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CERTAIN RESIDUAL PROPERTIES
OF GENERALIZED BAUMSLAG-SOLITAR GROUPS

E. V. SOKOLOV

ABSTRACT. Let G be a generalized Baumslag—Solitar group and C be a class of groups
containing at least one non-unit group and closed under taking subgroups, extensions,
and Cartesian products of the form Her Xy, where X, Y € C and X, is an isomorphic
copy of X for every y € Y. We give a criterion for G to be residually a C-group provided C
consists only of periodic groups. We also prove that G is residually a torsion-free C-group
if C contains at least one non-periodic group and is closed under taking homomorphic
images. These statements generalize and strengthen some known results. Using the first
of them, we provide criteria for a GBS-group to be a) residually nilpotent; b) residually
torsion-free nilpotent; c) residually free.

INTRODUCTION

A group is called a generalized Baumslag—Solitar group, or a GBS-group, if it is the fun-
damental group of a graph of groups with infinite cyclic vertex and edge groups. GBS-
groups have been actively studied in recent years [1,5-10,16,17], and many of these
investigations are devoted to establishing a connection between the algebraic properties
of GBS-groups and the structure of the graphs defining them. The aim of this paper
is to describe certain residual properties of a GBS-group in terms of the associated graph
of groups. We strengthen some known results (for example, on the residual finiteness
and the residual p-finiteness of GBS-groups) and give a criterion for the residual nilpo-
tence of a GBS-group.

Let C be a class of groups. A group G is said to be residually a C-group if, for any
non-unit element g € G, there exists a homomorphism o of G onto a group of C such
that go # 1. The most commonly considered situation is when C is the class of all finite
groups, all finite p-groups (where p is a prime number), all nilpotent groups or all solvable
groups. In these cases G is called residually finite, residually p-finite, residually nilpotent
or residually solvable respectively.

We say that a class C of groups is root if it contains at least one non-unit group and is
closed under taking subgroups, extensions, and Cartesian products of the form Her Xy,
where X, Y € C and X, is an isomorphic copy of X for every y € Y. The notion of a root
class was introduced by Gruenberg [12], and the above definition is equivalent to that
given in [12]; see [25] for details.

The classes of all finite groups, all finite p-groups, all periodic groups of finite exponent,
all solvable groups, and all torsion-free groups can serve as examples of root classes.
It is also easy to see that the intersection of any number of root classes is again a root class.
At the same time, the classes of all nilpotent groups, all torsion-free nilpotent groups,
and all finite nilpotent groups are not root because they are not closed under taking
extensions.

The main goal of this paper is to get necessary and sufficient conditions for a GBS-group
to be residually a C-group, where C is an arbitrary, not any specific root class. The sense
of studying residually C-groups, where C is an arbitrary class of groups, is to get many
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results at once using the same reasoning. This approach was originally proposed in [12,21]
and turned out to be very fruitful in the study of free constructions of groups in the case
when C was a root class; see, e. g. [2,25-31].

For a root class C and a GBS-group G, we give a criterion for G to be residually
a C-group if C consists of only periodic groups (Theorem 3) and a sufficient condition for G
to be residually a C-group if C contains at least one non-periodic group (Theorem 4). Using
the first of these results, we prove criteria for a GBS-group to be a) residually nilpotent
(Theorem 5); b) residually torsion-free nilpotent and residually free (Theorem 6). All
the proofs use only the classical methods of combinatorial group theory and the basic
concepts of graph theory.

1. STATEMENT OF RESULTS

First, we formulate a number of known statements on the residual properties of (ordi-
nary) Baumslag—Solitar groups since they complement the results obtained in this paper
and are used in the proofs of some of them.

Recall that a Baumslag—Solitar group is a group with the presentation

BS(m,n) = {(a,b; a 'b"a =b"),

where m and n are non-zero integers. Since BS(m,n), BS(n,m), and BS(—m, —n) are
pairwise isomorphic, we can assume without loss of generality that |n| > m > 0.

We also recall that if p is a set of primes, then a p-number is an integer, all prime divisors
of which belong to p, and a p-group is a periodic group, the orders of all elements of which
are p-numbers. If p consists of one number p, then we write “p-” instead of “{p}-”.

For a class of groups C consisting only of periodic groups, let p(C) denote the set
of primes defined as follows: p € p(C) if and only if there exists a C-group X such that p
divides the order of some element of X.

Theorem 1. [30] Let C be a root class of groups consisting only of periodic groups
and closed under taking quotient groups, p(C) be the set of primes defined above. Then
the following statements hold.

1. If 1 <m < |n|, then BS(m,n) is not residually a C-group.

2. BS(m,m) is residually a C-group if and only if m is a p(C)-number.

3. BS(m, —m) is residually a C-group if and only if m is a p(C)-number and 2 € p(C).

4. BS(1,n), |n| # 1, is residually a C-group if and only if there exists p € p(C) not di-
viding n and such that the order of the image n+pZ of n in the multiplicative group of Z,
is a p(C)-number.

We note that, in fact, Theorem 1 is true for an arbitrary root class consisting of periodic
groups (see Proposition 2.3 below).

Theorem 2. [22] BS(m,n) is residually nilpotent if and only if either m =1 and n # 2,
orm > 1 and n =em for some e = £1.

Now we turn to generalized Baumslag—Solitar groups. For a detailed description of the
fundamental groups of graphs of groups and GBS-groups, we refer the reader to Sections 3
and 4. Here we just recall that each GBS-group can be defined by a graph with labels
(which are non-zero integers associated with the edges of the graph). This graph is called
reduced if each edge that is not a loop has labels different from +1. It is easy to show
that any GBS-group can be defined by a reduced labeled graph (see Section 4 for details).

A GBS group is called elementary if it is isomorphic to Z, BS(1,1) = Z x Z or BS(1, —1)
[17, p. 6]. Tt is known that a GBS-group is solvable if it is elementary or isomorphic
to BS(1, q), where ¢ # +1 [6].
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Until the end of this section, let I be a non-empty finite connected graph, £(I") be a la-
beled graph over I', G be the GBS-group defined by £(I"), and A: G — Q* be the mod-
ular homomorphism of G (defined if G is not elementary; see Section 4). The theorems
and corollaries formulated below are the main results of this paper.

Theorem 3. Let C be a root class of groups consisting only of periodic groups and p(C)
be the set of primes defined above. Suppose also that G is not solvable and L(T") is reduced.

L. If Im A = {1}, then G is residually a C-group if and only if all the labels of L(T') are
p(C)-numbers.

2. If ImA = {1,—1}, then G is residually a C-group if and only if all the labels of L(T)
are p(C)-numbers and 2 € p(C).

3. If ImA Z {1, -1}, then G is not residually a C-group.

Corollary 1. The following statements are equivalent.
1. G is residually finite.
2. G 1s residually finite solvable.
3. Either G is solvable, or it is not and ImA C {1, —1}.

Corollary 2. Let G be not solvable, L(I") be reduced, and p be a non-empty set of primes.
The following statements are equivalent.

1. G is residually a finite p-group.

2. G 1s residually a finite solvable p-group.

3. G s residually a periodic p-group of finite exponent.

4. G is residually a periodic solvable p-group of finite exponent.

5. ImA C {1, -1}, all the labels of L(T) are p-numbers, and if —1 € Im A, then 2 € p.

Theorem 4. Let C be a root class of groups containing at least one non-periodic group.

1. If G s elementary, then it is a torsion-free C-group.

2. Let G be not elementary and Q) be the subring of Q generated by Im A. If the addi-
tive group of Q belongs to C, then G is residually a torsion-free C-group. In particular,
if ImA C {1, -1} orC is closed under taking quotient groups, then G is residually a tor-
sion-free C-group.

Corollary 3. An arbitrary GBS-group is residually a torsion-free solvable group.

The largest cyclic normal subgroup of G is called the cyclic radical of this group
and is denoted by C(G). The cyclic radical exists if G is not isomorphic to BS(1,1)
or BS(1,—1) [7, p. 1808].

Theorem 5. Let G be not solvable and L(T") be reduced.

1. If Im A = {1}, then G is residually nilpotent if and only if it is residually a finite
p-group for some prime number p.

2. If ImA = {1,—1}, then the following statements are equivalent:

a) G is residually nilpotent;

b) G is residually a finite nilpotent {2, p}-group for some prime number p (which can
be equal to 2);

c¢) all the labels of L(I") are p-numbers for some prime number p, and if p # 2, then
every elliptic element that is conjugate to its inverse belongs to C(G).

3. If ImA Z {1, -1}, then G is not residually nilpotent.

The definition of elliptic element can be found in Section 4. We note that if £(T")
is reduced, all its labels are p-numbers for some prime number p # 2, and Im A = {1, —1},
then there is an algorithm that checks whether every elliptic element that is conjugate
to its inverse belongs to C'(G); this algorithm is given at the end of Section 6.
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Theorem 6. Let G be not cyclic. The following statements are equivalent.
1. G is residually torsion-free nilpotent.
2. G 1s residually free.
3. G 1s isomorphic to the direct product of a free group and an infinite cyclic group.

Thus, Theorems 1 and 3 (in combination with Proposition 2.3) give a criterion for G
to be residually a C-group, where C is a root class of groups consisting only of periodic
groups, while Theorems 2 and 5 do a criterion for the residual nilpotence of G thereby
answering [3, Question 4]. We note that Corollaries 1, 2, and 3 strengthen and generalize
Corollary 7.7 of [17], Theorem 1 of [10], and Corollary 3 of [23] respectively. The rest
of the paper is devoted to the proofs of the formulated statements.

2. SOME AUXILIARY STATEMENTS

Throughout this section, if C is a class of groups consisting only of periodic groups,
then p(C) denotes the set of primes defined above.

Proposition 2.1. Let C be a class of groups consisting only of periodic groups and closed
under taking subgroups and extensions. Then any finite solvable p(C)-group belongs to C.

Proof. Let X be a finite solvable p(C)-group. Then there is a polycyclic series S in X
such that the orders of all its factors belong to p(C). Let p be the order of some factor F'.
By the definition of p(C), p divides the order of an element of some C-group, and so
this group contains an element, say x, of order p. Then F' is isomorphic to the cyclic
subgroup (z) generated by z, and since C is closed under taking subgroups, (x) € C.
Thus, all the factors of § are C-groups, and X € C because C is closed under taking
extensions. U

Proposition 2.2. [27, Proposition 17] Let C be a root class of groups consisting only
of periodic groups. Then any C-group is of finite exponent.

Proposition 2.3. Theorem 1 is valid for any root class C consisting of periodic groups.

Proof. Let C; and Cy denote the class of finite solvable p(C)-groups and the class of peri-
odic p(C)-groups of finite exponent respectively. It follows from Propositions 2.1 and 2.2
that C; € C C Cy. One can easily verify that C; and Cy are root classes closed under taking
quotient groups. It is also obvious that p(C;) = p(C) = p(Cs). Therefore, if G is residually
a C-group, then it is residually a Co-group and satisfies the necessary conditions from The-
orem 1 (depending only on m, n, and p(C)). In the same way, if the sufficient conditions
from Theorem 1 are satisfied (which also depend only on m, n, and p(C)), then G is resid-
ually a C;-group and hence is residually a C-group. U

Proposition 2.4. Let C be an arbitrary root class of groups. Then the following state-
ments are true.

1. Every free group is residually a C-group.

2. The direct product of any two residually C-groups is residually a C-group.

3. Any extension of a residually C-group by a C-group is residually a C-group.

Proof. Statements 1 and 3 follow from [2, Theorem 1] and [12, Lemma 1.5] respectively.
Statement 2 is verified directly. O

As usual, by a group of prime power order we mean a finite group whose order is a power
of some prime number.

Proposition 2.5. Let X be a finitely generated group. If X is residually nilpotent, then
it 1s residually a group of prime power order. If X is residually torsion-free nilpotent,
then it is residually a finite p-group for every prime number p.
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Proof. Since X is finitely generated, it is residually a finitely generated nilpotent group
or residually a finitely generated torsion-free nilpotent group. Therefore, the required
statement follows from [12, Theorem 2.1]. O

Proposition 2.6. Let X be a group, x and y be elements of X such that x lyx = y=!.

Let also p be a prime number and b be a homomorphism of X onto a finite p-group.

If p # 2, then yy = 1.

Proof. Let ~;(X) denote the i-th member of the lower central series of X, and let r
be the order of yi. It is easy to verify that 4% € ~,.1(X) for every i > 0. Since X1
is nilpotent, it follows that y2't) = 1 for some ¢ > 0. If p # 2, then 1 = (r,2) = ra + 243
for suitable integers «, 8 and hence yi = (yw)m”zﬂ = 1 as required. O

3. THE FUNDAMENTAL GROUP OF A GRAPH OF GROUPS

Let I" be a non-empty undirected graph with a vertex set V' and an edge set £ (loops
and multiple edges are allowed). To turn I' into a graph of groups, we denote the vertices
of I" that are the ends of an edge e € F by e(1), e(—1) and assign to each vertex v € V' some
group G, to each edge e € F a group H, and injective homomorphisms ¢.: H, — G,
¢0_c: H, = G¢—1). We denote the resulting graph of groups by G(I'), the subgroups Hep.
and Hop_. (e € E) by Hy,and H_.. Wealsocall G, (v € V), H, (e € E), and H, (e € E,
e = =£1) wvertex groups, edge groups, and edge subgroups respectively. All designations
introduced in this paragraph are assumed to be fixed until the end of the section.

It should be noted that an edge e of G(I') is associated with two different homomor-
phisms ¢, p_. even in the case when e is a loop, i. e. (1) = e(—1). Therefore, we can
consider G(I") as a directed graph assuming that ¢, corresponds to the origin while ¢_,
does to the terminus of e.

Let F' be a maximal forest in [' and Er be the set of edges of I' that belong to F.
The fundamental group of G(I") is the group m1(G(I")) whose generators are the generators
of G, (v € V) and symbols t. (e € E'\ Er) and whose defining relations are the relations
of G, (v € V) and all possible relations of the form

hequLe - hespfe (6 € EF? he € He)?
t71<h690+e>te = hegpfe (6 S \ EF7 he € He)?

e

where hep.. (¢ = £1) is the word in the generators of Ge(.) defining the image of h.
under ¢, [24, § 5.1].

Obviously, the presentation of 7 (G(I')) depends on the choice of F. It is known,
however, that all the groups with the presentations corresponding to different maximal
forests of I" are isomorphic [24, § 5.1]. This allows us to talk about the fundamental
group of a graph of groups without mentioning a specific maximal forest. It is also known
that, for each vertex v € V, the identity mapping of the generators of G, to m(G(I"))
defines an injective homomorphism [24, § 5.2] and so G, can be considered as a subgroup
of m(G(I")). This easily implies

Proposition 3.1. Let I be an arbitrary connected subgraph of ', T" be a mazimal subtree
of I, and G(I") be the graph of groups whose vertices and edges correspond to the same
groups and homomorphisms as in G(I'). Then there exists a mazimal forest F' in T such
that FNIY = T". If the presentations of w1 (G(I")) and w1 (G(I")) correspond to the indicated
forest F' and T', then the identity mapping of the generators of m(G(I")) to m (G(I))
defines an injective homomorphism.

The next statement is a special case of [29, Proposition 13].
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Proposition 3.2. Let ' be finite and N be a normal subgroup of m(G(I")) that meets
each subgroup G, (v € V') trivially. Then N 1is free.

As usual, we say that a group possesses some property locally if each of its finitely
generated subgroups possesses this property.

Proposition 3.3. [15, Theorem 1] Let T' be connected, every G, (v € V) locally sat-
isfy a non-trivial identity, and, for each e € E, [Geny : Hye) # 1 # [Geory © H-cl,
(Geqry + Hyel - [Ge—ry = Hog] > 4. If m(G(I")) is locally residually nilpotent, then there
exists a prime number p such that, for any e € E, ¢ = £1, H,. is p'-isolated in G
(i. e., for each g € Gey and for each prime number q, it follows from g9 € H.. and p # q
that g € H..).

Let I' consist of two vertices and an edge e connecting them. Recall that in this case
m1(G(I)) is said to be the free product of Gy and Ge—yy with Hy. and H_. amalgamated.
The groups G(1y and G¢(_1y are called the free factors of this free product (the terminology
used here and below and concerning free products with amalgamated subgroups and HNN-
extensions follows the monographs [18,20]). The presentation of an element g € m(G(T"))
in the form g = ¢y ...g,, n > 1, is said to be reduced if every multiplier g; belongs to one
of the groups Ge(1), Ge(—1) and no two neighboring multipliers g;, g;4; lie simultaneously
in Gy or G¢—1). The number n is called the length of this reduced form. The normal
form theorem for generalized free products (see, e. g. [20, Theorem 4.4]) implies that
if an element g € m(G(I')) has at least one reduced form of length greater than 1, then
it does not belong to any of the free factors G(1), Ge(—1y and, in particular, differs from 1.

If I has only one vertex v and at least one loop, then 7 (G(I")) is said to be the HNN-ez-
tension of G, with the stable letters t, (e € E). The group G, is called the base group
of this HNN-extension. In this case, by a reduced form of an element g € m(G(I")) we
mean the product g = 90752191 B where n >0, g0, 91, ., 9n € Gy, €4y, ..., €, € F,
£1,...,6n € {1,—1}, and, for each k € {1,...,n — 1}, if iy = i441 and g, = —e11, then
gx & H-cpe,, - As above, n is called the length of this reduced form. It is known [4] that
if an element g € m(G(I')) has at least one reduced form of length greater than 0, then
it does not belong to the base group G, and, in particular, differs from 1.

m

Proposition 3.4. Let P(m,n) = (z,y; 2™ =y"), 1 < |m|,|n|, C be an arbitrary class
of groups consisting only of periodic groups, and p(C) be the set of primes defined in Sec-
tion 1. If P(m,n) is residually a C-group, then m and n are p(C)-numbers.

Proof. Suppose that m is not a p(C)-number, i. e. there exists a prime number p ¢ p(C)
such that p | m. Let k = m/p and z = [z, y].

Obviously, P(m,n) is the free product of the infinite cyclic groups (z) and (y) with the
subgroups (™) and (y") amalgamated. Since |k| < |m| and 1 < |n|, then 2¥ ¢ (™)
and y ¢ (y"). Therefore, z has a reduced form of length 4 and hence differs from 1.

Let ¢ be an arbitrary homomorphism of P(m,n) onto a C-group. Then the order g
of z1) is finite and is a p(C)-number. Since p ¢ p(C), then 1 = (p,q) = ap + PBq for some
integers a, B and xFy = (2F) P+ = (2Fh)P = (z™)* = (y™p)®. Therefore, z1p = 1.
Since 1) is chosen arbitrarily, it follows that P(m,n) is not residually a C-group.

Similar arguments prove that if P(m,n) is residually a C-group, then n is a p(C)-num-

ber. O

If all the vertex and edge groups of G(I') are infinite cyclic and their generators g,
(v e V)and h, (e € F) are fixed, then the homomorphism ., (e € E, ¢ = +1) is uniquely

defined by a number A(ee) € Z\ {0} such that g:((;e) = h_¢_.. Therefore, instead of G(I),
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we can consider a labeled graph L(I'), which is obtained from I" by associating each edge
e € E with non-zero integers A\(+e) and A(—e).

If all the vertex and edge groups of G(I') are finite cyclic, then G(I') can be replaced
by a graph M(T"), in which labels are assigned not only to the edges, but also to the ver-
tices: the label p(v) at a vertex v means that the vertex group G, is of order u(v).
Of course, for each edge e € E, the equality |u(e(1))/A(+e)| = |u(e(—1))/A(—e)| must
hold. We need such graphs in our proofs.

We call the group defined by L(I") (M(I")) the fundamental group of the labeled graph
L(T') (M(T")) and denote it by 71 (L(T")) (respectively 71 (M(T))). In order to avoid ambi-
guity when specifying the presentation of this group, £(I") (and M(I")) must be considered
directed. In each of these graphs, the ends of an edge e are, as before, denoted by e(1)
and e(—1).

4. GBS-GROUPS AND THEIR PROPERTIES

It follows from the previous section that each GBS-group can be defined by a labeled
graph L£(I") for some finite connected graph I' and vice versa, each labeled graph £(I") over
a non-empty finite connected graph I' defines some GBS-group. Until the end of the paper,
we assume that ' = (V| F') is an arbitrary non-empty finite connected graph with a vertex
set V and an edge set £, L(I') is a graph with labels A(ce) (e € E, ¢ = £1), and G
is the corresponding GBS-group with the vertex groups G, = (g,) (v € V) and the edge
subgroups H_, = <g;\((5)e)> (e € E, e = £1). If I is a subgraph of I', then by L(I")
we denote the labeled graph, the edges of which are associated with the same labels
as in L£(I).

As mentioned above, the graph L£(I') is called reduced if, for each e € F, ¢ = =+1,
the equality |A(ee)| = 1 implies that e is a loop [11, p. 224]. Suppose that £(I") is not re-
duced. Then it contains an edge e such that e(1) # e(—1) and |A(ee)| = 1 for some

e = £1. Let us choose a maximal subtree of I' containing e. Then Je(e) = gj((f?)/\(_ae)

in G' and hence the generator g.(.) can be excluded from the presentation of G. In L(T'),
this operation corresponds to the contraction of e with preliminary multiplication of all
the labels around the vertex e(e) by A(ee)A\(—¢ce). Such a transformation of £(I') is called
an elementary collapse (see [16, p. 480]). Since I is finite, then £(I") can always be re-
duced by performing a finite number of elementary collapses.

If we replace the generator of a certain vertex group with its inverse, then all the labels
around the corresponding vertex change sign. Similarly, replacing the generator of a cer-
tain edge group with the inverse leads to a change in the signs of the labels at the ends
of this edge. The listed changes of the generators induce isomorphisms of G, and the cor-
responding graph transformations are called admissible changes of signs [16, p. 479].

Let some maximal subtree 7' of I' be fixed. It is easy to see that one can make all
the labels at the ends of the edges of T positive by applying suitable admissible sign
changes. We call the resulting graph L£(I") T-positive.

An element a € G is said to be elliptic if it is conjugate to an element of some ver-
tex group. If G is not elementary, then the ellipticity of an element does not depend
on the choice of the graph L£(I") defining G, the set of elliptic elements is invariant un-
der automorphisms of G, and any two elliptic elements a, b € G are commensurable,
i.e. (@) N(b) # 1 [16, Lemma 2.1, Corollary 2.2]. This allows us to define the mapping
A: G — QF as follows.

Let g € G be an arbitrary element. Take a non-unit elliptic element a. Then the ele-

ment ¢~ 'ag is also elliptic and hence there exist numbers m and n such that g~ ta™g = a".

We put A(g) =n/m.
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This definition does not depend on the choice of a, m, and n [14]. The constructed
mapping A is called the modular homomorphism of G. The notation A is used below
without special explanations.

Proposition 4.1. [17, Propositions 7.5, 7.11] Let G' be non-solvable and n/m € Im A\{1}
be a rational number written in lowest terms. Then G contains a subgroup isomorphic
to BS(m,n).

Proposition 4.2. [17, Lemma 7.6] If G is non-solvable and contains a subgroup isomor-
phic to BS(1,n), |n| # 1, then it contains a subgroup isomorphic to BS(q,qn), where q
1s some prime number.

Proposition 4.3. Let I" be a tree and Z be a non-empty finite set of indices, which
is the disjoint union of the set {(e,e) | e € E, ¢ = +1} and some set J. Let also
Y ={H; | i €I} be a family of subgroups of G, (v € V) and v: T — V be a function
such that, for any i € I, 1 # H; < Gy and if i = (e,e) for some e € E, ¢ = £1,
then H; = H.. and v(i) = e(e). Finally, let K = (\,ez H; and x(i) = [Gyu) : Hy]. Then
the following statements hold.

1. K <oy Gv and therefore the numbers ju(v) =[G, : K] (v € V') are defined.

2. K # 1 and therefore all the numbers u(v) (v € V) are finite.

3. The least common multiple v of p(v) (v € V) divides [[,c7 x(7).

Proof. 1. We note that V' = {v(i) | i € Z}. Indeed, if I" consists of one vertex v, then
v = (i) for all ¢ € Z and the desired equality holds because Z is non-empty. Otherwise,
each vertex is incident to at least one edge, and so, for any v € V', there exist e € F,
e = £1 such that v = e(e) = v(i), where i = (e,¢) € Z. Hence,

i€ i€ veV
as required.

2. We put H = (), G» and use induction on the number of vertices in I' to show
that H is an infinite cyclic subgroup. If I' contains only one vertex v, then H = G,
and the required statement is obvious. Therefore, we further assume that I' contains
more than one vertex and so E # &.

Let f € E be an arbitrary edge and I' — f be the graph that is obtained from I’
by removing f. Since I' is a tree, I' — f has exactly two connected components. For every
e = %1, denote by I'. the connected component of I' — f that contains f(e) and by V.
the vertex set of I'.. By the inductive hypothesis, the subgroup H. = .. G, is infinite
cyclic, and hence H. N H.; # 1 as the intersection of two non-trivial subgroups of G().

By Proposition 3.1, the free product of the groups Gy and Gy with the sub-
groups H, y and H_; amalgamated is embedded into G by means of the identity mapping
of the generators. Therefore, the equalities H,; = G 1)NG¢(—1) = H_; hold in G [20, The-
orem 4.4.3], and

H=H NH_; = (H1 N Gf(l)) N (H_1 N Gf(,l)) = (H1 N H+f) N (H_1 N H_f)

is the intersection of two non-trivial subgroups of the infinite cyclic group Hy; = H_;.

Thus, H # 1, and so H; N H is an infinite cyclic subgroup of G, ;) for any 7 € 7.
As noted above, V' = {v(i) | i € Z}, hence K = (,.7(H; N Gys)) = ez (H; N H). Since
all the subgroups H; N H (i € Z) lie in H and Z is finite, it follows that K # 1.

3. We again use induction on the number of vertices in I'. If I" contains only one
vertex v, then u = p(v) = [G, : K] and x(i) = [G, : H;]. Therefore, the required
statement follows from the relation [G,, : (o7 Hi] | [[;e7[Gv : Hi], and we further assume
that I" has at least two vertices.
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Let us choose an arbitrary edge f € E and denote by I'. (¢ = +£1) the connected
component of the graph I' — f that contains f(¢). Let also V. be the vertex set of I,
I.={i|i€Z, v(i) € Vo}, Ko = ez Hi, and p. = [[;cz. x(7). Then [[,.; x(7) = pip—1
and the equality K = K; N K_; holds in G.

By the definition of v, the set of indices Z. contains the pair (f,e) and is therefore
non-empty. It is also easy to see that I'., Z., ¥, = {H; | i € Z.}, and v. = v|z. satisfy
all the conditions of the proposition. Hence, the numbers pu.(v) = [G, : K.] (v € V.)
are defined and finite in view of Statements 1, 2, while their least common multiple p.
divides p. by the inductive hypothesis.

Since K1 < Hiy, K.y < H_y, and Hyy = Gyu) N Gp—1y = H_y, then KiK_; <
GryNGynyand [KGK g K] | |Gy @ Ko = pe(f(€)) | pe for every € = 1. Therefore,
for any e = £1, v € V., we have

p) =[G, K] =[G, : KJ[K. : K.NK_| =[Gy : KJ[K.K_.: K_|| pepp—c | p1p-1.

Hence, the least common multiple of the numbers p(v) (v € V.=V, UV_1) also divides
the product p1p_1. O

Proposition 4.4. Let G be non-elementary, T' be a mazimal subtree of I, Er be the edge
set of T, and K = ﬂeeE’E:ﬂ H... Then the following statements hold.

L. K <oy Gv and therefore the numbers u(v) =[Gy : K] (v € V) are defined.

2. K # 1 and therefore all the numbers u(v) (v € V) are finite.

3. The least common multiple p of p(v) (v € V) divides [],cp .y Aee).

4. If L(T') is T-positive, then g = g for any v,w € V and A+e)/u(e(l)) =
A—e)/u(e(=1)) for any e € Erp.

5. If ImA C {1,—1}, then K is normal in G and the centralizer of K in G coincides
with A~(1).

6. IfImA C {1, -1} and 7 is a homomorphism of G such that ker T NG, = K for all
v €V, then ker 7 is an extension of K by a free group.

7. If Im A C{1,—1} and L(T") is reduced, then C(G) = K.

Proof. 1, 2, 3. Since G is an HNN-extension of the tree product P = m(L(T")) and all
the groups G, (v € V) are contained in P, then Statements 1-3 are obtained by applying
Proposition 4.3 to the tree T', the group P, the set

Z={(ee)|e€Er,e=x1}U{(e,e) |e€ E\ Er, e = £1},

the family ¥ = {H.. | e € E, ¢ = £1}, and the function v: Z — V such that
v(e,e) = e(e). It should only be noted that F and Z are non-empty because G is not el-
ementary. Besides, the relation p | [[,cp ._i, [A(€e)], which follows from Statement 3
of Proposition 4.3, is equivalent to the required one.

4. We use induction on the length of the path connecting v and w in T. If v = w,
the statement is obvious, so we assume that this path contains an edge e connecting v
with some vertex u (which may coincide with w). Let also, for definiteness, e(1) = v
and e(—1) = u.

By the inductive hypothesis, ¢"*) = ¢/, Since e € Fy, the equalities gp't® = go®
and H,, = H_. hold in G. Tt follows that [H,. : K| = [H_. : K] = k for some k > 1.
Since L(T') is T-positive, then [G, : Hi.] = A(+e) and [G, : H_.] = A(—e). Therefore,

u(v) = [Go: K] =[Gy : HyJ[Hye : K] = Mok,
i) = Gy K] = Gy H_JJ[H_, - K] = A(~e)k,

and
gg(v) _ g;\(+e)k _ g;\(—e)k _ g{j(“) _ gg(w)_
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Since the vertices v and w are chosen arbitrarily, the above equalities also imply that
A(+e)/ule(1)) = A(—e)/u(e(=1)) for any e € Er.

5. Let = be a generator of K. It is obvious that [z, g,] = 1 for every v € V. The el-
ement z is elliptic, so if e € E \ Ep, then there exists a number n > 1 such that
t-tamt, = 280" Since ImA C {1, -1}, t-'wt, € H_,, 2% ¢ H_, and H_, is in-
finite cyclic, the last equality implies that ¢;'xt, = 22(<). Therefore, K is normal in G.

If g € G is an arbitrary element, then ¢ 'zg € K because K is normal. It follows that
g 'rg = 2”9 and hence [g,z] = 1 if and only if A(g) = 1.

6. Consider the quotient group G = G'/K and the labeled graph M(T) that is obtained
from L£(T") by assigning to each v € V the label u(v) = [G, : K]. It is easy to see that
G is isomorphic to 7 (M(T)) and the vertex groups under this isomorphism correspond
to the quotient groups G,/K (v € V). Since K < ker 7, the mapping 7: G — Im 7 taking
the coset gK (g € G) to g7 is well defined and is a surjective homomorphism. It follows
from the equalities ker TNG, = K (v € V) that ker TNG,, /K = 1 for all v € V. Therefore,
by Proposition 3.2, ker 7 is a free group. It also easily follows from the definition of 7
that the preimage of ker 7 under the natural homomorphism G — G coincides with ker 7.
Thus, ker 7 is an extension of K by the free group ker 7.

7. Let H = (,ey Gv- By [7, Lemma 5], C(G) < H. Let us show that, for every element
h € H\ K, there exists an element g € G such that g~'hg ¢ H. This will mean that K
is the largest subgroup of H normal in G and therefore K = C(G).

Let h € H \ K be an arbitrary element. Then h ¢ H,, for some e € E \ Er, ¢ = £1.
Indeed, it is obvious if I' contains only one vertex and so Fr = &. Suppose that Ep # &.
Then every vertex of I' is incident to some e € Ep. For any e € Ep, the equalities
Hye = GeqyNGery = H_ hold in G, as already noted in the proof of Proposition 4.3.
Therefore, H =), . By e=t1 Hee, and h possesses the desired property.

Let us consider G as an HNN-extension with the stable letter ¢.. Then the element
t-°ht: has a reduced form of length 2 and hence cannot belong to H contained in the base
group of this HNN-extension. Thus, ¢ is the required element. U

5. PROOFS OF THEOREMS 3, 4 AND COROLLARIES 1-3

Proposition 5.1. Let G be non-elementary, T be a mazximal subtree of ', and L(T)
be T-positive. Let also K = (\,cp .y Hee and p be the least common multiple of p(v) =
(G, : K] (veV). Finally, let Q be the subring of Q generated by Im A, Q* be the additive
group of Q, A be a free abelian group with the basis {a, | ¢ € Im A}, and X be the splitting
extension of Q by A such that the automorphism ay|g+ acts as multiplication by q. Then
the mapping of the generators of G to X given by the rule

g p/u(v) weV),  terraaw) (e€E\Er),
defines a homomorphism of G into X.

Proof. We extend the indicated mapping of the generators to the mapping of words o
and show that the latter takes all the defining relations of GG into the equalities valid
in X.

If e is an edge of T', then A(+e€)/u(e(1)) = A(—e)/u(e(—1)) by Proposition 4.4 and

A(+e A(—e
90577 = Are)n/nle(1) = M=e)u/ple(~1)) = g} o
Let e € E be an edge that does not belong to T. By Proposition 4.4, the equality

gg((f)(l)) = g“((f(lgl)) holds in G5 we denote this element by g for brevity. Since g is elliptic and
-1 A(+e e(1 —1 A(+e A(—e A—e e(—1
t'g (+e)u/n(e( ))te —t ge((;; )ute _ ge((_l))u —g (—=e)n/p(e( ))’
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then A(t.) = (AM(—e)u/p(e(—1))) /(A(+€)u/p(e(1))). This implies that
(0257t ) o = (Mred/me()) - Alt,) = M=e)/ule(=1) = (6 75))o. O

Proposition 5.2. Let G be non-elementary, T be a mazximal subtree of T', and L(T")
be T-positive. Let also K = (\,cp .y Hee and p be the least common multiple of p(v) =
Gy K] (veV). IflmA = {1}, then G is an (F X Z)-by-Z,,-group, where F is some free
group (i. e. G is isomorphic to an extension of F' X Z by Z,). If In A = {1, -1}, then G
is an ((F x Z)-by-Z,,)-by-Za-group.

Proof. Let @, X, and 0: G — X be the subring, the group, and the homomorphism
from Proposition 5.1, Er be the edge set of T. Since ImA C {1,—1}, then Q = Z.
Therefore, X has the presentation <x, ar; [r,aq] = 1> if ImA = {1}, or

<x7a17a’71; (2, a1 = lay,a 4] =1, aZjwa_; = 1’71>

if InA = {1,—1} (here x denotes the generator of the additive group Q* of @ equal
to 1).
Let Y be the group with the presentation <x; xh = 1> if ImA = {1}, and

(v,a_y; ot =1, a°, =1, aZjza_, =z ")

if ImA = {1, —1}. Obviously, o can be extended to a homomorphism 7 of G into Y. Since
p is the least common multiple of u(v) (v € V), the greatest common divisor of p/pu(v)
(v e V) isequal to 1 and therefore x € Im 7. If A(t.) = 1 for each edge e € E'\ E7, then
ImA = {1}. Hence, if In A = {1, —1}, then there exists an edge ¢ € E \ Er such that
A(t.) = —1 and so t.7 = a_;. Therefore, Im7 =Y.

Since G, = (z"/*) then ker 7 N G, = GHY) = K for every v € V and, by Proposi-
tion 4.4, ker 7 is an extension of K by a free group. It is well known that such an extension
is splittable, i. e. ker7 = KF', where F' is a free subgroup of G and K N F = 1. It re-
mains to show that [K, F'| = 1 and therefore ker 7 = K x F.

If ImA = {1}, then K is central in G by Proposition 4.4. Let ImA = {1,—1} and
g € ker 7 be an arbitrary element. Because 7 takes t. (e € E\ Er, A(t.) = —1) to a_;
and g, (v € V), t. (e € E\ Ep, A(t.) = 1) into (z), the number of occurrences of the gen-
erators of the first type and inverse to them in the record of g must be even. Since
the conjugation of K by t. (e € E\ Er, A(t.) = —1) is an automorphism of this subgroup
of order 2 and all the elements g, (v € V), t. (e € E\ Er, A(t.) = 1) belong to the cen-
tralizer of K, then ¢ also belongs to the centralizer of K. Hence, K is central in ker T,
and [K, F| = 1. O

Proof of Theorem 3. According to Proposition 2.3, Theorem 1 is valid for the class C
from the statement of Theorem 3. Therefore, we can further use it in the process of proof.

1, 2. Necessity. Let e € E be an arbitrary edge. If e is not a loop, then, by Proposi-
tion 3.1, GG contains a subgroup isomorphic to

A+e A—e
P()\(+e), )‘(_6)) = <ge(1)age(_1)§ ge((l—i)_ ) = ge((—l))> .

Since the labeled graph defining G is reduced, then 1 < |[A(+¢)|,|A(—e)|. Hence, it follows
from Proposition 3.4 that A(+e) and A(—e) are p(C)-numbers. If e is a loop, then, again
by Proposition 3.1, G contains a subgroup isomorphic to BS(A(+¢e), A(—e)). Because
ImA C {1,—1}, the equality |A(+e)| = |A(—e)| holds. Therefore, A\(+¢) and \(—e) are
p(C)-numbers as Theorem 1 states.

Let ImA = {1,—1}. Then, by Proposition 4.1, G contains a subgroup isomorphic
to BS(1,—1), and Theorem 1 implies that 2 € p(C).



12 E. V. SOKOLOV

Sufficiency. Choose some maximal subtree 7" in I" and transform the labeled graph £(T)
defining G to a T-positive form. Obviously, all the labels are still p(C)-numbers after
this operation. Let K = (,cp .y, Hee and p be the least common multiple of u(v) =
G, : K| (v € V). By Proposition 4.4, p is a p(C)-number, and, by Proposition 2.1,
Z, € C. If 2 € p(C), then, according to the same proposition, Z, € C. Proposi-
tion 5.2 states that, for some free group F', G is an (F' x Z)-by-Z,-group if Im A = {1},
or an ((F x Z)-by-Z,)-by-Zs-group if In A = {1, —1}. Hence, G is residually a C-group
by Proposition 2.4.

3. Since ImA ¢ {1,—1}, Propositions 4.1 and 4.2 imply that G' contains a subgroup
isomorphic to BS(m,n), where 1 < m < |n|. This subgroup is not residually a C-group
by Theorem 1. Therefore, GG is also not residually a C-group. U

Proof of Theorem 4. 1. Since C contains at least one non-periodic group and is closed
under taking subgroups and extensions, it contains an infinite cyclic group and both of its
extensions by means of an infinite cyclic group. Therefore, every elementary GBS-group
is a torsion-free C-group.

2. Choose some maximal subtree 7" in I" and transform the labeled graph £(I") defin-
ing GG to a T-positive form. Since the fundamental groups of the original and modified
labeled graphs are isomorphic, the subring ) remains unchanged under the indicated
transformation and therefore Q* € C.

Let A, X, and 0: G — X be the groups and the homomorphism from the state-
ment of Proposition 5.1. By the definition, o acts injectively on all the vertex groups,
and Proposition 3.2 says that ker o is a free group.

As noted above, an infinite cyclic group belongs to C. By the definition of root class,
C also contains the Cartesian product P = [],_, C., where C. is an infinite cyclic group
for each z € Z. Since A is isomorphic to a subgroup of P and C is closed under taking
subgroups and extensions, then A, X, and Im o belong to C. Therefore, G is residually
a C-group by Proposition 2.4.

It remains to note that Q™ is a homomorphic image of a free abelian group of countable
rank, which is a subgroup of P. Therefore, if C is closed under taking quotient groups,
then QT € C. f Im A C {1,—1}, then Q" is an infinite cyclic group, that belongs to C
as noted above. U

Proof of Corollaries 1-3. Let p be a non-empty set of primes. Using the definition
of root class, it is easy to verify that the classes of finite p-groups, finite solvable p-groups,
periodic p-groups of finite exponent, periodic solvable p-groups of finite exponent, and all
solvable groups are root. Therefore, the implications 1 = 5, 3 = 5,5 = 2, and 5 = 4
in Corollary 2 follow from Theorem 3, the implications 1 = 3 and 3 = 2 in Corollary 1
do from Theorems 1 and 3, and Corollary 3 follows from Theorem 4. The implications
4 =-3,2=11in Corollary 2 and 2 = 1 in Corollary 1 are obvious. O

6. AN ALGORITHM FOR VERIFYING THE CONDITION OF THEOREM 5

Let E* be the set of paths in I'. We define a function ¢: E* — {1,—1} as follows.
If e € E, then £(e) = sign A(+e)A(—e). If s = (ey,e9,...,€,) is a path in ', then
£(s) =[1—, &(e:). In particular, if the length of s is equal to 0, then &(s) = 1.

The algorithm given below assigns labels to the vertices of I'. The label corresponding
to a vertex v is denoted by ((v) and can be equal to +1. Initially, all the vertices are
unlabeled.

Algorithm. 1. If the graph has no labeled vertices, take an arbitrary vertex v of I'.
Otherwise, choose some vertex v, which has no label and is adjacent to one of the labeled
vertices.
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2. If there is a loop e at v such that {(e) = —1, then the algorithm terminates without
labeling v.

3. Let E, be the set of edges of I'; each of which connects v with some of the already
labeled vertices, and let, for any e € F,, . denote the number that is equal to +1
and satisfies the relation e(e.) = v.

3.1. If there exist ey, e; € E, such that {(e1)((e1(—¢¢,)) # &(e2)((e2(—¢e,)), then
the algorithm terminates without labeling v.

3.2. Otherwise, we define ((v) as follows: ((v) = 1if £, = @, and ((v) = &(e)((e(—¢.))
if £, # @ and e is some edge from F, (the independence of ((v) from the choice of e
is ensured by Step 3.1).

4. If all the vertices of I" are labeled, then the algorithm terminates; otherwise, it returns
to Step 1.

Proposition 6.1. 1. If £(s) = 1 for any closed path s in U, then the above algorithm
terminates by labeling all the vertices of I for any sequence of vertex selection at Step 1.

2. If, for some sequence of vertex selection at Step 1, the above algorithm terminates
by labeling all the vertices of I, then &(s) = 1 for any closed path s in T'.

Proof. First of all, we note that if v is some vertex of I' labeled by the algorithm and u
is the vertex that was labeled first, then I' contains a path s from u to v consisting
of vertices labeled no later than v, and besides ((v) = £(s). This is not difficult to show
using induction on the number of steps of the algorithm.

1. Let us fix some sequence of vertex selection at Step 1 and consider an arbitrary
vertex v from this sequence. If there is a loop e at v, then it is a closed path and therefore
E(e) =1. Let E, # @, e1,es € E, be arbitrary edges, v; = e1(—¢, ), v2 = €a(—¢e,), and u
be the first vertex labeled by the algorithm. Then there exist paths sy, so connecting vy, vy
with u and such that ((v1) = &(s1), ((v2) = &(s1). Let s be the path composed of the paths
s1, s and the edges ey, es. This path is closed, so 1 = &(s) = &(s1)&(s2)E(e1)E(e2)
and £(e1)C(v1) = &(e1)&(s1) = &(e2)&(s2) = &(e2)C(v2). Thus, the algorithm terminates
neither at Step 2 nor at Step 3.1, and the vertex v is among the labeled ones. Since
it is chosen arbitrarily, this means that the algorithm labels all the vertices of T'.

2. Since the algorithm labels all the vertices of the graph without terminating at Step 2,
then £(e) = 1 for every loop e € E and further we can consider only closed paths that
do not contain loops. We argue by induction on the number n of iterations (Steps 1-4)
required for the algorithm to label all the vertices of a path of the indicated form.

Let s be a closed path without loops, the vertices of which are labeled in n iterations.
At each iteration of the algorithm, no more than one vertex is labeled. Therefore, if n = 1,
then the length of s is equal to 0 and the equality £(s) = 1 is obvious. Further, we assume
that s is of non-zero length (so n > 1) and £ has the required value for every closed path
whose vertices are labeled in at most n — 1 iterations.

Let v be the last labeled vertex of s. If necessary, we split s into the closed parts,
each of which begins and ends at v, and assume that s passes through v only once. Then
the fragment (v, e1,v, ez, v9) of s is uniquely defined, where ey, ey are edges (which may
coincide) and vy, vy are vertices (which may also coincide). Since there are no loops in s,
the relations v; # v # vy and ey, es € E, hold.

Let u be the first vertex labeled by the algorithm. Then there exist paths s;, so con-
necting vy, vy with u, consisting of the vertices labeled no later than vy, vy respectively,
and such that ((v;) = &(s1), ((v2) = &(s2). Let so denote the path obtained from s
by removing v and e;, e;. Then the union sz of the paths sg, si, s2 is a closed path,
all the vertices of which are labeled in at most n — 1 iterations, and, by the inductive
hypothesis, 1 = £(s3) = £(s0)€(s1)&(s2). Since v is labeled by the algorithm, then the con-
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dition of Step 3.1 cannot be satisfied and so £(e1)((v1) = &(e2)((v2). Hence, £(e1)E(e2) =

C(v1)¢(v2) = &(51)&(52), and therefore (s) = £(s0)&(e1)€(e2) = §(50)€(51)E(s2) = 1, as re-
quired. ]

Proposition 6.2. Let G be not solvable, L(I') be reduced, InA = {1,—1}, and all
the labels \(ce) (e € E, € = £1) are p-numbers for some prime number p # 2. Let also

E ={ccE|H. #C(G) +H.)

1. If every elliptic element of G that is conjugate to its inverse belongs to C(G), then
£(s) =1 for every closed path s in T all of whose edges are contained in E'.

2. If £(s) = 1 for every closed path s in T all of whose edges are contained in E', then
every elliptic element of G that is conjugate to its inverse belongs to C(G) and the quotient
group G/C(Q) is residually a finite p-group.

Proof. We fix some maximal subtree T" of I' and begin with a few remarks concerning
both Statement 1 and Statement 2.
By Proposition 4.4,
1#C(G) = [ He <[] Go

eck, veV
e==+1

and the least common multiple p of p(v) = [G, : C(G)] (v € V) divides the product
[lecp c—s1 Aee). Therefore, p and all the indices p(v) (v € V) are p-numbers.

If ' contains one vertex v and p = pu(v) = 1, then E' = @, every elliptic element of G
belongs to G, = C(G), and G/C(G) is a free group, that is residually a finite p-group
by Proposition 2.4. Therefore, both Statement 1 and Statement 2 are true. If I' has more
than one vertex, then each of its vertices is incident to some edge that is not a loop. Since
L(T) is reduced, it follows that every vertex group contains some proper edge subgroup
and so C'(G) # G, for all v € V. Thus, further, we can assume that all u(v) (v € V) are
different from 1 and therefore are divisible by p.

Let e € E be an arbitrary edge. Then g;\((f;e) ~a gi‘((__f)) and H, , ~g H_,. Since C(G)
is normal in G, it follows that [Hy. : C(G)] = [H_. : C(G)] = k. for some p-number
ke = 1 and |A(+e)[ke = p(e(1)), [A(—€)|ke = p(e(=1)).

Let us now turn directly to the proof of Statements 1 and 2.

1. We put ¢/ = gff(v)/p (v € V) and show that, for any edge e € E', g; ;) and (gé(_l))g(e)
are conjugate in G.

Indeed, let e € E’' be an arbitrary edge. Then k. # 1 and so p | k.. The relation
A(+e) A(—e)

9oy ~G 9oy implies that gL’ere” ~G gg((i)l‘;(fe”. Hence,
r _ [AFe)l(ke/p) E@)IN=e)l(ke/p) __ (1 £(e)
ge(l) - ge(l) P ~aG ge(fl) P — (ge(il)) .

Thus, if s is a closed path in I, all the edges of which are contained in E’, and £(s) = —1,
then, for every vertex v of this path, ¢/, ~¢ (¢/)¢®) = (¢/)~!. Since ¢/, ¢ C(G), Statement 1
is proved.

2. Let Ep denote the edge set of T'. To prove the residual p-finiteness of the quotient
group G/C(G), we define a mapping oy of the generators g, (v € V) and . (e € E'\ Er)
of G to Z,, as follows.

Let IV = (V, E’) be the graph obtained from I' by removing all the edges not included
in ', and let I, = (V,, E!) be some connected component of I'. Choose an arbitrary
vertex v € V; and put g,00 = p/p(v). If w € V; is an arbitrary vertex and s is a path
in I, connecting v and w, we put g,o0 = &£(s)u/p(w). It follows from the condition
of Statement 2 that, for any two paths s;, s connecting v and w in I',, the equality
£(s1) = &(s2) holds. Therefore, the above definition is correct. In a similar way, we define
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the action of oy on the generators of the vertex groups contained in all other connected
components of I'". Let us also put t.oq = 0 for all e € E'\ Erp.

We extend oy to a mapping of words ¢ and show that the latter takes all the defining
relations of G into the equalities valid in Z,.

Let e € E be an arbitrary edge. As shown earlier, |[A\(+¢)|k. = p(e(1)) and |A(—e)|k. =
p(e(—=1)), where k., = [Hy. : C(G)] = [H_. : C(G)]. If e € E’, v is the fixed vertex chosen
above from the connected component of IV, to which e belongs, and s;, s_; are some paths
in [V connecting v with e(1), e(—1) respectively, then £(s1) = {(s_1)&(e). It follows that

§(s1) -sign A(+e) = §(s_1) - sign A\(—e)
and
goty o = E(sD)A(+e)u/p(e(1)
§(s1) - sign A(+e) - [A(+e)|p/ple(1))
§(s-1) -sign A(—e) - [A(—e)[p/p(e(=1))
§(s—1)A(—e)u/ple(—1))

_ Al=e)
=917

If e ¢ E', then k. = 1 and therefore

A(+e A(—e

62500 = e\ (+e)lu/u(e(1) = = = o = dA(—e) j/u(e(~1) = Xl (mod p)
for some €,0 = +£1.

Thus, o defines a homomorphism of G into the finite p-group Z,,. It follows from the def-
inition of o that, for each v € V| the order of g,0 is equal to p(v) and therefore
kero N G, = C(G). Hence, according to Proposition 4.4, ker o is an extension of C(G)
by a free group. This implies that the quotient group G/C(G) is an extension of the in-
dicated free group by a finite p-group. Such an extension is residually a finite p-group
by Proposition 2.4.

Suppose now that z and y are elements of G such that 2= 'yx = y~!. Then

—1 -1

(C(@))  (yCO(G)) (2C(G)) = (yC(G))
and the residual p-finiteness of G/C(G) proved above together with Proposition 2.6
and the relation p # 2 imply that yC(G) = 1, i.e. y € C(G). Thus, Statement 2
is completely proved. O

An algorithm for verifying the condition of Statement 2-c of Theorem 5. Let G
be not solvable, £L(I') be reduced, and Im A = {1, —=1}. Then C(G) < (),oy G and there
is an algorithm calculating the numbers p(v) = [G, : C(G)] (v € V') [7, § 5]. This allows
us to find the graph IV which is obtained from I' by removing all the edges not included
in the set ' ={e € F | Hy. # C(G) # H_.}. By Propositions 6.1 and 6.2, to complete
the verification of the condition of Statement 2-¢, it remains to apply Algorithm given
above to each connected component of I".

7. PROOF OF THEOREMS 5 AND 6

Proposition 7.1. Let G be non-solvable and L(T") be reduced. If G is residually nilpotent,
then all the labels X(ee) (e € E, ¢ = £1) are p-numbers for some prime number p.

Proof. Since L(I') is reduced, then [A(+e)| # 1 # |A\(—e)| for each edge e that is not a loop.
Let us show that these relations can be assumed to hold for all loops of L(I').

By Proposition 2.5, G is residually finite, and, by Theorem 3, Im A C {1, —1}. It fol-
lows that £(I') cannot contain a loop e such that |A(ce)| = 1 # |A(—ee)| for some ¢ = £1.
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Let I be the subgraph of I' which is obtained from the latter by removing each loop e
such that (in £(T")) |[A(+e)] = 1 = |A(—e)|, and let G’ = 7 (L(I")). Then, by Propo-
sition 3.1, G’ is isomorphic to a subgroup of G and so is residually nilpotent. Since
IA(+e)| # 1 # |N(—e)] for every edge e of I and 1 is a power of any number p, then we
can consider IV, £(I"), and G’ instead of I'; L(I"), and G respectively.

So, we assume that |A(ce)| # 1 for all e € E, ¢ = £1. If, for any edge e € F, at least
one of the numbers |A(+e¢)|, [A(—e)]| is greater than 2, then the required statement follows
from Proposition 3.3. Therefore, it remains to show that if [A\(4-€)| = 2 = |A\(—e)| for some
edge e € E, then all the labels A(ef) (f € E, ¢ = £1) are 2-numbers.

On the contrary, let f € E be an edge such that at least one of the numbers A(+f),
A(—f) is divisible by a prime number p # 2. Let us show that I' and £(I") can, if necessary,
be modified so that a) I' contains a simple chain, the first and last edges of which are
e and f; b) the fundamental groups of the original and modified labeled graphs are
isomorphic.

Indeed, if there is no chain of the indicated type in I', then at least one of the follow-
ing statements holds: 1) e and f are not loops and connect identical pairs of vertices,
i.e. f(1) = e(e) and f(—1) = e(—¢) for some ¢ = +1; 2) e is a loop; 3) f is a loop.
In the first case, we add to I' a new vertex vy and an edge connecting this vertex
with f(—1); replace f with an edge connecting f(1) and vy; in £(I'), assign the labels (1, 1)
to the first of the added edges, A\(+f) (at f(1)) and A(—f) (at vy) to the second. We per-
form exactly the same transformations in the third case and modify I' and £(I") in a similar
way in the second. In all cases, the original labeled graph is obtained from the modified
one by an elementary collapse; therefore, their fundamental groups are isomorphic.

Let €2 be a simple chain in I' that begins with e and ends with f. By Proposition 3.1,
m(L£(€2)) is embedded in 7 (L(I")) and so is residually nilpotent. For definiteness, let e(1)
and f(—1) be the ends of the chain, and let ¢ = £1 be a number such that p | A(ef).
Consider the elements

Ty = [96(1)7 ge(—l)]’ Ty = [gf(—a)’ g?(f)f)/”]a
— — o1 -1 -1, -1 -1
L= [xl, ‘752} = Je(-1)9e)Ye(-1)9e) T2 Ie(1)9e(—1)9e(1)Fe(—1) T2

Let €2 be the chain obtained from € by removing e(1) and e, €25 be the chain obtained
from 2 by removing f(—1) and f, F} = m(£(24)), and F = m1(L£(Q2)). Then 7 (L(£2))
is the free product P of the groups Gy, Fi with the subgroups H,., H_, amalgamated
and, at the same time, the free product P, of the groups Fy, Gy—1) with the subgroups
H.;, H_; amalgamated. Since |[A(—cf)| # 1 and |[A(ef)/p| < |A(ef)|, then x5 has
a reduced form of length 4 in P, and hence does not belong to the free factor F3y and its
subgroup H_.. It follows from this and the equalities |A(+€)| = 2 = |A\(—e)| that = has
a reduced form of length at least 8 in P, and therefore is different from 1.

Let ¢ be an arbitrary prime number and ) be a homomorphism of 71 (£(€2)) onto a finite
g-group. If ¢ # 2 and r is the order of g.1)1, then (r,2) = 1. This equality and the in-
clusions g2 ¢ € H, 4, gl € H, @ imply that geay € Hyp = H b and 219 = 1.
E)f)/pw’

£

Aef)/p\P Aef)/pys
(gfé) "y e H ), (gfé) ") e H o
that x9tp = 1. Thus, for each homomorphism of 7 (£(€2)) onto a finite group of prime

power order, the image of x turns out to be equal to 1. This contradicts the residual
nilpotence of 7 (L£(£2)) by Proposition 2.5. O

Similarly, if ¢ # p and s is the order of g}\(( then it follows from the inclusions

Proof of Theorem 5. 1. If G is residually nilpotent, then, by Proposition 7.1, all the la-
bels A(ce) (e € E, ¢ = £1) are p-numbers for some prime number p. This fact, the equal-
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ity ImA = {1}, and Theorem 3 imply the residual p-finiteness of G. Since every finite
p-group is nilpotent, the inverse statement is obvious.

2. The implication b = a is obvious.

a = c. By Proposition 7.1, all the labels A(ee) (e € E, ¢ = £1) are p-numbers for some
prime number p. Suppose that p # 2 and there exists an elliptic element a, which
is conjugate to its inverse but does not belong to the cyclic radical of G.

Let T' be some fixed maximal subtree of I" and Er be the edge set of T. Replacing,
if necessary, a by its conjugate, we can assume that a € G, for some v € V. Since C(G)
is normal in G, then a still does not belong to C(G) after the replacement. We put

—{ec E|\+¢)| = 1=|A(—=0)[},
—{ec B | |\(+¢)| # 1 # |\(—e)[}

and show that there exists an edge e € Ey such that a ¢ H.. for some ¢ = +1.

Indeed, C(G) = (N.cp, c—t1 Hee by Proposition 4.4. Since L£(I') is reduced, every edge
e € FE that is not a loop belongs to F,. In particular, Er C FE,. If e is a loop,
then A(t.) = A(—e)/A(+e) and it follows from the equality Im A = {1, —1} that either
e € By, ore € FEy. If E= FEj, then I' has only one vertex, C(G) coincides with the cor-
responding vertex group and therefore contains all the elliptic elements of G, what con-
tradicts the relation a ¢ C(G). Hence, either £(I') has one vertex and at least one loop
e € Fs, or it contains at least two vertices and then each vertex is incident to some edge
e € By C Fy. In both cases, C(G) = (\.cp, .—s1 Hee, and this implies the existence
of the sought edge e.

We now consider two cases.

Case 1. e € Er.

It is easy to see that there is a simple chain (2 in 7" containing e and such that one of its
ends coincides with v, while the other does with e(§) for some § = +1. By Proposition 3.1,
m(L£(€)) is embedded in G by means of the identity mapping of the generators.

Let €' be the chain obtained from 2 by removing e and e(d). Then 7 (L£(£2)) is the free
product of the groups 7 (£(€')) and G5 with the subgroups H_s. and H;. amalgamated.
Consider the elements

1 -1 -1 -1 -1
1= [ge(é)’ge(—é)]’ Ly = [xpa] = 9e(=6)9e5)9e(~6)9e(6)?  Ge(5)9e(—6)Te(8)Ie(—5)
Since |A(4e€)| # 1 # |[N(—e)|, a ¢ H.., and the equality H.. = H_.. holds in 7 (L(£2)),

then x5 has a reduced form of length at least 8 in this group and therefore is different
from 1.

Let ¢ be an arbitrary prime number and ¢ be a homomorphism of G onto a finite
g-group. If ¢ # 2, then ayp = 1 by Proposition 2.6. Let ¢ = 2 and r be the order
of gey. Since A(+e) is a p-number and p # 2, then (r,A(+e)) = 1. It follows that
gey¥ € Hietp = H_2p and z19p = 1. Thus, for any value of ¢, the equality x,¢) = 1
holds. By Proposition 2.5, this contradicts the residual nilpotence of G.

Case 2. e ¢ Er.

Let z, = [t5g o) efge(e)}. It follows from the relations |A(+e)| # 1 # |A\(—e)|, a ¢ H.e
that the element

T

Ly = [3717@} =49 (;)tige( e)te g (E)tege( e)te a lteg e(—¢ )tjg (;)tzge(—a)tgege(e)a
has a reduced form of length 8 in the group G considered as an HNN-extension with the sta-
ble letter t.. Therefore, o # 1. However, as above, if @/} is a homomorphism of G onto a fi-
nite 2-group, then g,y € H_..1), whence (t Je(—e) )1/1 € H_s and so x19 = 1. Thus,
in Case 2, the image of z5 is also equal to 1 for any homomorphlsm of G onto a group
of prime power order, and we again get a contradiction with the residual nilpotence of G.
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¢ = b. Choose some maximal subtree 7" in I" and transform £(I") to a T-positive form.
Since this operation consists only in replacing some of the generators g, (v € V') by their
inverse, then, after it, the conditions of Statement 2-¢ remain valid.

If all the labels A(ee) (e € E, e = £1) are 2-numbers, then, by Propositions 4.4
and 5.2, G is an extension of the direct product of two free groups by a finite 2-group.
Such an extension is residually a finite 2-group by Proposition 2.4. So, further, we assume
that p # 2.

Let g € GG be an arbitrary non-unit element. We show that there exists a homomorphism
of G onto a finite p-group or a finite 2-group taking g to a non-unit element.

By Proposition 6.2, G/C(G) is residually a finite p-group. Therefore, if g ¢ C(G),
then the natural homomorphism of G onto G/C(G) can be extended to the desired one.
Hence, further, we can assume that g € C(G).

Let @, X, and 0: G — X be the subring, the group, and the homomorphism from Propo-
sition 5.1. Since Im A = {1, —1}, then @) = Z and X has the presentation

<.I‘,CL1,CL_1; [xaal] = [a’ha—l] = 17 CL:%.TCL_l = 1’71>

(here, as above, = denotes the generator of the additive group QT of @ equal to 1).
By Proposition 4.4, C(G) < (), Gv. Hence, g € G, for each v € V, and, by the def-
inition of o, the inclusion go € (x) \ {1} holds. Therefore, go is mapped to a non-unit
element under the homomorphism of X onto the group

BS(1,—1) = (z,a_y; ajza_, =a ).

The latter is residually a finite 2-group by Theorem 1. Thus, the constructed homomor-
phism G — BS(1, —1) can be extended to the required one.

3. Since Im A ¢ {1, —1}, then G is not residually finite by Theorem 3 and is not resid-
ually nilpotent by Proposition 2.5. U

Proof of Theorem 6. 1 = 3. Since G is residually a torsion-free nilpotent group, then,
by Proposition 2.5, it is residually a finite p-group for any prime number p. Therefore,
by Theorem 1, G cannot be isomorphic to BS(1,n), where n # 1. Obviously, BS(1,1)
satisfies Statement 3. So, further, we can assume that G is non-solvable and the labeled
graph £(I') defining it is reduced. Then, by Theorem 3, Im A = {1} and |A(ce)| = 1 for all
e € F, ¢ = £1. This means that I' has one vertex v and G is an extension of the vertex
group G, by the free group generated by the elements ¢, (¢ € F). Since such an extension
is splittable, G contains a free subgroup F' such that G = G, F and G, N F = 1. It fol-
lows from the equality Im A = {1} and Proposition 4.4 that G, lies in the center of G.
Therefore, G = GG, x F, as required.

3 = 2. The direct product of two free groups is residually free by [12, Lemma 1.1].

2 = 1. It is well known that, for an arbitrary free group, the intersection of the members
of its lower central series is trivial [19] and the factors of this series are free abelian
groups [13]. Therefore, every free group is residually a torsion-free nilpotent group. [
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