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� áâ®ïé ï à ¡®â  ¯®á¢ïé¥  ¨§ãç¥¨î á¢®©áâ¢ £àã¯¯, ¡®«¥¥ á« ¡ëå,
¥¦¥«¨ å®à®è® ¨§¢¥áâë¥ á¢®©áâ¢  (¨  ¤¥ª¢ â® ¢ëà ¦ ¥¬ë¥ ¢ â¥à¬¨-
 å â®¯®«®£¨¨ ª®¥çëå ¨¤¥ªá®¢), â ª¨¥ ª ª ä¨¨â ï  ¯¯à®ªá¨¬¨àã-
¥¬®áâì £àã¯¯ë ¨«¨ ä¨¨â ï ®â¤¥«¨¬®áâì ¯®¤£àã¯¯ë. \�á« ¡«¥¨¥",
¯® áãâ¨, á¢®¤¨âáï ª ®£à ¨ç¥¨î ¨§¢¥áâëå á¢®©áâ¢ á à áá¬ âà¨¢ ¥¬®©
£àã¯¯ë   ¥¥ ¢¥à¡ «ìãî ¯®¤£àã¯¯ã. �®á«¥¤ïï à áá¬ âà¨¢ ¥âáï, ®¤ ª®,
¥ á ¬®áâ®ïâ¥«ì®, ® | á â®¯®«®£¨¥©, ¨¤ãæ¨à®¢ ®© ¨§ ®¡ê¥¬«îé¥©
£àã¯¯ë.

�à âª®¥ ¨§«®¦¥¨¥ à¥§ã«ìâ â®¢ à ¡®âë ®¯ã¡«¨ª®¢ ® ¢ [4].
1. �®¯®«®£¨ï ª®¥çëå ¨¤¥ªá®¢   £àã¯¯¥. �«ï ¯à®¨§¢®«ì®©

£àã¯¯ë G à áá¬ âà¨¢ ¥âáï á®¢®ªã¯®áâì NG ¢á¥å ®à¬ «ìëå ¯®¤£àã¯¯
ª®¥ç®£® ¨¤¥ªá , ¯à¨¨¬ ï ª®â®àãî §  ¡ §¨á ®ªà¥áâ®áâ¥© ¥©âà «ì-
®£® í«¥¬¥â , ¬ë ¯à¥¢à é ¥¬ £àã¯¯ã G ¢ â®¯®«®£¨ç¥áªãî, á â®¯®«®-
£¨¥© τG, ¨¬¥ã¥¬®© â®¯®«®£¨¥© ª®¥çëå ¨¤¥ªá®¢ (���); ¨á¯®«ì§ã¥âáï
â ª¦¥ â¥à¬¨ ¯à®ª®¥ç ï â®¯®«®£¨ï (á¬.,  ¯à¨¬¥à, [11]). �áïª¨© £®¬®-
¬®àä¨§¬ £àã¯¯ f : G → H ¥¯à¥àë¢¥ (¢ á¬ëá«¥ τG, τH), â ª çâ® ¢®§¨-
ª ¥â ª®¢ à¨ âë© äãªâ®à (â®¦¤¥áâ¢¥ë©   £®¬®¬®àä¨§¬ å) ¨§ ª â¥-
£®à¨¨ £àã¯¯ ¢ ª â¥£®à¨î â®¯®«®£¨ç¥áª¨å £àã¯¯, á®¯®áâ ¢«ïîé¨© £àã¯¯¥
G â®¯®«®£¨ç¥áªãî £àã¯¯ã (G, τG).

�®¤£àã¯¯ë ª®¥ç®£® ¨¤¥ªá  H 6f G (¨ â®«ìª® ®¨) ®âªàëâë (¨ ®¤-
®¢à¥¬¥® § ¬ªãâë) ¢ G. ��� ï¢«ï¥âáï á«¨¯è¥©áï ¢ á«ãç ¥ ®âáãâáâ¢¨ï
á®¡áâ¢¥ëå ®à¬ «ìëå ¯®¤£àã¯¯ ª®¥ç®£® ¨¤¥ªá  ¨ ¤¨áªà¥â®© | ¢
á«ãç ¥ ª®¥ç®áâ¨ G. � ãá¤®àä®¢®áâì τG à ¢®á¨«ì  ä¨¨â®©  ¯¯à®ª-
á¨¬¨àã¥¬®áâ¨ (��) £àã¯¯ë G. � ¬ëª ¨¥ clG(M) ¯à®¨§¢®«ì®£® ¯®¤¬®-
¦¥áâ¢  M ⊆ G ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

clG(M) = ∩{MN : N ∈ NG }. (1)

� ¬ëª ¨¥ (®à¬ «ì®©) ¯®¤£àã¯¯ë á®¢  ï¢«ï¥âáï (®à¬ «ì®©)
¯®¤£àã¯¯®©. � ¬ªãâ®áâì ¯®¤£àã¯¯ë à ¢®á¨«ì  ¥¥ ä¨¨â®© ®â¤¥«¨-
¬®áâ¨ (��). �á®¡ãî à®«ì ¨£à ¥â § ¬ëª ¨¥ âà¨¢¨ «ì®© ¯®¤£àã¯¯ë
E = {1}

σ(G) = clG(E) = ∩NG. (2)
�ã¤¥¬  §ë¢ âì ®à¬ «ìãî ¯®¤£àã¯¯ã (2)  ¯¯à®ªá¨¬ â®¬ £àã¯-

¯ë G. (�¥à¬¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ª «ìªã  £«¨©áª®£® residual;
á¬. [9, p. 24]. �à¨ ¥®¡å®¤¨¬®áâ¨ á«¥¤ã¥â ¤ ¢ âì ãâ®ç¥¨ï,  ¯à¨¬¥à:
F- ¯¯à®ªá¨¬ â, á ï¢ë¬ ãª § ¨¥¬   â®, çâ® à áá¬ âà¨¢ ¥âáï  ¯¯à®ª-
á¨¬ æ¨ï ¢ ª« áá¥ F ¢á¥å ª®¥çëå £àã¯¯.) �¤¥áì ¤«ï  ¯¯à®ªá¨¬ â  ¬ë
¯à¨¨¬ ¥¬ ®¡®§ ç¥¨¥ �. �. �®«¤ ¢ áª®£® (á¬. [1, 2]); ¢ [4] ¨á¯®«ì§®¢ -
«®áì ¤àã£®¥ ®¡®§ ç¥¨¥: AG. �àã¯¯  �� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥
 ¯¯à®ªá¨¬ â âà¨¢¨ «¥.
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�  ¯à®¨§¢®«ì®© ¯®¤£àã¯¯¥ H 6 G â®¯®«®£¨ï τG ¨¤ãæ¨àã¥â ¥ª®â®-
àãî ¯®¤£àã¯¯®¢ãî â®¯®«®£¨î τG

H , ª®â®à ï ¬ ¦®à¨àã¥âáï (¢®®¡é¥ £®¢®àï,
áâà®£®) â®¯®«®£¨¥© τH . � ¬ëª ¨¥ ¢ ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¨ ®¯à¥¤¥-
«ï¥âáï ä®à¬ã«®©

clGH(M) = clG(M) ∩H; M ⊆ H. (3)

�«ï  ¯¯à®ªá¨¬ â®¢ ¯®«ãç ¥âáï ¢ª«îç¥¨¥

σ(H) = clH(E) ⊆ clGH(E) = clG(E) ∩H = σ(G) ∩H. (4)

� ¦ãî à®«ì ¢ ¨áá«¥¤®¢ ¨¨ ¯®¤£àã¯¯ ¨£à ¥â ãá«®¢¨¥ á®¢¯ ¤¥¨ï
â®¯®«®£¨©

τG
H = τH , (5)

ª®â®à®¥ à ¢®á¨«ì® â®¬ã, çâ® ¤«ï «î¡®© ®à¬ «ì®© ¯®¤£àã¯¯ë ª®¥ç-
®£® ¨¤¥ªá  K Ef H  ©¤¥âáï ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá 
L Ef G â ª ï, çâ® L∩H ⊆ K. (� íâ®¬ ãâ¢¥à¦¤¥¨¨ í¯¨â¥â \®à¬ «ì ï"
¬®¦® ¢áî¤ã ®¯ãáâ¨âì.)

�á«®¢¨¥ (5) à áá¬ âà¨¢ «®áì ¢ [11] ¨ àï¤¥ à ¡®â (á¬.,  ¯à¨¬¥à,
[6, 10]). �ë ¯à¥¤« £ ¥¬  §ë¢ âì ¯®¤£àã¯¯ë, ã¤®¢«¥â¢®àïîé¨¥ (5), ä¨-
¨â® ¨¤ãæ¨àã¥¬ë¬¨ (��).

�§¢¥áâë ¥ª®â®àë¥ ¤®áâ â®çë¥ ãá«®¢¨ï ä¨¨â®© ¨¤ãæ¨àã¥¬®-
áâ¨;  ¯à¨¬¥à, ¢áïª¨© à¥âà ªâ ï¢«ï¥âáï �� ¯®¤£àã¯¯®©. �«¥¤ãîé¥¥
ãâ¢¥à¦¤¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ªà¨â¥à¨© ä¨¨â®© ¨¤ãæ¨àã¥¬®áâ¨ § -
¬ªãâ®© ¯®¤£àã¯¯ë.

�à¥¤«®¦¥¨¥ 1 (�. �. �®ª®«®¢). �� ¯®¤£àã¯¯  H 6 G ï¢«ï¥âáï
�� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢áïª ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá 
K Ef H �� ¢ G.

�®ª § â¥«ìáâ¢®. �ãáâì H | �� ¨ �� ¢ G. � áá¬®âà¨¬ ¯®¤£àã¯¯ã
ª®¥ç®£® ¨¤¥ªá  K 6f H, ª®â®à ï, ª ª ¢ëè¥ ®â¬¥ç «®áì, ï¢«ï¥âáï
®âªàëâ®-§ ¬ªãâ®© ¢ H. � á¨«ã ¯à¥¤¯®«®¦¥¨ï (5), K ®âªàëâ®-§ ¬ªãâ 
¢ ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¨ τG

H . �«¥¤®¢ â¥«ì®, ¢ á¨«ã § ¬ªãâ®áâ¨ H,
¯®¤£àã¯¯  K § ¬ªãâ  ¢ G.

�¡à â®, ¯ãáâì ¯®¤£àã¯¯  H ï¢«ï¥âáï �� ¢ G ¢¬¥áâ¥ á® ¢á¥¬¨ á¢®-
¨¬¨ ¯®¤£àã¯¯ ¬¨ ª®¥ç®£® ¨¤¥ªá . �®§ì¬¥¬ «î¡ãî ¨§ á®¡áâ¢¥ëå ¯®¤-
£àã¯¯ K ∈ NH (¯ãáâì ¥¥ ¨¤¥ªá [H : K] = m; m > 1) ¨ ¢ë¡¥à¥¬ ª ªãî-
«¨¡® á¨áâ¥¬ã {x1 = 1, x2, ..., xm} ¯à¥¤áâ ¢¨â¥«¥© «¥¢ëå á¬¥¦ëå ª« áá®¢
H ¯® K. �«ï ª ¦¤®£® ¨§ í«¥¬¥â®¢ xj (j = 2, ..., m)  ©¤¥âáï (¢ á¨«ã ä¨-
¨â®© ®â¤¥«¨¬®áâ¨ ¯®¤£àã¯¯ë K ¢ G) ®à¬ «ì ï ¯®¤£àã¯¯  Nj ∈ NG

â ª ï, çâ® xj 6∈ KNj = NjK. � áá¬®âà¨¬ ¯¥à¥á¥ç¥¨¥ L = ∩m
j=2Nj , ª®-

â®à®¥ â ª¦¥ ¨¬¥¥â ª®¥çë© ¨¤¥ªá ¢ G; ¯®«ãç¨¬, çâ® xj 6∈ KL = LK
(j = 2, ..., m).

�«ï ¤®ª § â¥«ìáâ¢  ¢ª«îç¥¨ï L ∩H ⊆ K ¯à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥
¨ à áá¬®âà¨¬ ¯à®¨§¢®«ìë© í«¥¬¥â y ∈ (L ∩H) \K. �«¥¬¥â y ∈ H ¥
¯à¨ ¤«¥¦¨â K ¨, á«¥¤®¢ â¥«ì®, ¯® ¬®¤ã«î K áà ¢¨¬ á«¥¢  á ®¤¨¬ (¨
â®«ìª® ®¤¨¬) ¨§ í«¥¬¥â®¢ xj (j = 2, ..., m), â. ¥. y = xjkj ¤«ï ¥ª®â®à®£®
kj ∈ K, ®âªã¤  á«¥¤ã¥â: xj = yk−1

j ∈ LK, ¢ ¯à®â¨¢®à¥ç¨¥ á § ª«îç¥¨¥¬,
¯®«ãç¥ë¬ ¢ ª®æ¥ ¯à¥¤ë¤ãé¥£®  ¡§ æ .
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� ç¨â, ¯à¥¤¯®«®¦¥¨¥ ¯à®â¨¢®£® ¥ ¢¥à® ¨ âà¥¡ã¥¬®¥ ¢ª«îç¥¨¥
¤®ª § ®.

� áá¬®âà¨¬ â¥¯¥àì ä ªâ®à-£àã¯¯ã Ĝ = G/H £àã¯¯ë G ¯® ®à¬ «ì-
®© ¯®¤£àã¯¯¥ H. �¥à¥ç¨á«¨¬ ¤«ï ¤ «ì¥©è¥£® àï¤ (¢ ®á®¢®¬ å®à®è®
¨§¢¥áâëå) ä ªâ®¢, ª á îé¨åáï ���   ä ªâ®à-£àã¯¯¥.

�à¥¤«®¦¥¨¥ 2. 1. � ªâ®à-â®¯®«®£¨ï τ̂G, â. ¥. ®¡à § ��� τG ¯à¨
®â®¡à ¦¥¨¨ π : G −→ Ĝ, á®¢¯ ¤ ¥â á ��� τ

Ĝ
.

2. �¡à §®¬ ¯à¨ ¯à®¥ªâ¨à®¢ ¨¨ π ¤«ï § ¬ëª ¨ï ¯®¤£àã¯¯ë K, ¯à®-
¬¥¦ãâ®ç®© ¬¥¦¤ã H ¨ G, á«ã¦¨â § ¬ëª ¨¥ ¥¥ ®¡à §  π(K) = K/H 6
Ĝ :

clG(K)/H = cl
Ĝ

(K/H). (6)

3. �¯¯à®ªá¨¬ â®¬ ¤«ï ä ªâ®à-£àã¯¯ë Ĝ á«ã¦¨â

σ(Ĝ) = clG(H)/H. (7)

4. �®¤£àã¯¯  L 6 Ĝ ï¢«ï¥âáï § ¬ªãâ®© â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ¥¥ ¯à®®¡à § −1

π (L) § ¬ªãâ ¢ G.

5. �¨¨â ï  ¯¯à®ªá¨¬¨àã¥¬®áâì Ĝ à ¢®á¨«ì  § ¬ªãâ®áâ¨ H.
6. �¯¯à®ªá¨¬ â σ(G) ï¢«ï¥âáï  ¨¬¥ìè¥© ¨§ ®à¬ «ìëå ¯®¤-

£àã¯¯ ¢ G, ä ªâ®à-£àã¯¯ë ¯® ª®â®àë¬ ��.
�®ª § â¥«ìáâ¢®. �¥à¢®¥ ãâ¢¥à¦¤¥¨¥ ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â

¨§ â¥®à¥¬ë ® á®®â¢¥âáâ¢¨¨ ¯®¤£àã¯¯

N
Ĝ

= {HN/H : N ∈ NG}. (8)

�â®¡ë ¤®ª § âì ¢â®à®¥, ¤®áâ â®ç® § ¬¥â¨âì, çâ® π-®¡à § ¯¥à¥á¥-
ç¥¨ï á¥¬¥©áâ¢  π- áëé¥ëå ¯®¤¬®¦¥áâ¢ ¢ G à ¢¥ ¯¥à¥á¥ç¥¨î π-
®¡à §®¢ íâ¨å ¯®¤¬®¦¥áâ¢, ¨ ¯à®¢¥áâ¨ á«¥¤ãîéãî ¢ëª« ¤ªã, ¤®ª §ë¢ î-
éãî à ¢¥áâ¢® (6):

clG(K)/H = π(clG(K)) =
= π(∩{KN : N ∈ NG}) = ∩{π(KN) : N ∈ NG} =

= ∩{KN/H : N ∈ NG} = ∩{K/H ·NH/H : N ∈ NG} =
= ∩{π(K) · N̂ : N̂ ∈ N

Ĝ
} = cl

Ĝ
(π(K)) = cl

Ĝ
(K/H).

�à¥âì¥ ãâ¢¥à¦¤¥¨¥ ¯®«ãç ¥âáï ¨§ ¢â®à®£®, ¥á«¨ ¢ ¥¬ ¯®«®¦¨âì
K = H,   ç¥â¢¥àâ®¥ | ¥á«¨ ®¡®§ ç¨âì K/H = L. �ïâ®¥ ãâ¢¥à¦¤¥¨¥
¢ëâ¥ª ¥â ¨§ ç¥â¢¥àâ®£® ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® L = Ê (âà¨¢¨ «ì ï ¯®¤-
£àã¯¯  ¢ Ĝ), ¨ | ¢ á¢®î ®ç¥à¥¤ì | ¢«¥ç¥â è¥áâ®¥.

2. �®£®®¡à §¨ï £àã¯¯, ¢¥à¡ «ìë¥ ¨ ¬ à£¨ «ìë¥ ¯®¤-
£àã¯¯ë. �¡®§ ç¥¨ï ¤ ®£® ¯ãªâ  ¢ ®á®¢®¬ á®£« áãîâáï á ®¡®§ -
ç¥¨ï¬¨ ¢ ª« áá¨ç¥áª®© ¬®®£à ä¨¨ �. �¥©¬  [3].

�ãáâì W | í¤®¬®àä® ¤®¯ãáâ¨¬ ï ¯®¤£àã¯¯  ¢ á¢®¡®¤®© £àã¯¯¥
á® áç¥âë¬ ç¨á«®¬ ¯®à®¦¤ îé¨å F∞ = F (x1, x2, ...); W | á®®â¢¥â-
áâ¢ãîé¥¥ ¬®£®®¡à §¨¥ £àã¯¯. �® ¢áïª®© £àã¯¯¥ G ®¯à¥¤¥«¥  ¢¥à¡ «ì-
 ï ¯®¤£àã¯¯  W (G), ï¢«ïîé ïáï í¤®¬®àä® ¤®¯ãáâ¨¬®© ¨ á®áâ®ïé ï
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¨§ ¢á¥¢®§¬®¦ëå § ç¥¨©   í«¥¬¥â å £àã¯¯ë G ¯à®¨§¢®«ìëå á«®¢
w = w(x1, ..., xr) ∈ W. �«ï «î¡®£® ¯®¤¬®¦¥áâ¢  w ⊆ F∞ ®¯à¥¤¥«¥ ¢¥à-
¡ «ìë© ®¡à § wG ⊆ G (¯®¤¬®¦¥áâ¢® ¢á¥å § ç¥¨© ¢á¥å á«®¢ ¨§ w); ¥á«¨
¯®¤£àã¯¯  W £àã¯¯ë F∞ ï¢«ï¥âáï í¤®¬®àä® ¤®¯ãáâ¨¬ë¬ § ¬ëª ¨¥¬
¯®¤¬®¦¥áâ¢  w, â® W (G) á®¢¯ ¤ ¥â á £àã¯¯®¢®© ®¡®«®çª®© 〈wG〉 , ®¡®-
§ ç ¥¬®© â ª¦¥ w(G).

�®¬¨¬® ¢¥à¡ «ì®© ¯®¤£àã¯¯ë, ¤«ï ¯®¤¬®¦¥áâ¢  w ⊆ F∞ ®¯à¥-
¤¥«ï¥âáï (á¬. à ¡®âã �. �®««  [7]) ¬ à£¨ «ì ï ¯®¤£àã¯¯ , á®áâ®ï-
é ï ¨§ â ª¨å ¨ â®«ìª® â ª¨å í«¥¬¥â®¢ a ∈ G, çâ® ¤«ï «î¡®£® á«®¢ 
w = w(x1, ... , xr) ∈ w, ¤«ï «î¡ëå í«¥¬¥â®¢ g1, ..., gr ∈ G ¨ ¤«ï «î¡®£®
®¬¥à  k = 1, ..., r á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

w(g1, ..., gka, ..., gr) = w(g1, ..., gk, ..., gr). (9)

� à£¨ «ì ï ¯®¤£àã¯¯  w∗(G) ï¢«ï¥âáï  ¢â®¬®àä® ¤®¯ãáâ¨¬®©.
�®¦® ¤®ª § âì (á¬.,  ¯à¨¬¥à, [1]), çâ® w∗(G) = W ∗(G), £¤¥ W |
¯®¤£àã¯¯ , ï¢«ïîé ïáï í¤®¬®àä® ¤®¯ãáâ¨¬ë¬ § ¬ëª ¨¥¬ ¯®¤¬®¦¥-
áâ¢  w.

� á«¥¤ãîé¥¬ ¯à¥¤«®¦¥¨¨ á®¡à ë ¥ª®â®àë¥ á¢®©áâ¢  ¢¥à¡ «ìëå
¨ ¬ à£¨ «ìëå ¯®¤£àã¯¯, ¢ ®á®¢®¬ ¯®ç¥à¯ãâë¥ ¨§ [8].

�à¥¤«®¦¥¨¥ 3 (N. S. Hekster). �«ï ¯à®¨§¢®«ì®© £àã¯¯ë G, ¯à®-
¨§¢®«ì®© ®à¬ «ì®© ¯®¤£àã¯¯ë N E G ¨ ¯à®¨§¢®«ì®© í¤®¬®àä® ¤®-
¯ãáâ¨¬®© ¯®¤£àã¯¯ë W 6 F∞ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï:
(i) [ W (W ∗(G)) = E ] ∧ [ W ∗(G/W (G)) = G/W (G) ];
(ii) [ W (G) = E ] ⇐⇒ [ W ∗(G) = G ] ⇐⇒ [ G ∈ W ];
(iii) [ W (G/N) = W (G)N/N ] ∧ [ W ∗(G/N) ≥ W ∗(G)N/N ];
(iv) [ N ∩W (G) = E ] =⇒ [ N ≤ W ∗(G) ] ∧ [ W ∗(G/N) = W ∗(G)/N ];
(v) W ∗(G) ∩W (G) ≤ �(G), £¤¥ �(G) | ¯®¤£àã¯¯  �à ââ¨¨.

�®ª § â¥«ìáâ¢® á¬. ¢ [8].
�ãé¥áâ¢¥ãî à®«ì ¢ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥¨ï 3 ¨£à îâ í«¥-

¬¥âë ¢¨¤ 

µ(w; g1, ..., gr; k; a) =
= w(g1, ..., gka, ..., gr)(w(g1, ..., gk, ..., gr))−1, (10)

£¤¥ w = w(x1, ..., xr) ∈ W ; g1, ..., gr, a ∈ G; k = 1, ..., r. �¨ ®¡« ¤ îâ
á«¥¤ãîé¨¬ ¯à®áâë¬ á¢®©áâ¢®¬: ¥á«¨ í«¥¬¥â a ¯à¨ ¤«¥¦¨â ¥ª®â®à®©
®à¬ «ì®© ¯®¤£àã¯¯¥ N E G, â® (¤«ï «î¡®£® á«®¢  w, «î¡®£®  ¡®à 
g1, ..., gr ¨ «î¡®£® ®¬¥à  k) á®®â¢¥âáâ¢ãîé¨© í«¥¬¥â ¢¨¤  (10) â ª¦¥
¯à¨ ¤«¥¦¨â N.

� ¬¥ç ¨¥ 1. �à¨ ãá«®¢¨¨, çâ® í«¥¬¥â a ¯à®¡¥£ ¥â ¢áî ®à¬ «ìãî
¯®¤£àã¯¯ã N ¨ çâ® á«®¢® w ¨ ¢ë¡¨à ¥¬ë¥ ¨§ G í«¥¬¥âë g1, ..., gr â ª¦¥
¯à®¨§¢®«ìë, í«¥¬¥âë ¢¨¤  (10) ¯®à®¦¤ îâ ¥ª®â®àãî (®à¬ «ìãî ¢
G) ¯®¤£àã¯¯ã ¢ N ; ¢¢¥¤¥¬ ¤«ï ¥¥ ®¡®§ ç¥¨¥ MW (N, G). (� [8] ¨ ¢ àï¤¥
¯®á«¥¤ãîé¨å à ¡®â ¨á¯®«ì§®¢ «®áì ¤àã£®¥ ®¡®§ ç¥¨¥: [ NW ∗G ].) �ç¥-
¢¨¤®, çâ® ¯®¤£àã¯¯  MW (N, G) âà¨¢¨ «ì  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,
ª®£¤  N á®¤¥à¦¨âáï ¢ ¬ à£¨ «ì®© ¯®¤£àã¯¯¥ W ∗(G). �à®¬¥ â®£® (á¬.
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[8]), MW (N,G) á®¤¥à¦¨â ¢¥à¡ «ìãî ¯®¤£àã¯¯ã W (N) ¨ á®¤¥à¦¨âáï ¢
¢¥à¡ «ì®© ¯®¤£àã¯¯¥ W (G).

3. �¥à¡ «ì® ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ë¥ £àã¯¯ë. � ä¨ªá¨-
àã¥¬ ¬®£®®¡à §¨¥ £àã¯¯ W ¨ ¢¢¥¤¥¬ á«¥¤ãîé¥¥

�¯à¥¤¥«¥¨¥ 1. �àã¯¯  G  §ë¢ ¥âáï ¢¥à¡ «ì® ä¨¨â®  ¯¯à®ª-
á¨¬¨àã¥¬®© (���), ¨«¨, â®ç¥¥, W-ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬®© (W-��),
¥á«¨ ¤«ï «î¡®£® á«®¢  w = w(x1, ... , xr) ∈ W ¨§ ä ªâ   àãè¥¨ï
â®¦¤¥áâ¢  w = 1 ¢ £àã¯¯¥ G (â. ¥. ¨§ áãé¥áâ¢®¢ ¨ï â ª¨å í«¥¬¥â®¢
g1, ... , gr ∈ G, çâ® w(g1, ... , gr) 6= 1) ¢ëâ¥ª ¥â  àãè¥¨¥ íâ®£® â®¦¤¥áâ¢ 
¤«ï ®¡à §®¢ ãª § ëå í«¥¬¥â®¢ ¢ ¥ª®â®à®¬ ª®¥ç®¬ £®¬®¬®àä®¬ ®¡-
à §¥ £àã¯¯ë G (â. ¥. áãé¥áâ¢®¢ ¨¥ â ª®© ®à¬ «ì®© ¯®¤£àã¯¯ë N ∈ NG,
çâ® w(g1N, ... , grN) 6= N ¢ ä ªâ®à-£àã¯¯¥ G/N).

�¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï ¢ë¢®¤¨âáï
�¥®à¥¬  1. �«¥¤ãîé¨¥ âà¨ ãâ¢¥à¦¤¥¨ï à ¢®á¨«ìë:
(a) £àã¯¯  G ï¢«ï¥âáï W-��;
(b) ¯¥à¥á¥ç¥¨¥ ¢¥à¡ «ì®© ¯®¤£àã¯¯ë W (G) á  ¯¯à®ªá¨¬ â®¬

σ(G) âà¨¢¨ «ì®:
W (G) ∩ σ(G) = E; (11)

(c) ¯®¤£àã¯¯  W (G) å ãá¤®àä®¢  ¢ ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¨
τG
W (G).

�®ª § â¥«ìáâ¢®. � ¡®à ¬ g1, ..., gr ∈ G,  àãè îé¨¬ â®¦¤¥áâ¢®

w(x1, ..., xr) = 1, w ∈ W,

®â¢¥ç îâ ¥âà¨¢¨ «ìë¥ í«¥¬¥âë ¢¥à¡ «ì®© ¯®¤£àã¯¯ë

w(g1, ..., gr) ∈ W (G) \ {1}.

� ¤àã£®© áâ®à®ë,  ¯¯à®ªá¨¬ â σ(G) á®áâ®¨â ¨§ â¥å ¨ â®«ìª® â¥å
í«¥¬¥â®¢, ª®â®àë¥ ®â®¡à ¦ îâáï ¢ ¥¤¨¨æã ¯à¨ ¯à®¥ªâ¨à®¢ ¨¨   «î-
¡®© ª®¥çë© ä ªâ®à G/N (N ∈ NG). �§ íâ®£® ¥¬¥¤«¥® ãá¬ âà¨¢ ¥âáï
à ¢®á¨«ì®áâì ãâ¢¥à¦¤¥¨© (a) ¨ (b).

� «¥¥, ®ç¥¢¨¤®, çâ® «¥¢ ï ç áâì ä®à¬ã«ë (11) ¬®¦¥â ¡ëâì ¯¥à¥¯¨-
á   ª ª ¯¥à¥á¥ç¥¨¥ ¯¥à¥á¥ç¥¨© ¢á¥å ¯®¤£àã¯¯ N ∈ NG á ä¨ªá¨à®¢ ®©
¯®¤£àã¯¯®© W (G); â ª ¯®«ãç ¥âáï à ¢¥áâ¢®

∩{N ∩W (G) : N ∈ NG} = E, (12)

¢ëà ¦ îé¥¥ ä ªâ âà¨¢¨ «ì®áâ¨ ¯¥à¥á¥ç¥¨ï ¡ §¨áëå ®ªà¥áâ®áâ¥©
¥¤¨¨æë ¢ ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¨ τG

W (G), ª®â®àë©, ¢ á¢®î ®ç¥à¥¤ì,
à ¢®á¨«¥ ãâ¢¥à¦¤¥¨î (c).

� ¬¥ç ¨¥ 2. �§ â¥®à¥¬ë 1 ¥¬¥¤«¥® ¢ëâ¥ª îâ á«¥¤ãîé¨¥ ¯à®-
áâë¥ ãâ¢¥à¦¤¥¨ï:

| âà¨¢¨ «ìë¬ ®¡à §®¬ ï¢«ïîâáï W-ä¨¨â®  ¯¯à®ªá¨¬¨àã¥-
¬ë¬¨ £àã¯¯ë, ä¨¨â®  ¯¯à®ªá¨¬¨àã¥¬ë¥ (¢ ®¡ëç®¬ á¬ëá«¥),   â ª¦¥
£àã¯¯ë, ¯à¨ ¤«¥¦ é¨¥ ¬®£®®¡à §¨î W;

| «î¡ ï ¯®¤£àã¯¯  W-�� £àã¯¯ë á ¬  ï¢«ï¥âáï â ª®¢®©;
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| ¥á«¨ £àã¯¯  G ï¢«ï¥âáï W-��, â® ¢¥à¡ «ì ï ¯®¤£àã¯¯  W (G)
ï¢«ï¥âáï �� (¢ ®¡ëç®¬ á¬ëá«¥, ¯®áª®«ìªã â®¯®«®£¨ï τW (G) ¥ á« ¡¥¥
τG
W (G));

| ¥á«¨ ¦¥ ¯®¤£àã¯¯  W (G) ä¨¨â® ¨¤ãæ¨àã¥¬ , â® ¥¥ ä¨¨â ï
 ¯¯à®ªá¨¬¨àã¥¬®áâì à ¢®á¨«ì  ¢¥à¡ «ì®© ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥-
¬®áâ¨ ®¡ê¥¬«îé¥© £àã¯¯ë G;

| ¢áïª ï W-�� £àã¯¯  ï¢«ï¥âáï à áè¨à¥¨¥¬ �� £àã¯¯ë á ¯®¬®-
éìî £àã¯¯ë, ¯à¨ ¤«¥¦ é¥© W;

| à áè¨à¥¨¥ W-�� £àã¯¯ë á ¯®¬®éìî ª®¥ç®© £àã¯¯ë, ¯à¨-
 ¤«¥¦ é¥© ¬®£®®¡à §¨î W, á ¬® ï¢«ï¥âáï W-�� £àã¯¯®© (¯à¨ â ª®¬
à áè¨à¥¨¨ ¥ ¬¥ïîâáï ¨  ¯¯à®ªá¨¬ â, ¨ W-¢¥à¡ «ì ï ¯®¤£àã¯¯ ).

4. �¥à¡ «ì® ä¨¨â® ®â¤¥«¨¬ë¥ ¯®¤£àã¯¯ë. � ãá«®¢¨ïå
¯à¥¤ë¤ãé¥£® ¯ãªâ  ¥áâ¥áâ¢¥ë¬ ï¢«ï¥âáï á«¥¤ãîé¥¥

�¯à¥¤¥«¥¨¥ 2. �®¤£àã¯¯  H 6 G  §ë¢ ¥âáï ¢¥à¡ «ì® ä¨¨â®
®â¤¥«¨¬®© (���), ¨«¨, â®ç¥¥, W-ä¨¨â® ®â¤¥«¨¬®© (W-��), ¥á«¨ ¤«ï
«î¡®£® í«¥¬¥â  x ¢¥à¡ «ì®© ¯®¤£àã¯¯ë W (G), ¥ ¯à¨ ¤«¥¦ é¥£® ¯®¤-
£àã¯¯¥ H,  ©¤¥âáï ®à¬ «ì ï ¯®¤£àã¯¯  ª®¥ç®£® ¨¤¥ªá  N ∈ NG

â ª ï, çâ® x 6∈ HN (¨«¨, çâ® à ¢®á¨«ì®, ®¡à § xN í«¥¬¥â  x ¥ ¯à¨-
 ¤«¥¦¨â ®¡à §ã HN/N ¯®¤£àã¯¯ë H ¢ ª®¥ç®¬ ä ªâ®à¥ G/N).

�§ ®¯à¥¤¥«¥¨ï 2 ¥¬¥¤«¥® ¢ë¢®¤¨âáï
�¥®à¥¬  2. �«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥¨ï à ¢®á¨«ìë:
(d) ¯®¤£àã¯¯  H 6 G ï¢«ï¥âáï W-��;
(e) ¯®¤£àã¯¯  H § ¬ªãâ  ¢ ¯®¤£àã¯¯¥ W (G)H ¢ á¬ëá«¥ ¨¤ãæ¨à®-

¢ ®© â®¯®«®£¨¨ τG
W (G)H , â. ¥.

cl G
W (G)H(H) = H. (13)

�à¨ ¤®¯®«¨â¥«ì®¬ ¯à¥¤¯®«®¦¥¨¨ ®à¬ «ì®áâ¨ ¯®¤£àã¯¯ë H
ª ¦¤®¬ã ¨§ ãâ¢¥à¦¤¥¨© (d) | (e) à ¢®á¨«ì® ãâ¢¥à¦¤¥¨¥

(f) ä ªâ®à-£àã¯¯  G/H ï¢«ï¥âáï W-��.
�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ (d) ¬®¦® ¯¥à¥áª § âì á«¥¤ãîé¨¬

®¡à §®¬: ¤«ï «î¡®£® í«¥¬¥â  x ∈ W (G) á¯à ¢¥¤«¨¢  ¨¬¯«¨ª æ¨ï

[ x 6∈ H ] =⇒ [ x 6∈ ∩{HN : N ∈ NG} ],

¨«¨, çâ® à ¢®á¨«ì® ¨ ãç¨âë¢ ¥â ä®à¬ã«ã (1) ¤«ï § ¬ëª ¨ï:

(∀x ∈ W (G) ) ( [ x ∈ clG(H) ] =⇒ [ x ∈ H ] ).

� ª ¯®«ãç ¥âáï ¢ª«îç¥¨¥

clG(H) ∩W (G) ⊆ H, (14)

ª®â®à®¥ ¬®¦® ¬®¤¨ä¨æ¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:

clG(H) ∩W (G)H ⊆ H. (15)

(� á ¬®¬ ¤¥«¥, ¥á«¨ x ¯à¨ ¤«¥¦¨â «¥¢®© ç áâ¨ (15), â. ¥., ¢ ç áâ-
®áâ¨, ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ x = yh, £¤¥ y ∈ W (G) ¨ h ∈ H, â®
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y = xh−1 ∈ clG(H) ¨, á«¥¤®¢ â¥«ì®, ¢ á¨«ã (14), y ∈ H,   § ç¨â, ¨
x ∈ H, çâ® ¨ ¤®ª §ë¢ ¥â ¢ª«îç¥¨¥ (15).)

� «¥¥ § ¬¥ç ¥¬, çâ®, á®£« á® ä®à¬ã«¥ (3), «¥¢ ï ç áâì (15) ¥áâì
¥ çâ® ¨®¥, ª ª § ¬ëª ¨¥ cl G

W (G)H(H). �à®¬¥ â®£®, íâ® ¢ª«îç¥¨¥  
á ¬®¬ ¤¥«¥ ï¢«ï¥âáï à ¢¥áâ¢®¬ (¯®áª®«ìªã ®¡à â®¥ ¢ª«îç¥¨¥ ¢ë¯®«-
ï¥âáï  ¢â®¬ â¨ç¥áª¨):

clG(H) ∩W (G)H = H. (16)

� ª ¬ë ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã (13), â. ¥. ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨
¨¬¯«¨ª æ¨¨ (d)⇒(e).

�®ª § â¥«ìáâ¢® ®¡à â®© ¨¬¯«¨ª æ¨¨ ®ç¥¢¨¤®, ¯®áª®«ìªã «¥¢ ï
ç áâì (14) ¥ è¨à¥ «¥¢®© ç áâ¨ (15), â ª çâ® ¢ª«îç¥¨¥ (15) ¢«¥ç¥â (14).

�®ª ¦¥¬ â¥¯¥àì, çâ® (e)⇔(f). � á¨«ã â¥®à¥¬ë ® á®®â¢¥âáâ¢¨¨ ¯®¤-
£àã¯¯ à ¢¥áâ¢ã (16) ¬®¦® ¯à¨¤ âì á«¥¤ãîé¨© ¢¨¤:

clG(H)/H ∩ W (G)H/H = Ê, (17)

£¤¥ Ê | âà¨¢¨ «ì ï ¯®¤£àã¯¯  ¢ Ĝ = G/H. �® ¢ «¥¢®© ç áâ¨ (17) ¬ë
¬®¦¥¬ ®¯®§ âì ¯¥à¥á¥ç¥¨¥  ¯¯à®ªá¨¬ â  ¨ ¢¥à¡ «ì®© ¯®¤£àã¯¯ë ¤«ï
Ĝ (á¬. ä®à¬ã«ã (7) ¨ á¢®©áâ¢® (iii) ¨§ ¯à¥¤«®¦¥¨ï 3):

σ(G/H) ∩W (G/H) = Ê. (18)

�  ª®¥æ, á®®â®è¥¨¥ (18) ï¢«ï¥âáï, ¯® â¥®à¥¬¥ 1, ªà¨â¥à¨¥¬ ���
¤«ï £àã¯¯ë G/H.

� ¬¥ç ¨¥ 3. �§ â¥®à¥¬ë 2 ¢ëâ¥ª îâ á«¥¤ãîé¨¥ ¯à®áâë¥ ãâ¢¥à¦¤¥-
¨ï:

| âà¨¢¨ «ì ï ¯®¤£àã¯¯  E 6 G ï¢«ï¥âáï W-�� â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  £àã¯¯  G ï¢«ï¥âáï W-�� (¢ á ¬®¬ ¤¥«¥, ªà¨â¥à¨© (13) W-
ä¨¨â®© ®â¤¥«¨¬®áâ¨ ¤«ï ¯®¤£àã¯¯ë ¢ ¤ ®¬ á«ãç ¥ ¯à¨®¡à¥â ¥â ¢¨¤
cl G

W (G)(E) = E, ¨«¨ cl G(E) ∩W (G) = E, çâ®, á ãç¥â®¬ ä®à¬ã«ë (2) ¤«ï
 ¯¯à®ªá¨¬ â , á®¢¯ ¤ ¥â á ªà¨â¥à¨¥¬ (12) W-ä¨¨â®©  ¯¯à®ªá¨¬¨àã-
¥¬®áâ¨ ¤«ï £àã¯¯ë G);

| ¯®¤£àã¯¯ , �� ¢ ®¡ëç®¬ á¬ëá«¥, ï¢«ï¥âáï W-�� (¯à®áâ®, ¯®
®¯à¥¤¥«¥¨î ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¨, «î¡®¥ § ¬ªãâ®¥ ¯®¤¬®¦¥áâ¢®
®áâ ¢«ï¥â § ¬ªãâë© á«¥¤ ¢ «î¡®¬ ¯®¤¯à®áâà áâ¢¥).

5. �¢ï§ì ¬ à£¨ «ìëå ¯®¤£àã¯¯ á ¢¥à¡ «ì®- ¯¯à®ªá¨¬ -
æ¨®ë¬¨ á¢®©áâ¢ ¬¨. � à£¨ «ì ï ¯®¤£àã¯¯  W ∗(G), ¡ã¤ãç¨ ®¡ê-
¥ªâ®¬, ¤¢®©áâ¢¥ë¬ ¢¥à¡ «ì®© ¯®¤£àã¯¯¥ W (G), ¥áâ¥áâ¢¥ë¬ ®¡à -
§®¬ á¢ï§   á® á¢®©áâ¢®¬ ���. � ¬ë¬ ¯à®áâë¬ ¨ áãé¥áâ¢¥ë¬ ä ªâ®¬
§¤¥áì ï¢«ï¥âáï á«¥¤ãîé ï

�¥®à¥¬  3. 1. �¯¯à®ªá¨¬ â W-�� £àã¯¯ë G á®¤¥à¦¨âáï ¢ ¬ à£¨-
 «ì®© ¯®¤£àã¯¯¥ W ∗(G):

σ(G) 6 W ∗(G). (19)

2. �á«¨ ¤«ï £àã¯¯ë G ¢ë¯®«¥® ãá«®¢¨¥ (19) ¨, ªà®¬¥ â®£®, ¢¥à-
¡ «ì ï ¨ ¬ à£¨ «ì ï ¯®¤£àã¯¯ë ¨¬¥îâ âà¨¢¨ «ì®¥ ¯¥à¥á¥ç¥¨¥:

W (G) ∩W ∗(G) = E, (20)
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â® £àã¯¯  G ï¢«ï¥âáï W-��.
�®ª § â¥«ìáâ¢®. 1. �ãáâì £àã¯¯  G ï¢«ï¥âáï W-��. �®§ì¬¥¬

¯à®¨§¢®«ìë© í«¥¬¥â ¨§  ¯¯à®ªá¨¬ â , a ∈ σ(G), ¨ ¤®ª ¦¥¬, çâ®
a ∈ W ∗(G). �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â. ¥. ¯à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ
á«®¢® w = w(x1, ..., xr) ∈ W , í«¥¬¥âë g1, ..., gr ∈ G ¨ ®¬¥à k = 1, ..., r
â ª¨¥, çâ®

w(g1, ..., gka, ..., gr) 6= w(g1, ..., gk, ..., gr), (21)

¨ à áá¬®âà¨¬ á«¥¤ãîé¨© (®â«¨çë© ®â 1) í«¥¬¥â ¢¨¤  (10):

b = w(g1, ..., gka, ..., gr)(w(g1, ..., gk, ..., gr))−1 ∈ W (G). (22)

�®£« á® ªà¨â¥à¨î ��� (â¥®à¥¬  1, ä®à¬ã«  (11)), b 6∈ σ(G).
�¤ ª®, á ¤àã£®© áâ®à®ë, ¢ á¨«ã á¢®©áâ¢  í«¥¬¥â®¢ ¢¨¤  (10), í«¥-

¬¥â (22) ¤®«¦¥ ¯à¨ ¤«¥¦ âì σ(G). �à®â¨¢®à¥ç¨¥.
2. �®ª § â¥«ìáâ¢® ¢â®à®£® ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë á®¢¥àè¥® ®ç¥-

¢¨¤® ¢ á¨«ã ªà¨â¥à¨ï (11).

� á«¥¤ãîé¥© â¥®à¥¬¥ ¡ã¤¥â ä¨£ãà¨à®¢ âì ¤àã£®¥ ¥®¡å®¤¨¬®¥ ãá«®-
¢¨¥ ¤«ï ���, ª®â®à®¥ â ª¦¥ áâ ®¢¨âáï ¤®áâ â®çë¬, ¥á«¨ ª ¥¬ã ¤®¡ -
¢¨âì ¯à¥¤¯®«®¦¥¨¥ (20).

�¥®à¥¬  4. 1. �á«¨ £àã¯¯  G ï¢«ï¥âáï W-��, â® ¬ à£¨ «ì ï
¯®¤£àã¯¯  W ∗(G) ï¢«ï¥âáï ��.

2. �á«¨ ¯®¤£àã¯¯  W ∗(G) �� ¨ ¢ë¯®«¥® ãá«®¢¨¥ (20), â® £àã¯¯  G
ï¢«ï¥âáï W-��.

�®ª § â¥«ìáâ¢®. 1. �ãáâì £àã¯¯  G ï¢«ï¥âáï W-��. �®ª ¦¥¬, çâ®
¬ à£¨ «ì ï ¯®¤£àã¯¯  W ∗(G) ï¢«ï¥âáï �� (¢ ®¡ëç®¬ á¬ëá«¥, â. ¥. § -
¬ªãâ  ¢ â®¯®«®£¨¨ ª®¥çëå ¨¤¥ªá®¢ τG). �â®â ä ªâ ¬®¦® ¢ëà §¨âì
á«¥¤ãîé¨¬ ¢ª«îç¥¨¥¬ (¢áâà¥ç®¥ ¢ª«îç¥¨¥ ¢ë¯®«ï¥âáï  ¢â®¬ â¨ç¥-
áª¨):

clG(W ∗(G)) ⊆ W ∗(G). (23)

�à¥¤¯®«®¦¨¬, çâ® í«¥¬¥â a 6∈ W ∗(G). � ááã¦¤ ï â ª ¦¥, ª ª ¨
¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤ë¤ãé¥© â¥®à¥¬ë, ¬ë à áá¬®âà¨¬ ¥âà¨¢¨ «ìë©
í«¥¬¥â b ∈ W (G) ¢¨¤  (22), ª®â®àë© ¥ ¯à¨ ¤«¥¦¨â  ¯¯à®ªá¨¬ âã: b 6∈
σ(G), ¨, á«¥¤®¢ â¥«ì®,  ©¤¥âáï ¥ á®¤¥à¦ é ï b ®à¬ «ì ï ¯®¤£àã¯¯ 
N0 ∈ NG.

�¡¥¤¨¬áï ¢ â®¬, çâ® â®£¤  í«¥¬¥â a 6∈ W ∗(G)N0 = N0W ∗(G). �à¥¤-
¯®«®¦¨¢ ¯à®â¨¢®¥, ¬ë ¡ã¤¥¬ ¨¬¥âì ¯à¥¤áâ ¢«¥¨¥ a = nc, £¤¥ c ∈ W ∗(G),
n ∈ N0.

�® ®¯à¥¤¥«¥¨î ¬ à£¨ «ì®© ¯®¤£àã¯¯ë ¤«ï í«¥¬¥â  c ¬ë ¯®«ã-
ç¨¬ á®®â®è¥¨¥

w(g1, ..., gkc, ..., gr) = w(g1, ..., gk, ..., gr), (24)

á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®£® á«®¢  w ∈ W , «î¡ëå í«¥¬¥â®¢ g1, ... , gr ∈ G ¨
«î¡®£® ®¬¥à  k = 1, ..., r.

�¥à¥¬áï â¥¯¥àì ª í«¥¬¥âã b, § ¤ ®¬ã ä®à¬ã«®© (22). � ãç¥â®¬
(24) ¥£® ¢ëà ¦¥¨¥ (¢ ª®â®à®¬ ã¯®¬ïãâë¥ ¢ëè¥ á«®¢®, í«¥¬¥âë ¨ ®¬¥à
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¡ã¤ãâ â¥¯¥àì ä¨ªá¨à®¢ ë¬¨: â¥¬¨, ª®â®àë¥ ãç áâ¢®¢ «¨ ¢ ¯®áâà®¥¨¨
b) ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ® á«¥¤ãîé¨¬ ®¡à §®¬:

b = w(g1, ..., gka, ..., gr)(w(g1, ..., gk, ..., gr))−1 =
= w(g1, ..., gknc, ..., gr)(w(g1, ..., gk, ..., gr))−1 =

= w(g1, ..., gkn, ... , gr)(w(g1, ..., gk, ..., gr))−1.

�®á«¥¤¥¥ ¢ëà ¦¥¨¥ ¤«ï b ¯®§¢®«ï¥â (á®¢  á ¯®¬®éìî á¢®©áâ¢ 
í«¥¬¥â®¢ ¢¨¤  (10)) á¤¥« âì ¢ë¢®¤: b ∈ N0. �à®â¨¢®à¥ç¨¥.

�â ª, ¤®ª § ®, çâ® í«¥¬¥â a ¥ ¯à¨ ¤«¥¦¨â ¯à®¨§¢¥¤¥¨î
W ∗(G)N0. � ç¨â, a ¥ ¯à¨ ¤«¥¦¨â ¯¥à¥á¥ç¥¨î ¢á¥å ¯à®¨§¢¥¤¥¨© ¢¨¤ 
W ∗(G)N, N ∈ NG (â. ¥. ¥ ¯à¨ ¤«¥¦¨â § ¬ëª ¨î ¯®¤£àã¯¯ë W (G); á¬.
ä®à¬ã«ã (1)):

a 6∈ ∩{W ∗(G)N : N ∈ NG} = clG(W ∗(G)).

�¥¬ á ¬ë¬ ¢ª«îç¥¨¥ (23) ¤®ª § ®.
2. �â®à®¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ãáâ  ¢«¨¢ ¥âáï á®¢á¥¬ ¯à®áâ®: § -

¬ªãâ®áâì ¯®¤£àã¯¯ë W ∗(G) E G ¢«¥ç¥â â®â ä ªâ, çâ®  ¯¯à®ªá¨¬ â
σ(G), ¡ã¤ãç¨  ¨¬¥ìè¥© § ¬ªãâ®© ¯®¤£àã¯¯®© ¢ G, á®¤¥à¦¨âáï ¢
W ∗(G), çâ®, á ãç¥â®¬ ¯à¥¤¯®«®¦¥¨ï (20), ¢«¥ç¥â (¢ á¨«ã â¥®à¥¬ë 3) ¢¥à-
¡ «ìãî ä¨¨âãî  ¯¯à®ªá¨¬¨àã¥¬®áâì £àã¯¯ë G.

6. �«ãç © ¬®£®®¡à §¨ï  ¡¥«¥¢ëå £àã¯¯. � áá¬®âà¨¬ ¢ ª ç¥-
áâ¢¥ ¯à¨¬¥à  ¬®£®®¡à §¨¥  ¡¥«¥¢ëå £àã¯¯ W = Ab, ®â¢¥ç îé¥¥ ¯®¤-
£àã¯¯¥ â®¦¤¥áâ¢ W = F ′∞ | ª®¬¬ãâ âã á¢®¡®¤®© £àã¯¯ë á® áç¥âë¬
¬®¦¥áâ¢®¬ ¯®à®¦¤ îé¨å. � ª å®à®è® ¨§¢¥áâ®, ¢¥à¡ «ì®© ¯®¤£àã¯¯®©
¢ £àã¯¯¥ G á«ã¦¨â ¢ ¤ ®¬ á«ãç ¥ ª®¬¬ãâ â: W (G) = G′,   ¬ à£¨ «ì-
®© ¯®¤£àã¯¯®© | æ¥âà: W ∗(G) = ZG.

�®ªà¥â¨§ æ¨ï ®¯à¥¤¥«¥¨ï 1 ¤ ¥â á«¥¤ãîé¥¥: £àã¯¯  G ï¢«ï¥âáï
Ab-��, ¥á«¨ ¨§  àãè¥¨ï (  ¥ª®â®àëå í«¥¬¥â å G) ¥ª®â®à®£® ª®¬-
¬ãâ â®à®£® â®¦¤¥áâ¢  ¢áïª¨© à § ¢ëâ¥ª ¥â  àãè¥¨¥ íâ®£® â®¦¤¥áâ¢ 
¤«ï ®¡à §®¢ íâ¨å í«¥¬¥â®¢ ¢ ¥ª®â®à®¬ ª®¥ç®¬ £®¬®¬®àä®¬ ®¡à §¥
£àã¯¯ë G.

�¥à¥áª ¦¥¬ ¢ ®¯¨á ®© á¨âã æ¨¨ á®¤¥à¦ ¨¥ â¥®à¥¬ 1, 3 ¨ 4.
�à¥¤«®¦¥¨¥ 4. 1. �àã¯¯  ï¢«ï¥âáï Ab-�� â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤  ¥¥  ¯¯à®ªá¨¬ â ¨¬¥¥â âà¨¢¨ «ì®¥ ¯¥à¥á¥ç¥¨¥ á ª®¬¬ãâ -
â®¬.

2. �¯¯à®ªá¨¬ â Ab-�� £àã¯¯ë á®¤¥à¦¨âáï ¢ ¥¥ æ¥âà¥. � ®¡-
à âãî áâ®à®ã: ¥á«¨ æ¥âà ¨¬¥¥â âà¨¢¨ «ì®¥ ¯¥à¥á¥ç¥¨¥ á ª®¬¬ã-
â â®¬, â® ¨§ â®£® ä ªâ , çâ®  ¯¯à®ªá¨¬ â á®¤¥à¦¨âáï ¢ æ¥âà¥,
¢ëâ¥ª ¥â, çâ® £àã¯¯  ï¢«ï¥âáï Ab-��.

3. �¥âà Ab-�� £àã¯¯ë ï¢«ï¥âáï ��. � ®¡à âãî áâ®à®ã: ¥á«¨
æ¥âà �� ¨ ¨¬¥¥â âà¨¢¨ «ì®¥ ¯¥à¥á¥ç¥¨¥ á ª®¬¬ãâ â®¬, â® £àã¯¯ 
ï¢«ï¥âáï Ab-��.

�à¨¬¥à. �§ ¯®«ãç¥®£® ¢ [1] ®¯¨á ¨ï  ¯¯à®ªá¨¬ â  ¤«ï £àã¯¯
� ã¬á« £  | �®«¨âíà  ¢ëâ¥ª ¥â, çâ® ¨ ®¤  ¨§ ¨å, ¥ ï¢«ïîé ïáï
�� (¢ ®¡ëç®¬ á¬ëá«¥), ¥ ï¢«ï¥âáï ¨ Ab-��. �à¨ç¨  íâ®£® á®áâ®¨â
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¢ â®¬, çâ®  ¯¯à®ªá¨¬ â (¢ á«ãç ¥ á¢®¥© ¥âà¨¢¨ «ì®áâ¨) ¯®à®¦¤ ¥âáï
¥ª®â®àë¬ áç¥âë¬ á¥¬¥©áâ¢®¬ ª®¬¬ãâ â®à®¢; â ª çâ®  ¯¯à®ªá¨¬ â ¨
ª®¬¬ãâ â § ¢¥¤®¬® ¨¬¥îâ ¥âà¨¢¨ «ì®¥ ¯¥à¥á¥ç¥¨¥.

7. � ª«îç¨â¥«ìë¥ § ¬¥ç ¨ï, ¯à®¡«¥¬ë. 1. �¢â®àã ¥ ã¤ -
«®áì ¢ëïá¨âì, á«¥¤ã¥â «¨ ¢¥à¡ «ì ï ä¨¨â ï  ¯¯à®ªá¨¬¨àã¥¬®áâì ®â-
®á¨â¥«ì® ¥ª®â®à®£® ¬®£®®¡à §¨ï W ¨§ (  «®£¨ç® ®¯à¥¤¥«ï¥¬®©)
ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ®â®á¨â¥«ì® ¥ª®â®à®£® ¬®¦¥áâ¢  á«®¢
(í¤®¬®àä® ¤®¯ãáâ¨¬ë¬ § ¬ëª ¨¥¬ ª®â®à®£® ï¢«ï¥âáï £àã¯¯  W ).

2. � ç áâ®áâ¨, ¤«ï á«ãç ï ¬®£®®¡à §¨ï Ab ¯à¥¤áâ ¢«ï¥âáï ¨â¥-
à¥áë¬ ¢®¯à®á, ¢ëâ¥ª ¥â «¨ Ab-�� ¨§ ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨
®â®á¨â¥«ì® (¥¤¨áâ¢¥®£®) â®¦¤¥áâ¢  [x1, x2] = 1.

�®á«¥¤¨© ¢¨¤  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ¤®¯ãáª ¥â á«¥¤ãîé¥¥ ¯à®áâ®¥
®¯¨á ¨¥: ¨§  «¨ç¨ï ¢ £àã¯¯¥ ¥ª®¬¬ãâ¨àãîé¨å í«¥¬¥â®¢ ¢ëâ¥ª ¥â,
çâ® ®¡à §ë íâ¨å í«¥¬¥â®¢ ¢ ¥ª®â®à®¬ ª®¥ç®¬ ä ªâ®à¥ â ª¦¥ ¥ ª®¬-
¬ãâ¨àãîâ. �®¦®  §¢ âì íâ® á¢®©áâ¢® ä¨¨â®©  ¯¯à®ªá¨¬¨àã¥¬®áâìî
®â®á¨â¥«ì® ª®¬¬ãâ¨à®¢ ¨ï í«¥¬¥â®¢. �® à ¢®á¨«ì® â®¬ã, çâ®
 ¯¯à®ªá¨¬ â ¥ á®¤¥à¦¨â ¥âà¨¢¨ «ìëå ª®¬¬ãâ â®à®¢.
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