®© ®â­®á¨â¥«ì­® á®¯àï¦¥­­®áâ¨. � ª ª ª C | ­®à¬ «ì­ ï ¯®¤-
£àã¯¯  ª®­¥ç­®£® π-¨­¤¥ªá  £àã¯¯ë G ¨ í«¥¬¥­âë g ¨ gbmk, «¥¦ é¨¥ ¢
¯®¤£àã¯¯¥ C, ­¥ á®¯àï¦¥­ë ¢ £àã¯¯¥ G, áãé¥áâ¢®¢ ­¨¥ ¤«ï íâ¨å í«¥¬¥­-
â®¢ £®¬®¬®àä¨§¬  á âà¥¡ã¥¬ë¬¨ á¢®©áâ¢ ¬¨ ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥­¨ï 2.
�¥®à¥¬  2 ¤®ª § ­ .
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