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Abstract—Let G be a multiple HNN-extension of a group A, and let all its associated subgroups be
properly contained in some locally nilpotent subgroup of A. We prove that if G is residually nilpotent,
then all the associated subgroups are p’-isolated in A for some prime p. Moreover, if ¢ is a prime such
that G is residually a ¢’-torsion-free nilpotent group, then p = g¢.
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INTRODUCTION

Recall that given a property P of groups, a group G is said to be residually P if for every non-
trivial g € G there exists a homomorphism o of G onto a group P with property P such that go is non-
trivial. In this paper, we are concerned with the study of residual nilpotence and, in particular, residual
p-finiteness (where p is a prime). For the definition of HNN-extension and other related terms we refer
the reader to[1, Ch. IV].

The property of residual nilpotence has been studied for a long time: it is enough to recall the classical
results of Magnus [2] on the residual nilpotence of free groups and of Gruenberg [3] on the residual p-
finiteness of finitely generated nilpotent and iree polynilpotent groups. However, the number of results
concerning the residual nilpotence of HNN-extensions is so small that we can list them all.

Apparently, the first paper in this area belongs to Raptis and Varsos [4]. They give a characterization
for the residual nilpotence of an HNN-extension of a finitely generated abelian group provided either
this HNN-extension is ascending (i. e. its base group serves as one of the associated subgroups) or its
associated subgroups coincide (in this section, we deal only with HNN-extensions with one stable
letter). In[5], this characterization is generalized by a criterion for the residual nilpotence of an arbitrary
HNN-extension of a finitely generated abelian group. The last paper also contains a characterization
for the residual nilpotence and the residual p-finiteness of an arbitrary HNN-extension of a finite group
(in [6], these criteria are extended to arbitrary graphs of finite groups).

These are all the results which concern the property of being residually an arbitrary nilpotent group.
Other papers deal only with residual p-finiteness. First of all, let us mention two another criteria
for an HNN-extension of a finite group to be residually a finite p-group, which are proved in [7] (see
also [8]) and [9] respectively. In [7, 10], and [11], Moldavanskii applies the so-called “filtrational”
approach of Baumslag [12] to the study of the residual p-finiteness of HNN-extensions (in the more
recent paper[13], it is also done for arbitrary graphs of groups). As a result, he gives a characterization
for the residual p-finiteness of

e Baumslag—Solitar groups [14] (which are all possible HNN-extensions of an infinite cyclic
group),
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e Brunner’s groups [15] (which are certain HNN-extensions of Baumslag—Solitar groups),
e an HNN-extension of a finitely generated nilpotent group with finite associated subgroups, and

e an HNN-extension of an arbitrary group with finitely generated central associated subgroups.

At last, in [16], a criterion is proved for a splitting extension of a finitely generated abelian group
to be residually a finite p-group, and this result can serve as the first step in the study of the residual
p-finiteness of ascending HNN-extensions of finitely generated abelian groups. Now, recall that given
a prime p, a subgroup Y of a group X is said to be p’-isolated in X if for every element x € X and for any
prime ¢ # p the inclusion 9 € Y implies that € Y. Each of the statements mentioned above asserts,
in particular, that if an HNN-extension satisfying the conditions of this statement is residually nilpotent,
then its associated subgroups are p’-isolated in the base group for some prime p. The objective of this
paper is to show that this condition is necessary in much more general situations.

1. MAIN RESULTS

Let A be a group, and let {H;, H_; | i € Z} be a family of subgroups of A. If for every i € Z there
exists an isomorphism ;: H; — H_;, then we can consider the multiple HNN-extension
G = (Aatu t_lﬂltz - H—i7 Pis (NS I>

7

of A with the stable letters ¢; and the subgroups H;, H_; associated according to the isomorphisms ¢;,
i € Z (we assume that this notation is fixed throughout the paper). The following theorem is our main
result.

Theorem. Let there exist a locally nilpotent subgroup N of A such that H.; is properly
contained in N foralli € T,e = +1.

1. If G is residually nilpotent, then there exists a prime p such that H.; is p'-isolated in A
foralli e T, =+1.

2. If there exists a prime p such that G is residually a p'-torsion-free nilpotent group (in other
words, G is residually ‘a nilpotent group whose periodic part is a p-group’), then Hg; is p'-
isolated in A foralli € T,e = +1.

The corollary given below follows immediately from the second statement of Theorem.

Corollary. Let all H.; satisfy the same conditions as in Theorem. If G is residually a finite
p-group for some prime p, then H.; is p'-isolated in A for all i € Z, e = +1. If G is residually
torsion-free nilpotent, then H.; is isolated in A foralli € T,e = +1.

[t should be pointed out that Azarov and Ivanova [17] proved an analogue of the first statement
of Theorem for a free product of arbitrary many groups with one amalgamated subgroup. Integrating
these two results, we get a generalization of the necessary condition for the residual nilpotence
of an arbitrary graph of finitely generated abelian groups given in [6, Proposition 14]. The theorem
formulated also generalizes the necessary condition for the residual nilpotence of an HNN-extension
of a finitely generated abelian group proved in [4, Proposition 2.1]; this fact follows from Proposition 1
given below.

Proposition 1. /f H; and H_; are p'-isolated in A for some i € T and for some prime p, then all
subgroups Mi(j) defined by the rule MZ-(O) =H;N H_Z-,Mi(jﬂ) = Mz-(j) N Mi(j)goi N Mi(j)goi_l(j > 0)
are also p'-isolated in A.

Proof. We use induction on j. It is easy to see that the intersection of p’-isolated subgroups is again
a p’-isolated subgroup. Therefore, Mi(o) is p’-isolated in A.

)is p’-isolated

Suppose that Mi(j) is p’-isolated in A for some j > 0. It follows, in particular, that Mi(j
both in H; and in H_;. From the first statement we deduce that Mi(j)goi is p/-isolated in H_; = H;yp;

and hence the intersection Ml-(j) N Mi(j)goi is also p’-isolated in H_;. Since H_; is p’-isolated in A, it is
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easy to see that Ml-(j) N Mi(j)goi turns out to be p’-isolated in A. Arguing as above, we conclude that
MDA MY oV is p'-isolated in A. Thus, the intersection

(Mz(]) a MZ(])SOZ) e (Mz(]) a Mi(j)@i_l) — Mz(]) a Mi(j)SOi e Mi(j)SOi_l

is also p’-isolated in A. O

[t follows from the first statement of Theorem and Proposition 1 that if G satisfies the condition
of Theorem and is residually nilpotent, then there exists a prime p such that the subgroup M; =
ﬂ;’;o MZ.(]) is p’-isolated in A for every ¢« € Z. Ii, in addition, A is finitely generated abelian and D; is
the isolator of M; in A, then the quotient group D;/M; turns out to be a finite p-group, as Proposition 2.1
from [4] claimes.

As a discussion of possible generalizations of the theorem formulated, we give two examples showing
that the following conditions of this theorem are essential: all H.; (i € Z,e = +1) are properly contained
in N; N is locally nilpotent.

Example 1. The Baumslag—Solitar group BS(1,6) = (a,b; a~'ba = b%) is an ascending HNN-
extension of the infinite cyclic group generated by b. It is residually a finite 5-group by Theorem 3
from [7], but the associated subgroup generated by b° is not p’-isolated in the base group for every
prime p.

Example 2. The group X = (t,a,b; t~tat = b%) is the HNN-extension of the free group {(a,b) by ¢
with the cyclic associated subgroups (a) and (b%). Simultaneously, it is the free product of the free group
(t,a) and the infinite cyclic subgroup (b) with the cyclic amalgamated subgroups (¢t ~'at) and (b%). It is
easy to see that (t~'at) is isolated in (t,a). Therefore, X is residually torsion-free nilpotent by [18].
However, as well as above, the subgroup (b%) is not p-isolated in the base group (a, b) for every prime p.

2. PROOF OF THEOREM

We begin with the following auxiliary statement.

Proposition 2. /f X is a residually nilpotent group andY is a finitely generated subgroup of X,
then for every non-trivial element y € Y there exists a homomorphism of Y onto a finite group P
of prime power order mapping y to a non-trivial element. If p is a prime such that X is residually
a p'-torsion-free nilpotent group, then we always can take a finite p-group as P.

Proof. Let y € Y\ {1}. Since X is residually a nilpotent group, there exists a homomorphism p
of this group onto a nilpotent group mapping y to a non-trivial element. Denoting by o the restriction
of ponto Y, we see that Yo is a finitely generated nilpotent group.

If the order of yo is infinite, then it does not belong to the periodic part 7(Y o) of Yo and hence
(yo)7(Y o) is a non-trivial element of Yo /7(Y o). The quotient group Yo /7(Y o) is torsion-iree, so it is
residually a finite p-group for every prime p by the theorem of Gruenberg [3, Theorem 2.1].

If the order r of yo is finite and we take a prime divisor of 7 as p, then y ¢ 7,,(Y' o) (where 7y (Y o)
denotes the product of all Sylow subgroups of 7(Y o) whose orders are not p-numbers) and therefore
(yo)7y (Y o) is a non-trivial element of Yo /7,,(Y o). Since Yo /7, (Y o) is p’-torsion-free, the same
theorem of Gruenberg implies that this quotient group is residually a finite p-group. Thus, in both cases
there exists a homomorphism 6 of Yo onto a group P of prime power order mapping yo to a non-trivial
element. Moreover, if the periodic part of Yo is a p-group for some prime p, then we can take a finite
p-group as P. Therefore, the composition of o and @ is the desired homomorphism. O

[facA it€Z, ce{l,—1}, then we denote by a;. the element ¢, at;. Let a,b€ A, i€T,
e e {1,~1}. We put u{Y(a,b) = [a;.,b] and by induction u®) (a,b) = [a;c,ul" " (a,0)], k = 2,3, ..
lfe,de A, je€T,6 e {1,—1}, weputalso vg?;jﬁ(a, b;e,d) = [ug? (a, b),t;?’ug?(c, d)t?] forall &k > 1.

Proposition3. /fa ¢ H.;, b ¢ H_.;, c ¢ Hsj, d ¢ H_s;, then for every k > 1

1. ul(ka) (a,b) is a product of the form a;jb‘lti_e ... 15b, which is reduced and has a length of 21,

2. uy? (c,d) is a product of the form cj_éd_ltj_‘S - t?d, which is reduced and has a length of 2F+1;
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3. o®)

e, sla,bic,d) is not equal to 1.

Proof. To verify (1) we use induction on k. For k=1 we have u;le)(a, b) = a;elb_lai,gb =
t._ga_lt?b_lti_gatfb. Sincea ¢ H.;, b ¢ H__;, the last product is a reduced form of length 4. Therefore,

ugla) (a,b) possesses the required properties. Suppose now that (1) is true for some & > 1. We have

—1
ugkgﬂ)(a, b) = a; Ly )(a, b) azgu( )(a b) = (b_lt-_e...tgbaie)aig(aflb_ltfe...t‘?b).

’LE 1,€

Since a ¢ H;, b ¢ H_.;, the element tsbailb L% = tebt; “a™'tsb 1t is reduced. Hence, the form

of u(k+ )(a, b) given above is reduced and, as is easily seen, it has a length of 2¥*2. The same argument
can be used to verify (2). Let us prove (3).
From (1) and (2) we have
o) s(abie,d) = uf(a,b) tf?’ug.f‘fg(c, B tu®)(a, byt *ult) (e, d)t?

,€505 1 J Z ,€
= (b7 t5bag )t (d 1tj—5 o t5des o)t (a oS L asb) R (G d T Lt d)E

[t follows from the conditions a ¢ He;, b ¢ H_.;, ¢ ¢ Hsj,d ¢ H_5j g,0 € {1, —1}) that the elements

aict; A0 =t atSt A 0, e stial =t 0ctd TR S0

771,e
t50t 2y = 150t 03, t;?dt;’?
are reduced. Therefore, vz(?] s(a, b;c,d) possesses a reduced form of non-zero length and hence is not
equal to 1 by Britton’s Lemma (see, e. g.,[1, p. 181]). O

Proof of Theorem. We begin with the first statement of Theorem following the idea from [17].

If H; is not isolated in A for some i € Z, € € {1, —1}, then there exist an element a € A\ H;
and a prime p such that a? € H,;. Suppose that Hy; is not p’-isolated in A for some j € Z, § € {1, —1}.
It follows that we can find a prime ¢ # p and an element ¢ € A\ Hs; such that ¢? € Hs;. Since
H_.; # N # H_5;,some elementsb € N\ H_; andd € N \ H_g; can also be chosen.

Let F' =sgp{a,b,c,d,t;,t;}, B = sgp{aPys,b, cqgog,d}. Since B is a finitely generated subgroup

of N, it is nilpotent. Denote by n some fixed number that is greater than the nilpotency class of B.
(n)

By Proposition 3, v, oy

(a,b;c,d) is not equal to 1. By Proposition 2, it follows that there exists
(n)

a homomorphism ¢ of F' onto a finite group P of prime power order mapping v, ey

trivial element.

Since at least one of p and ¢ does not divide the order of P, we have ao = (ac)P* or co =
(n) (n)

(a,b;c,d) to a non-

co)? for suitable whole numbers k and I. Therefore, v, a,b;c,d)o = v,
,E35,0

Z(Z)J sla,bic, d)a = 212(6)] s(a,b; ¢t d)o. It follows from the mcluswns aP € H; and c? € Hs; that am =

]5((11’ b; c, d)a or

apk%. and Cj,é = qugojw Therefore, aflz, c;{l(; belong to B and ug?(ai”’f,b), u%)(cql’d) are simple

commutators of elements of B of weight n. By the choice of n, the last two elements are equal to 1
and hence

(’n?ﬂ(al’k bye,d) =1= vz(e)] s(a,b; et d).

Thus, vz( 6)] s(a,b;c,d)o = 1, which contradicts the choice of o. This contradiction means that Hs; is
p/-isolated in Aforall j € Z,6 € {1,—1} and p is required.

The proof of the second statement follows the above argument almost verbatim.

If Hs; is not p/-isolated in A for some j € Z, § € {1, —1}, then there exist a prime ¢ # p and an el-
ement ¢ € A\ Hs; such that ¢? € Hs;. As above, we take an arbitrary element d € N\ H_g;, put

F =sgp{c,d,t;}, B = sgp{cqgog-, d} and choose a number n that is greater than the nilpotency class
of B. By Proposition 3 and Britton’s Lemma, ugt? (¢,d) # 1. Therefore, by Proposition 2, there
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(n)

exists a homomorphism ¢ of F onto a finite p-group P mapping u; 5 (c,d) to a non-trivial element.

However, it follows from the inequality ¢ # p that co = (co)? for a suitable whole number [ and hence

ug.f?(c, d)o = ug.fg)(cql, d)o = 1. This contradiction completes the proof. O

10.
L1
12.
13.
14.

15.
16.

17.

18.

REFERENCES

R. C. Lyndon and P. E. Schupp, Combinatorial Group Theory (Springer, Berlin, Heidelberg, New York,
1977).

. W. Magnus, “Beziehungen zwischen Gruppen und Idealen in einem speziellen Ring,” Math. Ann. 111, 259—

280 (1935).

. K. W. Gruenberg, “Residual properties of infinite soluble groups,” Proc. London Math. Soc., Ser. 3 7, 29—62

(1957).

E. Raptis and D. Varsos, “Residual properties of HNN-extensions with base group an Abelian group,” J. Pure
Appl. Algebra 59, 285—290 (1989).

E. Raptis and D. Varsos, “The residual nilpotence of HNN-extensions with base group a finite or a
f. g. Abelian group,” J. Pure Appl. Algebra 76, 167—178 (1991).

D. Varsos, “The residual nilpotence of the fundamental group of certain graphs of groups,” Houston J. Math.
22,233—248 (1996).

D. I. Moldavanskii, “The residual p-finiteness of HNN-extensions,” Vestnik Ivanovsk. Gos. Univ., Ser. Biol.
Khim. Fiz. Mat., No. 3, 129—140 (2000).

D. I. Moldavanskii, “On the residuality a finite p-group of HNN-extensions,” arXiv: math/0701498.

M. Aschenbrennerand S. Friedl, “A criterion for HNN extensions of finite p-groups to be residually p,” J. Pure
Appl. Algebra 215, 2280—2289 (2011).

D. . Moldavanskii, “The residual p-finiteness of some HNN-extensions of groups,” Vestnik Ivanovsk. Gos.
Univ., Ser. Biol. Khim. Fiz. Mat., No. 3, 102—116 (2003).

D. I. Moldavanskii, “On the residual p-finiteness of HNN-extensions of nilpotent groups,” Vestnik Ivanovsk.
Gos. Univ., Ser. Biol. Khim. Fiz. Mat., (3), 128—132 (2006).

G. Baumslag, “On the residual finiteness of generalized free products of nilpotent groups,” Trans. Am. Math.
Soc. 106, 193—209 (1963).

M. Aschenbrenner and S. Friedl, 3-Manifold Groups are Virtually Residually p, Vol. 225 of Memoirs of
Am. Math. Soc. (Am. Math. Soc., Providence, RI, 2013).

G. Baumslag and D. Solitar, “Some two-generator one-relator non-Hopfian groups,” Bull. Am. Math. Soc.
68, 199—201 (1962).

A. M. Brunner, “On a class of one-relator groups,” Can. J. Math. 32, 414—420 (1980).

M. Aschenbrenner and S. Friedl, “Residual properties of graph manifold groups,” Topol. Appl. 158, 1179—
1191 (2011).

D. N. Azarov and E. A. Ivanova, “On the problem of the residual nilpotence of a free product with an
amalgamation of locally nilpotent groups,” Tr. Ivanovsk. Gos. Univ. Mat. 2, 5—7 (1999).

G. Baumslag, “On the residual nilpotence of certain one-relator groups,” Commun. Pure Appl. Math. 21,
491-506 (1968).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 39 No.2 2018



