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Abstract—Let IC be a class of groups closed under taking subgroups, direct products of a finite
number of factors, and quotient groups. Let also G be a generalized direct product of two groups
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1. INTRODUCTION

In the course of describing and studying the properties of basic group-theoretical constructions,
other, more complicated structures are often introduced. So, for example, in order to describe the
subgroups of a free product of two groups with an amalgamated subgroup, Karras and Solitar [1]
introduce the notion of a tree product of groups and reveal the conditions for its existence. In [2], the
construction of the generalized direct product associated with a graph of groups is defined, which is
used in studying the residual properties of free constructions of groups. In this paper, we consider a
special case of the last construction—when the graph consists of two vertices and the edge connecting
them. The direct product associated with such a graph is called the generalized direct product of two
groups with amalgamated subgroups or the central product of two groups [3]. This construction is
also a special case of a generalized direct product of a family of groups introduced by B. Neumann and
H. Neumann in[4]. Recall how it is defined.

Let A and B be some groups, H be a central subgroup of A, K be a central subgroup of B,
¢: H — K be an isomorphism of subgroups. Then the generalized direct product of the groups A
and B with the subgroups H and K amalgamated in accordance with the isomorphism ¢ is the group
G = (A x B; H = K, ¢) whose generators are the generators of A, B and whose defining relations are
the relations of A, B as well as all possible relations of the form [a,b] =1 (a € A, b€ B)and h = hy
(h € H). All denotations just introduced are assumed to be fixed until the end of the paper.

We note that, due to the centrality of the amalgamating subgroups in the factors, the identity
mappings of the generators of A and B to G determine injective homomorphisms, and therefore A and B
can be considered as subgroups of their generalized direct product G (see, for example, [2]). A description
of some other properties of the group G is given in [5—8].

This paper studies residual properties of generalized direct products of two groups. Let K be a class of
groups. Recall that a group X is said to be residually a K-group if, for each non-unit element z € X,
there exists a homomorphism of X onto a group of K (a K-group) mapping x to a non-unit element.
Further, we will assume that every class of groups under consideration contains at least one non-identity

group.
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One of the most effective methods for studying residual properties of group-theoretic constructions
is the so-called “filtration technique”. Initially, it was proposed by Baumslag [9] with the aim of studying
the residual finiteness of generalized free products of two groups. A similar method for researching the
residual finiteness of HNN-extensions was indicated in [10]. The adaptation of the filtration technique,
which made possible its using to study the residual finiteness of generalized direct products of two
groups, was performed by Moldavanskii and Agafonova [5].

In[11, 12], the author proposed an approach that allowed using the filtration technique to research
the approximability of generalized free products and HNN-extensions not by a specific class, but by a
set of classes of groups satisfying certain conditions. This approach led to a number of results on the
approximability of these constructions by various classes of groups (see, for example, [11—14]). The aim
of this paper is to extend the methodology for studying approximability by a set of classes of groups to
generalized direct products of two groups.

For the construction of a generalized direct product, the closeness under taking subgroups, exten-
sions, and quotient groups is fixed as a requirement imposed on the approximating class. Moreover, in
proving the main results, the requirement of closeness of the class under taking extensions is weakened
to the closeness under taking direct products of a finite number of factors. Further, for the sake of
brevity, the last condition will be called simply the closeness under taking direct products. The examples
of classes closed under taking subgroups, extensions, and quotient groups are the classes of all finite
groups, finite p-groups (where p is a prime number), finite 7-groups (where 7 is a non-empty set of
primes), solvable groups, polycyclic groups, all periodic groups. Ii, instead of the closeness under taking
extensions, we require the closeness of the class under taking direct products, then the above list can
be supplemented by the classes of all nilpotent groups, solvable groups of derived length at most n,
nilpotent groups having nilpotency class at most n (where n > 1). Note that the closeness under taking
subgroups, quotient groups, extensions and direct products is preserved when intersecting the classes
of groups.

The main results of the paper are contained in Theorems 1 and 2 below. To state the first of them, we
recall a number of concepts going back to [9].

A family {Y;}iez of normal subgroups of a group X is said to be a filtration if (.7 Y; = 1.
Subgroups R and S of the groups A and B respectively are called (H, K, p)-compatible it (H N R)p =
K N S. In addition, for a class K and a group X, we denote by K*(X) the family of subgroups of X such
that Y € K*(X) if and only if Y is normal in X and X/Y € K.

Theorem 1. Let K be an arbitrary class of groups, and let {(Ry, S\)} e be the family of all
pairs of (H, K, p)-compatible subgroups of K*(A) and K*(B) respectively.

l. If K is closed under taking subgroups and G is residually a K-group, then each of the
families {R)}xen, {Sx}ren is a filtration.

2. Let K be closed under taking direct products and quotient groups. If {Rx}xea, {Sx}ren are
filtrations and at least one of the quotient groups A/H, B/K is residually a K-group, then G is
residually a K-group.

This theorem generalizes and strengthens the conditions for the residual finiteness of a generalized
direct product with amalgamated subgroups, which were obtained in [5].

I the class K is closed under taking subgroups, direct products, and quotient groups, then the
difference between the necessary and sufficient conditions delivered by Theorem 1 consists only in the
requirement for one of the groups A/H and B/K to be residually a K-group. The paper ends with the
examples showing that this requirement is not necessary for G to be residually a K-group (Example 1),
but at the same time it cannot be discarded (Example 2). This situation is different from the case of a free
product of two groups with central amalgamated subgroups (see [11, Proposition 13] and Proposition 3
below).

[t is a non-trivial problem to check whether the families {Ry}aca and {Sy}iea indicated in
Theorem 1 are filtrations. Therefore, certain restrictions imposed on the factors and the amalgamated
subgroups are found, which make it possible to simplify the solution to this problem. The main of them is
the requirement for one of the factors to be K-regular in the corresponding amalgamated subgroup [11].
Recall what it consists of.
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Let IC be an arbitrary class of groups and X be a group. We say that X is K-regular in its normal
subgroup Y if, for any subgroup M € K*(Y'), which is normal in X, there exists a subgroup NV € K£*(X)
suchthat NNY = M.

Theorem 2. Let KC be a class of groups closed under taking subgroups, direct products, and
quotient groups. If A and B/K are residually K-groups and B is K-regular in K, then G is
residually a KC-group.

Theorem 2 has a number of corollaries, which, in turn, simplify the verification of the -regularity
condition.

Corollary 1. Let K be a class of groups closed under taking subgroups, extensions, and
quotient groups. If A is residually a K-group and K € K*(B), then G is residually a K-group.

If a class K consists only of periodic groups, then we denote by 7(K) the set of all prime divisors of
the orders of the elements of all -groups. A subgroup Y of a group X is called 7(K)’-isolated in X
if, for any element = € X and for any prime number ¢ ¢ w(K), it follows from the inclusion 29 € Y that
reyY.

Corollary 2. Let K be a class of groups closed under taking subgroups, extensions, and
quotient groups, A be residually a K-group, B be a finitely generated nilpotent group.

1. If K contains at least one non-periodic group, then G is residually a K-group.

2. If K consists only of periodic groups and K is w(K)'-isolated in B, then G is residually a
K-group.

We note that, as Example 1 below shows, the requirement for K to be m(K) -isolated in B is not
necessary for G to be residually a K-group.

Corollary 3. Let K be a class of groups closed under taking subgroups, extensions, and
quotient groups, A and B be residually K-groups, H and K be subgroups of finite rank. If at least
one of the groups A and B is residually a torsion-free KC-group, then G is residually a K-group.

2. PROOF OF THEOREMS

Before proceeding directly to the proof of the formulated statements, we note some easily verifiable
properties of the group G.

Since H and K lie in the centers of A and B respectively, then the set L = {h(h¢)~'|h € H} is a
central subgroup of the direct product D = A x B and G is isomorphic to the quotient group D/L. An
arbitrary element of G either is contained in one of the factors, or is represented as a product of two
elements contained in the factors, but not included in the amalgamated subgroups. Indeed, let g € G
and g = ab, wherea € A,be B. liac H,thena=ap € Kandg € B.lib€ K, thenb=bp~! €¢ H
and g € A. The case remains whena € A\ Handb e B\ K.

Just as for the construction of a generalized iree product of two groups, the combination of the
normality of subgroups in the factors and their (H, K, ¢)-compatibility allows us to consider the
generalized direct product of the corresponding quotient groups along with the generalized direct
product G. Namely, if R < A and S < B are normal (H, K, ¢)-compatible subgroups, then the map
vrs: HR/R — KS/S acting by the rule (hR)pr,s = (he)S, where h € H, is correctly defined and
is an isomorphism of the subgroup HR/R of the quotient group A/R onto the subgroup K.S/S of the
quotient group B/S. The presence of the isomorphism g g allows us to construct the generalized
direct product Gr g = (A/R x B/S; HR/R = KS/S, ¢r,s) of the groups A/R and B/S with the
subgroups HR/R and KS/S amalgamated in accordance with the isomorphism ¢p g. It is easy to see
that the word mapping, which continues the identity mapping of the generators of G to the group Gg g,
takes all the defining relations of G into the equalities valid in G g. Therefore, it determines a surjective
homomorphism pr s: G — GRr s, whose action on A and B coincides with the action of the natural
homomorphisms A — A/R and B — B/S.

Proof of Theorem 1.

1. Take an arbitrary non-unit element a € A. Since G is residually a K-group, then there exists
a homomorphism ¢ of G onto a K-group X such that ac #1. Let N =kero, R=ANN, and
S=BNN.
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Obviously, R and S are normal in A and B respectively. Because K is closed under taking subgroups,
it follows from the relations G/N =2 X € K, A/R = AN/N, and B/S =2 BN/N that A/R € K and
B/S € K. Let us show that R and S are (H, K, ¢)-compatible, i.e. (HN R)p =KNS.

SinceHNR=HN(ANN)=HNNand KNS =KN(BNN)=KnNN,itissufficient to prove
that (HNN)p = KNN. If z is an arbitrary element of (H N N)y, then x = he for a suitable h €
HNN. Because h = hy, it follows that z € KN N, and so (HNN)p C KNN. Conversely, if
x € K N N, then there exists h € H such that = hep. As above, using the relation h = hp, we get
he N,andso KNN C (HNN)ep.

Thus, Rand S are (H, K, p)-compatible, and hence the pair (R, S) belongs to {(Rx, Sx)}xea. Since
a & N by the choice of o, we have a ¢ R. Therefore, oy Ry = 1, 1.e. {Rx})en is afiltration.

[t is similarly proved that {Sy}.en is a filtration.

2. For an arbitrary non-unit element g € G, we construct a homomorphism of G onto a group of K
such that the image of g is different from 1. Consider three cases.

Casel. g € A.

Because { Ry }aea is a filtration, there exists A € A such that g ¢ Ry. Let Sy be a subgroup of £*(B)
which is (H, K, ¢)-compatible with Ry. Consider the homomorphism pg, s, : G = GRg, s, -

Since Ry € K*(A), S\ € K*(B), and K is closed under taking direct products, then A/Ry) x B/S) €
K. The group Gg, s, is isomorphic to a quotient group of A/Ry x B/S) and so belongs to K because
this class is closed under taking quotient groups. Since g € A\ Ry and pg, s, acts on A as the natural
homomorphism A — A/R,, then gpr, s, # 1. Thus, pg, s, is the desired homomorphism.

Case 2. g € B.
This case is considered similarly.
Case 3. g = ab,wherea € A\ Handb € B\ K.

For definiteness, we assume that A/H is residually a K-group. It is easy to see that H and B are
normal (H, K, ¢)-compatible subgroups of A and B respectively. This allows us to consider the group
Gu p = A/H and the homomorphism py p: G — Gp p. Sincea ¢ H, then apy p = aH is a non-unit
element of the residually K-group G ,g. Therefore, there exists a homomorphism o of G,z onto a
IC-group such that (apm,p)o # 1. Because g(pu,po) = (apm,p)o, we have that pg po is the desired
homomorphism. O

Proof of Theorem 2. Let {(Rx, Sx)}xea be the family of all pairs of (H, K, ¢)-compatible subgroups
of £*(A) and KC*(B) respectively. First, we show that { Ry} ea is a filtration.

Let a be an arbitrary non-unit element of A. Since A is residually a IC-group, there exists a
subgroup R € K*(A) which does not contain a. Obviously, H N R is a normal subgroup of H and
H/HNR= HR/R < A/R. Since R € K*(A) and K is closed under taking subgroups, it follows
that HNRe K*(H). Let V= (HNR)p. Then V € K*(K) because ¢ is an isomorphism, and V'
lies in the center of B. By the K-regularity of B in K, there exists a subgroup S € K£*(B) such that
V =KnNS. Then Rand S are (H, K, ¢)-compatible subgroups of K*(A) and K*(B) respectively, and
so R € {R)}xea- Thus, an arbitrary non-unit element of A does not belong to a subgroup of { Ry} xea,
and hence this family is a filtration.

Next, we verify that {Sy}aea is also a filtration. To do this, we take an arbitrary non-unit element
b € B and find a subgroup S € {S)}aea such that b ¢ S. Consider two cases.

Casel.be K.

Since by~ is a non-unit element of A, we can, as in case 1, find a pair (R, S) € {(Rx, Sx)}xea such

thatbp=! ¢ R. Thenbp~! ¢ HNRandb ¢ K NS because (HNR)p = KNS. Sinceb € K, it follows
that b ¢ S, and so S is the desired subgroup.
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Case2. b ¢ K.

Since b ¢ K, then bK is a non-unit element of the residually K-group B/K and there exists a
homomorphism o of B/K onto a K-group such that (bK)o # 1. Let S = ker(eo), wheree: B - B/K
is the natural homomorphism. Then S € K*(B) and b ¢ S. Since K C S, we have K NS = K, and so
(A, S) € {(Rx, Sx)}aea. Therefore, S is the desired subgroup.

Thus, {Rx}xea and { Sy }aen are filtrations, and G is residually a XC-group by Theorem 1. O

3. PROOF OF COROLLARIES

Proof of Corollary 1. 1t follows from the condition K € K*(B) that B is K-regular in K. Indeed,
consider the series 1 < M < K < B, where M is an arbitrary subgroup of £*(K). Since K lies in the
center of B, then M is normal in B. The quotient group B/M is an extension of the K-group K/M
by the K-group B/K and hence belongs to the class I due to its closeness under taking extensions.
Therefore, M € K*(B) and M = M N K because M < K. Thus, B is K-regularin K, B/K € K, and
G is residually a KC-group by Theorem 2. 0

To prove Corollary 2, the following auxiliary statements are used.

Proposition 1[15, Proposition 1]. Let K be a class of groups closed under taking subgroups and
direct products, X be an arbitrary group. Then the intersection of a finite number of subgroups of
K*(X) is again a subgroup of this family.

Proposition 2. Let K be a class of groups closed under taking subgroups, extensions, and
quotient groups. If K contains at least one non-periodic group, then it includes all finitely
generated nilpotent groups.

Proof. Let X be a non-periodic K-group and = be an element of X of infinite order. Then the infinite
cyclic group generated by x belongs to the class K due to its closeness under taking subgroups. Since K
is closed under taking quotient groups, it also contains all finite cyclic groups. Therefore, all polycyclic
groups belong to K because this class is closed under taking extensions. It is well known that every
finitely generated nilpotent group is polycyclic (see, for example, [16, Theorem 17.2.2]). Thus, all finitely
generated nilpotent groups belong to K. 0

Let IC be a class of groups. A subgroup Y of a group X is called K-separable in this group if, for
each z € X \ 'Y, there exists a homomorphism o of X onto a K-group such that xzo ¢ Yo [17].

Proposition 3. Lef K be a class of groups closed under taking quotient groups, X be a group,
Y be a normal K-separable subgroup of X. Then X/Y is residually a K-group.

Proof. Let 2Y be an arbitrary non-unit element of X/Y. Then = ¢ Y and, by the K-separability of
Y in X, there exists a subgroup N € K£*(X) such that x ¢ Y N. The last relation implies that zY" ¢
YN/Y. Since N € K*(X) and K is closed under taking quotient groups, then (X/Y)/(YN/Y) =
X/YN = (X/N)/(YN/N) € K. Therefore, the natural homomorphism X/Y — (X/Y)/(YN/Y)
maps zY to a non-unit element of a K-group, and so X/Y is residually a K-group. O

Proposition 4. Let K be a class of groups consisting only of periodic groups and closed under
taking subgroups and extensions. Then every w(K) -isolated subgroup of a finitely generated
nilpotent group is K-separable.

Proof. Let X be an arbitrary finitely generated nilpotent group, Y be its 7(K)’-isolated subgroup.
Let also F ) and F N (k) denote the classes of all finite 7(KC)-groups and finite nilpotent 7(KC)-groups
respectively.

By assumption, K contains at least one non-identity group. Therefore, the set 7(K) is non-empty,
and Y is Fr(x)-separable in X by [18, Theorem 3]. Since any homomorphic image of a nilpotent group
is again a nilpotent group, then Y turns out to be FAN (k)-separable in X. It is easy to see that any
.FNW(,C)—group possesses a finite subnormal series, the orders of factors of which are prime numbers. All
these numbers divide the order of the group and hence belong to w(K). It follows from the definition of
7m(K) and the closeness of K under taking subgroups that, for every p € 7(K), the cyclic group of order
p belongs to K. Since K is closed under taking extensions, this implies that FN ) € K. Thus, Y is
K-separable in X O
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Proposition 5. Let K be a class of groups consisting only of periodic groups and closed under
taking subgroups, extensions, and quotient groups. If X is a finitely generated nilpotent group,
Y is an(K) -isolated normal subgroup of X, then X is K-regularinY .

Proof. Take an arbitrary subgroup M of £*(Y"), normal in X, and find a subgroup N € K*(X) such
that NNY = M. To do this, we first show that M is 7 (K)’-isolated in X.

Let x be an element of X such that 7 € M, where ¢ is a prime number not belonging to 7(XC). Then
z9 €Y and x € Y because Y is w(K) -isolated in X. Consider the element M of the quotient group
Y/M. By the choice of M, Y/M is a periodic m(K)-group, and so the order s of M is finite and is a
m(K)-number. We have that * € M, 27 € M, and the numbers s, ¢ are coprime. Therefore, x € M,
and so M is w(K)’-isolated in X.

By Proposition 4, M is K-separable in X. Since K is closed under taking quotient groups, this
implies that X /M is residually a KC-group by Proposition 3. Therefore, we can find, for each non-unit
element yM € Y/M, a subgroup N, /M € K*(X/M) such that yM ¢ N, /M. Since Y/M is a finitely
generated periodic nilpotent group, it is finite. Hence, by Proposition 1, the intersection N/M of all the
subgroups N, /M (yM € Y /M) belongs to K*(X/M). Itis also clear that N/M NY /M = 1. Therefore,
NeK(X)and NNY = M.

Thus, X is K-regularin Y. O

Proof of Corollary 2

1. By Proposition 2, B € K. Since K is closed under taking quotient groups, it follows that
B/K € K. Therefore, G is residually a K-group by Corollary 1.

2. We note that B is K-regular in K by Proposition 5, and B/K is residually a K-group by
Propositions 3 and 4. Thus, G is residually a XC-group by Theorem 2.

Now we turn to the proof of Corollary 3 and start with the auxiliary statements.

Proposition 6. Let K be a class of groups closed under taking subgroups, extensions, and
quotient groups, A and B be residually KC-groups. If there exists a subgroup N € K*(B) such that
NN K =1, then G is residually a K-group.

Proof. Since B is residually a IC-group, then, for each non-unit element of B, there exists a subgroup
of K£*(B) which does not contain this element. By Proposition 1, the intersection of any two subgroups
of £*(B) is also a subgroup of this family. Therefore, we can assume that N is chosen in such a way that
it does not contain a predefined non-unit element of B.

Obviously, 1 and N are normal (H, K, ¢)-compatible subgroups of A and B respectively. This allows
us to construct the generalized direct product Gi v = (A x B/N; H = KN/N, ¢1 n).

Since N € K*(B), then B/N € K and (B/N)/(KN/N) € K because K is closed under taking
quotient groups. It follows that KN/N € K*(B/N) and G v is residually a C-group by Corollary
1. Take an arbitrary non-unit element g € G and prove that gp; x # 1 (with a suitable choice of V). In
view of the above, this will mean that G is residually a XC-group.

It g € A, then gp1 v = g, and so gp1,x # 1. 1f g € B, then, by virtue of the remark made above,
the subgroup N can be considered as not containing g. So gpi n is a non-unit element of the
quotient group B/N. Let g = ab, where a € A\ H and b € B\ K. Then gp; n = ap1 nbp1,n, Where
ap1,n ¢ H becausea € A\ H. libpy vy ¢ KN/N, then gpy ny # 1. libpy v € KN/N, thenbp; y € H
and gp1 v € A\ H. Thus, in each case, gp1 ny # 1. O

A group is said to have a finite Hirsch—Zaitsev rank (see, for example, [19]) if it possesses a finite
subnormal series, each factor of which is either a periodic or an infinite cyclic group.

Proposition 7 [11, Proposition 18]. Let KC be a class of torsion-free groups closed under taking
subgroups and direct products, X be residually a K-group, Y be a subgroup of X having a finite
Hirsch—Zaitsev rank. Then there exists a subgroup Z € K*(X) such that ZNY = 1.

Proof of Corollary 3. For definiteness, let B is residually a torsion-free K-group. Since K is a
subgroup of finite rank, it is an extension of a free abelian group of finite rank by a periodic group and
so has a finite Hirsch—Zaitsev rank. Therefore, by Proposition 7, there exists a normal subgroup N of
B such that NN K =1 and B/N is a torsion-free IC-group. It remains to apply Proposition 6, which
states that G is residually a IC-group. O
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4. EXAMPLES

Example 1. Let I be a class of groups closed under taking direct products and satisfying the
following conditions:

1) Z is residually a K-group;
2)Zy, ¢ K for some prime number p.
Let also A and B be the free abelian groups of rank 2 with the bases {a;;as} and {by; b2} respectively,
H =sgp{al,a,}, K =sgp{b;,bh}, and p: H — K be the isomorphism acting by the rule: a}¢ = b,
ayp = bh. Then G has the presentation
G = (a1,a2,b1,bo; [a1,as] = [b1,ba] = [a1,b1] = [a1,bo] = [ag, b1] = [az,ba] = 1,
al =by,ay =08) = {a1,bo; [a1,be] = 1).

The groups A, B, and G are residually C-groups because each of them is the direct product of two
infinite cyclic residually KC-groups. The quotient groups A/H and B/K are isomorphic to Z, and so
are not residually K-groups. Thus, the requirement that at least one of the groups A/H and B/K is
residually a IC-group is not necessary for G to be residually a XC-group.

We note also that, if K consists of only periodic groups, then H and K are not 7 (K)’-isolated in A and
B respectively, whereas A, B, and G are finitely generated nilpotent residually K-groups. This confirms
the remark made after the statement of Corollary 2.

Example 2. Let K be a class of groups which consists of only periodic groups and satisfies the
following conditions:

1) Z is residually a K-group;
2)Z, ¢ K for some prime number p.

Letalso A, B, H, and K be infinite cyclic groups generated by a, b, a?, and b? respectively, p: H — K
be the isomorphism mapping a? to b”. Then G has the presentation

G = <a,b; [a,b] =1,d" :bp>.

As above, the quotient groups A/H and B/K are isomorphic to Z, and hence are not residually
KC-groups. Let ¢: A — B be the isomorphism mapping a to b. It is directly verified that the set
{(R, R)|R € K*(A)} is contained in the family of all pairs of normal (H, K, ¢)-compatible subgroups

of K*(A) and K*(B) respectively. Since A and B are residually XC-groups, then K£*(A) and K£*(A)1) are
filtrations. It follows that the necessary condition for G to be residually a KC-group is fulfilled.

Consider the non-unit element g = a='b € G and take an arbitrary homomorphism o of G onto a
KC-group. Since K consists of only periodic groups, the order ¢ of go is finite and is a 7(K)-number.
We have (go)? =1 and (go)? = ((a 'b)P)o = (a PbP)o = 1. Since Z,, ¢ K, then p ¢ (K) and hence
(p,q) = 1. Therefore, go = 1, and so G is not residually a K-group.

Thus, if both the groups A/H and B/K are not residually K-groups, then G may not be residually
a K-group. Therefore, the condition on the groups A/H and B/K from the statement of Theorem 1
cannot be discarded.
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