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Abstract. Let E be the HNN-extension of a group B with subgroups H and K as-
sociated by an isomorphism ¢: H — K. Suppose that H and K are normal in B and
(H N K)p = HN K. Under these assumptions, we prove necessary and sufficient con-
ditions for E to be residually a €-group, where € is a class of groups closed under taking
subgroups, quotient groups, and unrestricted wreath products. Among other things, these
conditions give new facts on the residual finiteness and the residual p-finiteness of the
group E.

1 Introduction

Let € be a class of groups. Following [17], we say that a group X is residually
a €-group if any of its non-trivial elements is mapped to a non-trivial element by
a suitable homomorphism of X onto a €-group (i.e., a group from the class €).
Recall that if € is the class of all finite groups (or all solvable groups, or finite
p-groups, where p is a prime), then a residually €-group is also referred to as
a residually finite (respectively, residually solvable, residually p-finite) group. We
therefore use the term “residual €-ness” along with the well-known notions of
residual finiteness, residual p-finiteness, and residual solvability. Let us clarify
that the residual €-ness of a group X is the same as the property of X being
residually a €-group. In Section 1, for brevity, this term will also assume that € is
a root class of groups.

According to [6,16], a class of groups € is called a roof class if it contains non-
trivial groups, is closed under taking subgroups, and satisfies any of the following
conditions, the equivalence of which is proved in [36]:

(1) for every group X and for every subnormal series 1 < Z <Y < X whose
factors X/Y and Y /Z belong to €, there exists a normal subgroup 7 of X
such that X/T € € and T < Z (Gruenberg’s condition);
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(2) the class € is closed under taking unrestricted wreath products;

(3) the class € is closed under taking extensions and, together with any two groups
X and Y, contains the unrestricted direct product [ ],y Xy, where Xy is an
isomorphic copy of X foreach y € Y.

Examples of root classes are the classes of all finite groups, finite p-groups (where
p is a prime), periodic L-groups of finite exponent (where 3 is a non-empty set
of primes), solvable groups, and torsion-free groups. It is also easy to see that
the intersection of a family of root classes is again a root class if it contains a non-
trivial group. The use of the concept of a root class turned out to be very productive
in studying the residual properties of free constructions of groups: free and tree
products, HNN-extensions, fundamental groups of graphs of group, etc. Clearly,
it enables us to prove several statements at once instead of just one. But more
importantly, the facts about residual €-ness, where € is an arbitrary root class
of groups, and the methods for finding them are well compatible with each other.
This allows one to easily move from one free construction to another and quickly
complicate the groups under consideration (see, e.g., [37,38,45,46,48,50,55]).

When studying the residual €-ness of a group-theoretic construction, the main
question is whether the construction inherits this property from the groups that
compose it. As a rule, this question can only be answered by imposing various
restrictions on the above-mentioned groups and their subgroups. The goal of this
paper is to find necessary and sufficient conditions for the residual €-ness of an
HNN-extension whose associated subgroups are normal in the base group (here
and below, we follow [25] in the use of terms related to HNN-extensions).

Considering the known results on the residual €-ness of HNN-extensions, one
can observe that most of them concern the case of residual finiteness [3-5, 8, 10,
21,23,27,29,33,34,58,59]. The papers [2,12,28,30-32] give some facts on the
residual p-finiteness of this construction. In [15,40,42,45,46,50,51,53,55-57], the
residual €-ness of HNN-extensions is studied provided € is an arbitrary root class
of groups, which possibly satisfies some additional restrictions. It should be noted
that, at the time of writing, the results of the aforementioned papers generalize all
known facts on the residual solvability and residual L-finiteness of HNN-exten-
sions, where 8 is a non-empty set of primes, as above.

The main method for studying the residual €-ness of free constructions of
groups is the so-called “filtration approach”. It was originally proposed in [9] to
study the residual finiteness of the free product of two groups with an amalgamated
subgroup. After a number of generalizations and adaptations [8, 18,24,28,35,52],
this approach was extended in [39] to the case of an arbitrary root class € and the
fundamental group of an arbitrary graph of groups. The method includes two steps
and, when applied to HNN-extensions, can be described as follows.
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The first step is to find conditions for an HNN-extension E to have a homo-
morphism onto a €-group that acts injectively on the base group. The existence of
such a homomorphism is sometimes equivalent to the residual €-ness of E. For
example, this equivalence holds if € consists of finite groups. But in general, this
is not the case [41,49].

We call the assertions proved at this step the first-level results. It should be noted
that there are no general approaches to finding them and each new fact of this
type is very valuable. Examples of such assertions are the theorem on the residual
finiteness of an HNN-extension of a finite group [8] and the criteria for the residual
p-finiteness of the same construction [2, 12,28,32]. When € is an arbitrary root
class of groups closed under taking quotient groups, first-level results are found for

¢ an HNN-extension with coinciding associated subgroups that are normal in the
base group [53];

¢ a number of HNN-extensions in which at least one of the associated subgroups
lies in the center of the base group [40,46, 50].

In this paper, we supplement this list and prove a criterion for the existence of
a homomorphism with the properties described above provided the associated sub-
groups of an HNN-extension [E are normal in the base group, while their intersec-
tion is normal in [E (see Theorem 1 below).

Omitting technical details, we can say that the second step of the method con-
sists in finding a sufficiently large number of homomorphisms mapping the HNN-
extension E onto HNN-extensions satisfying the conditions of the previously ob-
tained first-level results. This allows us to prove the residual €-ness of E when
the base group does not necessarily belong to the class €. We call the sufficient
conditions of the residual €-ness found at this step the second-level results. As
a rule, they can be proved only under restrictions stronger than those at Step 1.
This is illustrated, in particular, by many years of studying the property of residual
finiteness, during which a universal criterion for the residual finiteness of an HNN-
extension of an arbitrary residually finite group was never found. In the present
paper, the second-level results, Theorems 4-6, are also proved under certain as-
sumptions supplementing the conditions of the criterion given by Theorem 1.

2 Statement of results

In what follows, the expression E = (B, t; tT1Ht = K, @) means that E is the
HNN-extension of a group B with a stable letter  and subgroups H and K asso-
ciated by an isomorphism ¢: H — K. Let us say that the group E satisfies () if

(1) the subgroups H and K are normal in B;
(2) the subgroup L = H N K is g-invariant, i.e., ¢|r € Aut L.
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If X is a group and Y is a normal subgroup of X, then the restriction to ¥ of any
inner automorphism of X is an automorphism of Y. The set of all such automor-
phisms is a subgroup of Aut Y, which we denote below by Auty (Y'). Let us note
that if [E satisfies (), then the following is defined:

(a) the subgroups $ = Autg(H), & = ¢ Autg(K)¢~!, and U = sgp{$H, K} of
Aut H;

(b) the subgroups £ = Autp(L), § = sgp{e|L}, and T = sgp{&, ¥} of Aut L.

Throughout the paper, it is assumed that if E = (B,¢; t—'Ht = K, ¢), then the
symbols L, $, &, U, £, &, and T are defined as above.

Theorem 1. Suppose that the group E = (B, t; t " VHt = K, ¢) satisfies () and
€ is a root class of groups closed under taking quotient groups. If B € €, then the
following statements are equivalent and any of them implies that & is residually
a €-group.

(1) There exists a homomorphism of E onto a group from € acting injectively on

the subgroup B.
(2) The inclusions U,*B € € hold.

Theorem 1 admits the following generalization.

Theorem 2. Suppose that the group E = (B, t; t "V Ht = K, @) satisfies () and
€ is a root class of groups closed under taking quotient groups. If B has a homo-
morphism o onto a group from € acting injectively on the subgroup HK, then the
following statements hold.

(1) The condition U,V € € is equivalent to the existence of a homomorphism of
IE onto a group from € that extends o.

(2) If U,B € € and B is residually a €-group, then E is also residually a €-
group.

Let us note that assertions like those in Theorem 2 can be useful for proving
new first-level results (see, e.g., [50]).

Corollary 1. Suppose that the group E = (B, t; t "' Ht = K, ¢) satisfies (x), €
is a root class of groups closed under taking quotient groups, and the subgroups
H and K are finite. Then It is residually a €-group if and only if B is residually
a €-group and 1,8 € €.

Theorem 1 requires that B belongs to €. Theorem 2 removes this restriction, but
still implicitly assumes that H, K € €. Now let us consider the case where B, H,
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and K are arbitrary residually €-groups. We start with some necessary conditions
for E to be residually a €-group.

Theorem 3. Suppose that the group E = (B, t; t "V Ht = K, @) satisfies () and
€ is a class of groups closed under taking subgroups, quotient groups, and di-
rect products of a finite number of factors. Suppose also that at least one of the
following statements holds:

(@ U=%Horld = K;

(b) H and K satisfy a non-trivial identity;
(¢) © satisfies a non-trivial identity;

(d) K satisfies a non-trivial identity.

If E is residually a €-group, then the quotient groups B/H and B/K have the
same property.

Let us note that the papers [22, 39] contain several more necessary conditions
for the residual €-ness of HNN-extensions, which are similar to Theorem 3.

Given a class of groups € and a group X, we denote by €*(X) the family of
normal subgroups of X defined as follows: N € €*(X) if and only if X/N € €.
Let us say that X is €-quasi-regular with respect to its subgroup Y if, for each sub-
group M € €*(Y), there exists a subgroup N € €*(X) suchthat NNY < M.
The property of €-quasi-regularity is closely related to the classical notion of a €-
separable subgroup [26] and plays an important role in constructing the kernels
of the homomorphisms that map a free construction of groups onto the groups
from €. Therefore, it is often a part of conditions sufficient for such a construction
to be residually a €-group (see, e.g., [21,44,50]). In [7,42,43], a number of situ-
ations are described in which a group turns out to be €-quasi-regular with respect
to its subgroup.

Theorem 4. Suppose that the group E = (B, t; t Y Ht = K, ¢) satisfies (x), €
is a root class of groups closed under taking quotient groups, and at least one of
the following statements holds:

() H/L € €;

(B) there exists a homomorphism of B onto a group from € acting injectively
on L.

Suppose also that U,B € € and B is €-quasi-regular with respect to HK. If
B/H and B/K are residually €-groups, then E and B are residually €-groups
simultaneously.
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Let us note that if € is a root class of groups closed under taking quotient
groups, while the HNN-extension E is residually a €-group and satisfies (), then
by Proposition 3.12 below, U and V are residually €-groups and therefore , K,
L2, %, U, and T belong to € when they are finite. However, in general, neither
the inclusions U € € and ¥ € €, which appear in Theorems 1, 2, and 4, nor the
weaker conditions $ € €, & € €, £ € €, and § € € are necessary for [E to be
residually a €-group, as the following example shows.

Example. Suppose that
E =(a,b,c.t;]a,b] =[b,c] =[b,t] =1, ¢ lac =t 'at = ab),

A = sgpla, b}, and ¢ is the automorphism of A taking a to ab and b to b. Then
E is the HNN-extension of the group

B ={a,b,c;la,b] =|b,c] =1, clac = ab)

with the coinciding subgroups H = A = K associated by ¢. The group B, in turn,
is the extension of the free abelian group A by the infinite cyclic group with the
generator ¢, the conjugation by which acts on A as ¢. Therefore,

Autg(H) = Autg(K) = Autg(H N K) = sgp{¢|mnk}

is the infinite cyclic group generated by ¢. At the same time, E splits as the gen-
eralized free product of the isomorphic polycyclic groups B and

D ={a,b,t; [a,b] = [b,t] =1, ~lar = ab)

with the normal amalgamated subgroup A. Hence it is residually finite by [9, The-
orem 9].

The next two theorems (and Propositions 6.5-6.8) describe some cases where
the condition U, B € € from Theorem 4 can be modified or weakened.

Theorem 5. Suppose that the group E = (B, t; t Y Ht = K, ¢) satisfies (x), €
is a root class of groups closed under taking quotient groups, and at least one of
statements (o) and (B) from Theorem 4 holds. Suppose also that 1 = $ or I = &,
B € €, and B is €-quasi-regular with respect to HK. Then E is residually a €-
group if and only if the groups B, B/H, and B/ K have the same property.

Theorem 6. Suppose that the group E = (B, t; t "V Ht = K, @) satisfies (x) and
€ is a root class of groups consisting only of periodic groups and closed under
taking quotient groups. If H and K are locally cyclic groups, then the following
statements hold.

(1) Let B/H and B/K be residually €-groups. Then the group H/L is finite if
and only if (o) holds.
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(2) If B is residually a €-group, then the group L is finite if and only if (B) holds.

(3) Suppose that H/L is finite, § € €, and B is C-quasi-regular with respect
to L. Then E is residually a €-group if and only if the groups B, B/H, and
B/ K have the same property.

(4) Suppose that L is finite and B is €-quasi-regular with respect to HK. Then
E is residually a €-group if and only if B, B/H, and B/K are residually
C-groups and & € €.

Let us note that the condition “U = $ or U = K” holds if at least one of the
subgroups H and K lies in the center of B. In this case, the subgroup L is certainly
central in B, whence £ = 1 and ‘B = §. Therefore, Theorem 5 generalizes [50,
Theorem 5]. As a comment to Theorem 6, we also note that if p is a prime and ),
is the class of finite p-groups, then every residually ¥,-group is ¥,-quasi-regular
with respect to any of its locally cyclic subgroups [43, Theorem 3].

Given a class of groups € consisting only of periodic groups, let us denote by
B(C€) the set of primes defined as follows: p € P(€) if and only if there exists
a C-group Z such that p divides the order of some element of Z. A subgroup Y of
a group X is said to be P(€) -isolated in this group if, for any element x € X and
for any prime ¢ ¢ 3(€), it follows from the inclusion x4 € Y that x € Y. Clearly,
if fL.(€) contains all prime numbers, then every subgroup is P(€) -isolated.

Following [42], we say that

e an abelian group is €-bounded if, for any quotient group B of A and for any
p € P(€), the p-power torsion subgroup of B has a finite exponent and a car-
dinality not exceeding the cardinality of some €-group;

e a nilpotent group is €-bounded if it has a finite central series with €-bounded
abelian factors.

It is easy to see that if € is a root class of groups consisting only of periodic groups,
then every finitely generated abelian group is €-bounded abelian and therefore all
finitely generated nilpotent groups are €-bounded nilpotent.

Corollary 2. Suppose that the group E = (B, t; t—VHt = K, ¢) satisfies (x) and
€ is a root class of groups consisting only of periodic groups and closed under
taking quotient groups. Suppose also that B is a €-bounded nilpotent group and
at least one of statements (o) and (B) holds. Finally, suppose that at least one of
the following statements hold:

(a) U, B et
) U=%orU =K, and B € €;
(¢) H and K are locally cyclic subgroups and & € €.
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Then E is residually a €-group if and only if the subgroups {1}, H, and K are
B(E€) -isolated in B.

Let us note that the known results on the residual finiteness and residual p-
finiteness of HNN-extensions do not generalize the assertions that follow from
Theorems 4—6 and Corollary 2 when € is the class of all finite groups or finite
p-groups. Thus these assertions are also of interest. Proofs of the formulated the-
orems and corollaries are given in Sections 4-6.

3 Some auxiliary concepts and facts

We use the following notation throughout the paper:
e (x), the cyclic group generated by an element x;

* X, the inner automorphism produced by an element x;

* [x, y], the commutator of elements x and y, which is equal to x ™1y ~lxy;

e [X : Y], the index of a subgroup Y in a group X;
 ker o, the kernel of a homomorphism o
¢ Imo, the image of a homomorphism o.

Let € be a class of groups, and X a group. Following [26], we say that a subgroup
Y of X is €-separable in this group if, for each element x € X \ Y, there exists
a homomorphism o of X onto a group from € such that xo ¢ Yo.

Proposition 3.1 ([47, Proposition 3]). Suppose that € is a class of groups closed
under taking quotient groups, X is a group, and Y is a normal subgroup of X.
Then Y is €-separable in X if and only if X /Y is residually a €-group.

Proposition 3.2 ([47, Proposition 4]). Suppose that € is a class of groups closed
under taking subgroups, X is a group, Y is a subgroup of X, and Z € €*(X).
ThenY N Z € €*(Y), and if X is residually a €-group, then Y is also residually
a €-group.

Proposition 3.3 ([47, Proposition 2]). Suppose that € is a class of groups closed
under taking subgroups and direct products of a finite number of factors. Then, for
every group X, the following statements hold.

(1) The intersection of finitely many subgroups of the family €*(X) is again a sub-
group of this family.

(2) If X is residually a €-group and Y is a finite subgroup of X, then there exists
a subgroup N € €*(X) that meets Y trivially, whence Y € €.
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Proposition 3.4 ([54, Proposition 4]). Suppose that € is a class of groups closed
under taking quotient groups, X is a group, and Y is a normal subgroup of X. If
there exists a homomorphism of X onto a group from € acting injectively on Y,
then Auty (Y) € €.

Proposition 3.5. If € is a class of groups closed under taking quotient groups, X
is residually a €-group, and Y is a normal subgroup of X, then Auty (Y) is also
residually a €-group.

Proof. Tt is easy to see that Auty (Y) = X/Zx (Y), where Zx (Y) is the central-
izer of Y in X. By Proposition 3.1, it suffices to show that if Zx(Y) # X, then
the subgroup Zy (V) is €-separable in X .

Let x € X \ Zx(Y). Then [x, y] # 1 for some y € Y. Since X is residually
a €-group, there exists a subgroup N € €*(X) which does not contain the com-
mutator [x, y]. It follows that x ¢ Zx (Y)N and hence the subgroup Zx(Y) is
C-separable. |

The proof of the following proposition is quite simple and is therefore omitted.

Proposition 3.6. Suppose that X is a group, Y is a normal subgroup of X, and
o is a homomorphism of X. Suppose also that 5: Auty (Y) — Autxs(Y0) is the
map taking X|y to X0y, for each x € X. Then & is a well-defined surjective
homomorphism.

Proposition 3.7. Suppose that € is a class of groups closed under taking quo-
tient groups, X is a group, and Y is a subgroup of X. If X is €-quasi-regular
with respect to Y and a subgroup M € €*(Y) is normal in X, then there exists
a subgroup N € €*(X) suchthat N NY = M.

Proof. Suppose that a subgroup M € €*(Y) is normal in X. Since the latter is
€-quasi-regular with respect to Y, there exists a subgroup 7' € €*(X) such that
TNY <M.Let N=MT.Then N isnormalin X and N N'Y = M, as is easy
to see. Since € is closed under taking quotient groups, it follows from the relations
X/N = (X/T)/(N/T)and X/T € € that X/N € €. Thus N is the desired sub-
group. o

Proposition 3.8. If € is a root class of groups consisting only of periodic groups,
then the following statements hold.
(1) Every €-group is of finite exponent [47, Proposition 17].

(2) A finite solvable group belongs to € if and only if its order is a T(€)-number
(i.e., each prime divisor of this order lies in B3(€)) [56, Proposition 8].
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In what follows, the expression P = (A4 * B; H = K, ¢) means that IP is the
generalized free product of groups A and B with subgroups H < A and K < B
amalgamated by an isomorphism ¢: H — K. According to [9], subgroups R < A
and S < B are said to be (H, K, ¢)-compatible if (RN H)p = S N K. Suppose
that R is normal in 4, S is normal in B, and ¢g s: HR/R — K S/S is the map
taking an element 7R, h € H, to the element (h¢)S. It follows from the equality
(RN H)p =S NK that pg s is a well-defined isomorphism and therefore we
can consider the generalized free product

Pr.s = (A/R* B/S; HR/R = KS/S. ¢r.s).

As is easy to see, the identity mapping of the generators of P into Pg s defines
a surjective homomorphism pgr s:P — Pr s, whose kernel coincides with the
normal closure of the set R U S in P. We note also that if H and K are nor-
mal in A and B, respectively, then H is normal in P and therefore the group
Autp(H) is defined. Clearly, this group is generated by its subgroups Auty(H)
and ¢ Autg(K)p~!.

Suppose that x € P and

X = X1X2...X,, Wheren =1andx{,x2,...,x, € AU B.

This product is called a reduced form of x if no two adjacent factors x; and x; 4+
lie simultaneously in A or B. The number 7 is said to be the length of this form. It
is known that if an element x € P has at least one reduced form of length greater
than 1, then it is non-trivial (see, e.g., [25, Chapter IV, Theorem 2.6]).

Similar assertions hold for the HNN-extension E = (B, t; t ' Ht = K, ¢). A
subgroup Q of B is said to be (H, K, ¢)-compatible if (Q N H)p = 0 N K.
When Q is normal in B, this equality ensures that the map o: HQ/Q — KQ/Q
given by the rule 7Q + (h@)Q, h € H, is a well-defined isomorphism. There-
fore, the HNN-extension

Eg = (B/Q.1: 17 (HQ/Q)t = KQ/Q. ¢o)

can be considered. As above, the identity mapping of the generators of £ into E¢
defines a surjective homomorphism pg:E — E o, whose kernel coincides with
the normal closure of Q in E.

Obviously, each element x € [E can be represented as a product

X = xotf1x1 ... Xp_1t5"x,,

where n = 0, x¢, X1,...,X, € B, and ¢1,...,&, € {1, —1}. This product is said
to be a reduced form of x of length n if, for each i € {1,...,n — 1}, the equalities
—&; = 1 = ;41 imply that x; ¢ H, while the equalities &; = 1 = —g; 4 guaran-

tee that x; ¢ K. Britton’s lemma [11] states that if an element x € [ has a reduced
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form of non-zero length, then it is non-trivial. The next two propositions are spe-
cial cases of [13, Theorem 4] and [41, Theorem 1].

Proposition 3.9. Let E = (B.,t; t ' Ht = K, ¢). If N is a normal subgroup of E
and N N B =1, then N is free.

Proposition 3.10. Let € be a root class of groups. If E = (B, t; t "' Ht = K, ¢),
B is residually a €-group, and there exists a homomorphism of E onto a group
from € acting injectively on H and K, then E is residually a €-group.

In what follows, if E = (B, t; t ' Ht = K, ¢), then the expression
B=(B*xB; H=K, )

means that B is the generalized free product of two isomorphic copies of B with
the subgroups H and K amalgamated by the same isomorphism ¢: H — K. Let
Cgen be the map of the generators of B into [E given by the rule x tixt,y >y,
where x and y are generators of the first and second instances of B, respectively.
Clearly, when extended to a mapping of words, {ge, takes all defining relations of B
to the equalities valid in [E and therefore induces a homomorphism ¢: B — E. It is
also easy to see that if x1 ... x, is a reduced form of an element x € B \ {1}, then
the product x1¢ ... x,( is a reduced form of the element x¢ and x¢ # 1. Hence ¢
is injective. It can also be noted that if [E satisfies (x), then U = Autg(H ).

Proposition 3.11. Suppose that the group E = (B, t; t "' Ht = K, ¢) satisfies (x)
and € is a class of groups closed under taking subgroups and quotient groups. If

there exists a homomorphism o of E onto a group from € acting injectively on H
and K, then 1,8 € €.

Proof. 1t is obvious that B = Autg(L). Therefore, the inclusion ¥ € € follows
from Proposition 3.4. Let B = (B x B; H = K, ¢), and let {: B — E be the ho-
momorphism defined above. Since o is injective on K = K¢ and € is closed under
taking subgroups, B has a homomorphism onto a group from € acting injectively
on H and K. Hence U = Autg(H ) € € by the same Proposition 3.4. |

Proposition 3.12. Suppose that the group E = (B, t; t "V Ht = K, ¢) satisfies (%)
and € is a root class of groups closed under taking quotient groups. If E is resid-
ually a €-group, then U and B are also residually €-groups and therefore the
groups 9, &, £, &, U, and °B belong to € when they are finite.

Proof. Asnoted above, the group B = (B * B; H = K, ¢) can be embedded into
the residually €-group E. Therefore, it is itself residually a €-group by Proposi-
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tion 3.2. Since U = Autg(H) and B = Autg (L), Proposition 3.5 implies that U
and ¥ are also residually €-groups. The inclusions $, K, £, &, U, TV € € follow
from Proposition 3.3. m|

4 Proof of Theorems 1-2 and Corollary 1

Proposition 4.1 ([54, Theorem 1]). If € is a root class of groups,
P=(A%xB; H=K, ¢),

H is normal in A, K is normal in B, and A, B, A/H, B/K,Autp(H) € €, then
there exists a homomorphism of P onto a group from € acting injectively on A
and B.

Let the group E = (B, t; t "' Ht = K, ¢) satisfy (%) and
B=(Bx*xB; H=K, p).

Then the subgroup K of the first free factor of B and the subgroup H of the second
are (H, K, p)-compatible. Therefore, the generalized free product

Bgx,mw = ((B/K)* (B/H); HK/K = KH/H, ¢k H)
and the group Autg, ,, (HK/K) are defined.

Proposition 4.2. Suppose that the group E. = (B, t; t "' Ht = K, @) satisfies (x),
€ is a root class of groups, and H N K = 1. If

B/H.B/K,B/HK, Autg, ,,(HK/K) € €,

then there exists a homomorphism of E onto a group from € acting injectively
on B.

Proof. 1f € contains non-periodic groups, we denote by d the additive group of
the ring Z. Otherwise, let 4 be the additive group of the ring Z,, where n is the
order of some €-group and n = 4. Since € is closed under taking subgroups and
extensions, the number n with the indicated properties exists and, in both cases,
JetC.

For eachi € 4, let B; denote an isomorphic copy of B. Let also B;: B — B; be
the corresponding isomorphism, H; = Hpf;, and K; = Kp;. Consider the group

B =(Bi; H =K~ (i €4))

whose generators are the generators of the groups B;, i € J, and whose defining re-
lations are those of B;, i € J, and all possible relations of the form hpB; 1 = hp;,
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where h € H and i € J. It is easy to see that if 4 is infinite, then 3 is the tree
product of the groups B;, i € J, that corresponds to an infinite chain. Otherwise,
B is the polygonal product of the same groups. Theorem 1 from [20] says that, in
the first case, the identity mappings of the generators of B;, i € J, into 3 can be
extended to injective homomorphisms. It follows from the relations H N K =1
and n = 4 that the same statement holds in the second case [1].

Let agen be the mapping of the generators of 8 acting as the isomorphisms
B 1Bit1, i €. Clearly, otgen defines an automorphism & of 8, whose order is
equal to the order of 4. Let 2 denote the splitting extension of T8 by the cyclic
group («). Consider the mapping A, of the generators of [E into £ that acts on the
generators of B as B and takes 7 to « (here and below, we identify the groups B,
B;,i € 4, and P with the corresponding subgroups of E, 3, and 2, respectively).
It is easy to see that, when extended to a mapping of words, Age, takes all defining
relations of [E to the equalities valid in 2. Therefore, it induces a homomorphism
A E — £, which acts on B as By. Since Q is obviously generated by the set
{a} U{bBo | b € B}, the homomorphism A is surjective.

Leti € J.Itis clear that 8; 1 and B; induce an isomorphism y; of Bx g onto
the generalized free product

Bi = ((Bi+1/Ki+1) * (Bi/H;); Hit1Kiv1/Ki+1 = K; Hi /H;, ¢i),
where the isomorphism ¢;: Hi+1Kiy+1/Ki+1 — K; Hi/H; is given by the rule
(hBi+1)Kis1 v+ (heBi)H;. heH.
The relations
(B/H)/(KH/H) ~ B/HK ~ (B/K)/(HK/K)

and B/HK € € mean that all conditions of Proposition 4.1 hold for the group
Bg.a.As (B/K)y; = Bi+1/Ki+1 and (B/H)y; = B;/H;, it follows that there
exists a homomorphism 7; of L5; onto a group from € satisfying the equalities

kern; N B;i/H; =1 =Xkern; N Biy+1/Ki+1.

Consider the mapping of the generators of 8 into J3; which acts identically on the
elements of B; and B;+1, and takes the generators of other free factors to 1. It
is easy to see that this mapping defines a surjective homomorphism 6;: 8 — ;.
Therefore, if M; denotes the subgroup ker 6;71;, we have

M; € €*(B)., M;NB;=H;, and M;NBit1=K41.
Let M = Mo N M_;. It follows from Proposition 3.3 and the above that
MNBy=(MoNBy)N(M_1NBy)=HoNKyg=(HNK)Bg =1
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and M € €*(P). Since (o) == 4 € €, we have that the factors of the subnormal
sequence M < 8 < Q belong to €. Hence, by Gruenberg’s condition, there exists
a subgroup N € €*(Q) lying in M. It now follows from the relations By = BA
and N N Bp < M N By = 1 that the composition of A and the natural homomor-
phism 2 — /N is the desired mapping. |

Proposition 4.3. Suppose that the group E = (B,t; t ' Ht = K, ¢) satisfies (x)
and € is a root class of groups. If

L,B/H,B/K, B/HK, Autg(L), Autg,, ,(HK/K) € €,

then there exists a homomorphism of & onto a group from € acting injectively
on B.

Proof. Since L is a normal subgroup of Band (LN H)p = Lo =L =LNK,
the HNN-extension

Ep = (B/L.t:t""(H/L)t = K/L. ¢L)
is defined. Consider the following groups:
Bi.u = (B/K) % (B/H); HK/K = KH/H. ¢ i),
Bk/r,H/L = ((B/L)/(K/L)* (B/L)/(H/L):
(H/L)(K/L)/(K/L) = (K/L)(H/L)/(H/L). ¢x/L,H/L)-
It is clear that the identity mapping of the generators of Bg /7 g,y into Bg g

defines an isomorphism, which takes the subgroup (H/L)(K/L)/(K/L) onto
HK /K. Therefore,

AutBK/L)H/L((H/L)(K/L)/(K/L)) =~ Autg, , (HK/K) € €.
Since
(B/L)/(H/Ly~B/H €€, (B/L)/(K/L)~B/K €€,
(B/L)/(H/L)(K/L)=B/HK €€, H/LNK/L=1,

the HNN-extension [E;, satisfies the conditions of Proposition 4.2. Hence there
exists a homomorphism 77, of Ez, onto a group from € which is injective on B/ L.
By Proposition 3.9, the kernel of 77, is a free group.

Since L is normal in E, the equality L = ker pz, holds. Therefore, the subgroup
U = ker prtr is an extension of L by a free group. It is well known that such
an extension is splittable, i.e., U has a free subgroup F satisfying the relations
U=LFandLNF =1.
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Let £&:E — Aut L be the homomorphism taking an element x € E to the au-
tomorphism x|z,. Its kernel obviously coincides with the centralizer Zg (L) of L
in E. Since € is closed under taking subgroups and extensions, it follows from this
fact and the relations

U=LF, LNF=1, L<B,
FZg(L)/Zg(L) <E/Zg(L), Imé& = Autg(L) € €
that the subgroup V' = Zg (L) N F is normal in U,
F/V =~ FZg(L)/Zr(L)e€, LV/V=L/LNV =Lct€,
U/LV =LF/LV ~xF/V(LNF)=F/V €€,

and the quotient group U/ V belongs to € as an extension of LV/V by a group
isomorphic to U/LV. In addition, U € €*(E), the definition of 7z . Thus we can
apply Gruenberg’s condition to the subnormal series 1 < V < U < E and find
a subgroup W € €*(E) lying in V.

Since t7, acts injectively on B/ L, the equality U N B = L holds. It now follows
from the inclusions W < V< F<Uthat WNB<FNUNB)=FNL=1.
Hence the natural homomorphism E — E/ W is the desired one. o

Proof of Theorem 1. The implication (1) = (2) and the residual €-ness of E fol-
low from Propositions 3.11 and 3.10, respectively. To prove (2) = (1), it is suffi-
cient to show that all conditions of Proposition 4.3 hold if U, T € €.

Indeed, since € is closed under taking subgroups and quotient groups, the in-
clusions L, B/H, B/K, B/HK € € follow from the condition B € €. Let

B=(Bx*xB; H=K, ).
By Proposition 3.6, the relations
Autg(H) =U €€, Bk py=Bpxkn, and HK/K = Hpg g
imply that Autg ,, (HK/K) € €. It remains to note that Autg (L) =B € €. O

Proposition 4.4. Suppose that the group E. = (B, t; t " Ht = K, @) satisfies (x),
Q is anormal (H, K, ¢)-compatible subgroup of B, and

Eo = (B/Q.1; 17 (HQ/Q)t = KQ/Q. ¢g).
Suppose also that the symbols $ 9, K g, and £ ¢ denote the subgroups

Autg/o(HQ/Q). ¢ Autg/o(KQ/Q)pg'. and Autg;o(LQ/Q).

respectively. Then the following statements hold.
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(1) There exists a homomorphism of W onto the group g = sgp{$H o, K o} which
maps the subgroups $ and K onto H ¢ and K g, respectively.

(2) The subgroup LQ/Q is @g-invariant and there exists a homomorphism of
B onto the group Vo = sgp{Lo.volLo o} which maps & and § onto the

subgroups £ and Fo = (polro/0). respectively.

Proof. (1) Let B = (B x B; H = K, ¢). Since Q is (H, K, ¢)-compatible, the
generalized free product

Bo,o =(B/Q*B/Q: HO/Q =KQ/Q. ¢9,0)

is defined. It follows from Proposition 3.6 that the map

00,0 Autg(H) — Autg,, ,(Hpg,0)

given by the rule X|g = Xpg.0|Hpp o- X € B, is a surjective homomorphism.
Clearly,

uQ = Aut]BQ,Q(HQ/Q)v U = Autg(H),
Hpp,o =HQ/Q, $pgo=%g, and Kpg o = Kop.

Therefore, the homomorphism pg ¢ is as desired.
(2) The equality Ly = L and the definition of ¢ imply that

(LQ/Q)po = LQ/Q.

Since ¢g is an isomorphism, this relation means that ¢o|r0/0 € AutLQ/Q.
The existence of the desired homomorphism is ensured by Proposition 3.6 due to
the equalities By = Autg, (LQ/Q), T = Autg(L),and LQ/Q = Lpg. o

Proof of Theorem 2. Statement (2) follows from (1) and Proposition 3.10. Let us
prove statement (1). If there exists a homomorphism of E onto a group from €
that extends o, then U, W € € by Proposition 3.11. It remains to show that the
converse also holds.

Let Q = kero. Then B/Q € € and it follows from the equality 0 N HK =1
that QN H=1=Q0NKand HO/QO NKQ/Q = LQ/Q. Hence the groups
Eg, Ug and By can be defined as in Proposition 4.4. By this proposition, the
subgroup LQ/Q is gg-invariant. Since U,V € € and € is closed under taking
quotient groups, Proposition 4.4 also implies that Ugp,Bo € €. By Theorem 1,
it follows from these relations and the equality HQ/Q N KQ/Q = LQ/Q that
there exists a homomorphism 7 of the group Ep which satisfies the conditions
kert N B/Q =l and Imt € €. Since pg extends o, the composition pg 7 is the
desired mapping. |
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Proof of Corollary 1. Necessity. Proposition 3.3 states that there exists a homo-
morphism of [ onto a group from € acting injectively on the finite subgroup HK.
Hence U, 8 € € by Proposition 3.11. The residual €-ness of B is ensured by
Proposition 3.2.

Sufficiency. As above, if B is residually a €-group, it has a homomorphism onto
a group from € acting injectively on H K. Therefore, we can use Theorem 2 (2) to
prove the residual €-ness of E. o

5 Proof of Theorem 3

Proposition 5.1 ([47, Proposition 9]). Let P = (A x B; H = K, ¢). Suppose also
that H is normal in A, K is normal in B, and the group Autp(H) coincides
with one of its subgroups Auty(H) and ¢ Autg (H )@~ L. If € is a class of groups
closed under taking subgroups and P is residually a €-group, then the following
statements hold.

(1) If K # B, then H is €-separable in A.
(2) If H # A, then K is €-separable in B.

Proposition 5.2 ([22, Theorem 1]). Let E = (B, ¢; tVHt = K, @). Suppose also
that € is a class of groups, the symbols H and K denote the subgroups

(1 H(NNB) and (1 KWnB),
Nee*(E) Ne€*(E)

respectively, and at least one of the following statements holds:
(a) the subgroups H and K coincide and satisfy a non-trivial identity;

(b) the subgroups H and K are properly contained in a subgroup D of B satisfy-
ing a non-trivial identity.

If B is residually a ‘€-group, then H = H and K = K.

Proof of Theorem 3. Suppose that the subgroups H and K are defined as in Propo-
sition 5.2. Since (H N K)p = H N K, therelations H < K, H = K,and H > K
are equivalent. Therefore, only two cases are possible: H = K and H # HK # K.
If H = B = K, then the residual €-ness of B/H and B/K is obvious. Hence we
can further assume that H # B # K.

By Proposition 3.1, to complete the proof, it suffices to show that 4 and K are
€-separable in B. If I = $ or U = K, then the group B = (B * B; H = K, ¢)
satisfies all the conditions of Proposition 5.1, which ensures the required separa-
bility.
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Suppose that H and K satisfy a non-trivial identity. Then the group HK has
the same property since it is an extension of K by a group isomorphic to HK /K
and HK/K =~ H/H N K. Thus the conditions of Proposition 5.2 hold, and we
get the equalities H = H and K = K. It remains to note that if N € €*(E), then
N N B € €*(B) by Proposition 3.2, and therefore these equalities imply the €-
separability of H and K in B.

Now suppose that § satisfies a non-trivial identity. Then, by [34, Lemma 2], it
satisfies a non-trivial identity of the form

o(y,x1,x2) = wo(x1,x2) ¥y w1(x1,x2) ... Yy wn(x1, X2),

wheren > 1, ¢€1,...,6, = £1, and

wo(X1,Xx2),...,0(x1,X2) € {xlil,x;ﬂ, (xlxz_l)il}.

Let us assume that there exist elements u1,u3, v € E with the following proper-
ties:

(i) the commutator [w(v, 11, u3), v] has a reduced form of non-zero length;

(ii) for each subgroup N € €*(E), the inclusions uj,up € BN and v € HN
hold.

Then E is not residually a €-group, contrary to the conditions of the theorem.
Indeed, since the element g = [w (v, u1, u2), v] has a reduced form of non-zero
length, it is not equal to 1. At the same time, if N € €*(E), then

g = [w(h,b1,b2),h] (mod N) forsomeby,b, € Bandh € H.

The restriction to H of the conjugation by w(h, b1, b2) coincides with the ele-
ment a)(hA, bilg,ba|g) of $, which is the identity mapping because $ satisfies w.
Therefore, [w(h,b1,b2),h] =1, g =1 (mod N), and E is not residually a €-
group since N is chosen arbitrarily.

As above, to prove the €-separability of H and K in B, it suffices to show that
H = H and K = K. Arguing by contradiction, we consider four cases and, in
each of them, find elements v, u,, v € E satisfying (i) and (ii).

Case1: H # Hand[B : H| > 3. Lethy € H\ H.As[B : H| > 3and K # B,
there exist elements b, c € B such that by, b1b; 1 ¢ H and c ¢ K. Let us put
Uy = by, uy = by, and v = te Yt hyter L.

Since bitl,bgcl, (blbz_l)il ¢ H and ¢ ¢ K, the element [w(v, u1,u2), v] has
areduced form of length 8(n + 1). At the same time, if N € €*(E), then it follows
from the inclusion by € H that by € HN, t~'b1t € KN, ¢t~ bytc € KN
(because K is normal in B), and t¢~1#~1bytct~! € HN. Thus the elements u,
us, and v satisfy (i) and (ii).
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Case 2: H # H and [B : H] = 2. Let us fix some elements b € H \ H and
ce B\ K,andputu; = t7Ybt, up = t72bht?%, and v = ¢. Then

upuy b =" he T p 12

and the element [w(v, u1,u2), v] has a reduced form of length at least 4(n + 1).
The relations [B : H] =2 and H # H mean that B = H. Therefore, b € HN
and BN = HN forany N € €*(E). It follows that

u; =t bt € KN < BN = HN, up =t 2bt* =t tuyt € KN,

andv =c € BN = HN, as required.
Case3: K # K and [B : H] > 3. Suppose that we have ¢ € K \ K and elements
b1,by € B\ H are such that b1b5 ' ¢ H. Let us put

u; = by, u,="by, and v=rct \.

Then the element [w(v, u1, u2), v] has a reduced form of length 4(n + 1) and, for
each subgroup N € €*(E), the inclusions by, b € BN,c € KN, tct™' € HN
hold.

Case 4: K # K and [B : H] = 2. It follows from the relations
K/L=K/HNK>~KH/H <B/H

that [K : L] <2.If K = L, then K < H and hence K = H, as noted at the be-
ginning of the proof. The last equality means that H = K and H # H, which is
impossible due to Cases 1 and 2 considered above. Thus [K : L] = 2. Let us put
L = (\yee+@y L(N N B) and show that L # L. N

Suppose, on the contrary, that L = L, and fix some elements ¢ € K \ K and
k€ K\ L.Since [K : L] =2and ¢ ¢ K, the relations

K=LUkL and ck'c¢L =L

hold. Hence we have ¢ ¢ L(Ny N B) and k!¢ ¢ L(N, N B) for suitable sub-
groups N1, Ny € €*(E).Let N = Ny N N,. Then N € €*(E) by Proposition 3.3
and c,k~'c ¢ L(N N B). It follows that

¢ ¢ L(NNB)UKL(N N B) = K(N N B)

and therefore ¢ ¢ K despite the choice of c.
So L # L. Letus fix some elements b € L \ L andd € B\ H, and put

uy =tht™Y, wuy=1*bt72, and v =drbt 'd7 .

Then ulugl =thth™1t72. Since L < H, the relations L < H = H and b € H
hold. Therefore, b ¢ K and the element [w(v,u1,uz), v] has a reduced form of
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length not less than 8(n + 1). At the same time, since b € L and L is normal in E,
the inclusions b € LN, tht~! € LN, 1?>bt™2 € LN, and dtht~'d~' € LN hold
forany N € €*(E).

Thus H = H and K = K. When K satisfies a non-trivial identity, the proof is
similar. O

6 Proof of Theorems 4-6 and Corollary 2

IfE = (B,t;t 'Ht = K, ¢), Q isanormal (H, K, ¢)-compatible subgroup of B,
and € is a class of groups, then we say that Q is

(a) C-admissible if there exists a homomorphism of the group

Eg = (B/Q.t:1”(HQ/Q)t = KQ/Q. ¢g)
onto a group from € acting injectively on B/Q;
(b) pre-€-admissible if B/Q € €and HQ/Q N KQ/Q = LQ/0Q.

The next proposition follows from [39, Theorems 1 and 3].

Proposition 6.1. Let E = (B,t; t 7' Ht = K, ¢), and let € be a root class of
groups. Suppose also that H and K are €-separable in B and each subgroup
of €*(B) contains a €-admissible subgroup. Then E is residually a €-group if
and only if B has the same property.

Proposition 6.2. Suppose that the group E = (B, t; t ' Ht = K, @) satisfies (x)
and € is a root class of groups closed under taking quotient groups. Suppose also
that § € € and the following conditions hold:

(1) at least one of the subgroups $ and K is normal in U or U € €;
(%) at least one of the subgroups & and & is normal in B or B € €.

If B/H and B/K are residually €-groups and each subgroup of €*(B) contains
a pre-C-admissible subgroup, then E and B are residually €-groups simultane-
ously.

Proof. In view of Propositions 3.1 and 6.1, it suffices to show that every pre-€-
admissible subgroup Q is €-admissible.

Indeed, let the groups Eg, 9, Ko, Lo, F0, Ug, and B be defined as in
Proposition 4.4. By the latter, there exists a homomorphism of U onto the group
U mapping $ and K onto $¢ and K¢, respectively. Therefore, if $ is normal
in U, then $¢ is normal in Uy and hence the latter is an extension of $H¢ by
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the group U /Ho = KpHo/Ho = Ko /Hp N K. Since B/Q € €, it follows
from Proposition 3.4 that Autg,o(HQ/Q) € € and Autg,;o(KQ/Q) € €. But
Autpg;o(KQ/Q) is isomorphic to K . Hence H9, K g € € and Uy € € because
€ is closed under taking quotient groups and extensions. If & is normal in U,
then the relation Up € € is proved in exactly the same way, while if U € €, this
relation follows from the fact that € is closed under taking quotient groups.

The inclusion B € € can be verified in a similar way; the only difference is
that the relation F¢o € € is ensured by the condition § € €. Hence it follows that
Q is €-admissible due to Theorem 1. i

Proposition 6.3 ([42, Propositions 5.2, 6.1, and 6.3, Theorem 2.2]). If € is a root
class of groups consisting only of periodic groups, then the following statements
hold.

(1) The class of €-bounded nilpotent groups is closed under taking subgroups
and quotient groups.

(2) If the exponent of a €-bounded nilpotent group is finite and is a B(€)-number,
then this group belongs to €.

(3) Every €-bounded nilpotent group is €-quasi-regular with respect to any of its
subgroups.

(4) A subgroup of a €-bounded nilpotent group X is €-separable in this group if
and only if it is B(E) -isolated in X.

Proposition 6.4. If the group E = (B, t; t "' Ht = K, ¢) satisfies (x) and € is a
root class of groups, then the following statements hold.

(1) If B € €, then for each subgroup R € €*(L), there is a subgroup S € €*(L)
lying in R and such that Sv = S for any automorphism v € ‘8.

(2) If U € €, then for each subgroup R € €*(H), there is a subgroup S € €*(H)
lying in R and such that Su = S for any automorphism u € U.

(3) Suppose that € consists only of periodic groups and N is a subgroup of B that
is locally cyclic or €-bounded nilpotent. Then, for each subgroup R € €*(N),
there exists a subgroup S € €*(N) lying in R and such that Sa = S for any
automorphism a € Aut N.

Proof. (1) Let S = [y Rv. By Remak’s theorem (e.g., [19, Theorem 4.3.9])
the quotient group L/S can be embedded to the unrestricted direct product of
the groups L/Rv, v € ‘B, each of which is isomorphic to the €-group L/R.
Therefore, it follows from the condition T € € and the root class definition that
L/S € €. 1tis also clear that Sv = S for any v € V.
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(2) Let S = (),ey Ru. As in the proof of statement (1), it follows from the
inclusions R € €*(H) and U € € that S € €*(H). The equality Su = S is ob-
vious for any 11 € U.

(3) By Proposition 3.8, the exponent ¢ of the €-group N/R is finite. Consider
the subgroup S = sgp{x? | x € N}. Clearly, S < R and Sa = S for any auto-
morphism a € Aut N. It is also obvious that ¢ is a T8(€)-number and is equal to
the exponent of N/S. Therefore, if N is a locally cyclic group, then N/S is a fi-
nite cyclic group, which belongs to € by Proposition 3.8. When N is a €-bounded
nilpotent group, N/S is also a €-bounded nilpotent group and N/S € € due to
Proposition 6.3 (1) and (2). O

Proposition 6.5. Suppose that the group E. = (B, t; t "' Ht = K, @) satisfies (x),
€ is a root class of groups closed under taking quotient groups, H/L € €, and
& € €. Suppose also that at least one of the following statements holds:

(a) the group B is €-quasi-regular with respect to HK, (T) holds, and 8 € €;

(b) the class € consists only of periodic groups, H and K are locally cyclic sub-
groups, and the group B is C-quasi-regular with respect to HK ;

(¢c) the class € consists only of periodic groups, (T) and (%) hold, and B is a €-
bounded nilpotent group.

If B/H and B/ K are residually €-groups, then . and B are residually €-groups
simultaneously.

Proof. First of all, let us note that, by Proposition 6.3, a €-bounded nilpotent
group is €-quasi-regular with respect to any of its subgroups. It is also known that
the automorphism group of a locally cyclic group is abelian (see, e.g., [14, §113,
Exercise 4]). Therefore, (1), (1), and the €-quasi-regularity of B with respect to
HK hold under any of statements (a)—(c). This fact and Proposition 6.2 imply that,
to complete the proof, it suffices to fix a subgroup M € €*(B) and show that it
contains a pre-€-admissible subgroup.

Let R= M N L. Then R € €*(L) by Proposition 3.2. If H and K are locally
cyclic groups, then L is also locally cyclic. By Proposition 6.3, if B is a €-bounded
nilpotent group, then L has the same property. Therefore, it follows from Proposi-
tion 6.4 (1) and (3) that there exists a subgroup S € €©*(L) lying in R and satisfy-
ing the equality Sv = § for any automorphism v € ®¥. Since T = Autg (L), the
subgroup S turns out to be normal in [E and, in particular, is g-invariant. The quo-
tient group HK /S is an extension of the €-group L/S by a group isomorphic to
HK /L. The latter, in turn, is an extension of the €-group H/L by a group isomor-
phic to HK/H . The equalities Hp = K and Lo = L imply that K/L =~ H/L.
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Since HK/H =~ K/H N K = K/L and the class € is closed under taking exten-
sions, it follows that HK /S € €. The €-quasi-regularity of B with respect to HK
and Proposition 3.7 guarantee the existence of a subgroup N € €*(B) such that
N N HK = S. Let us show that the subgroup Q = M N N is pre-€C-admissible
and is therefore the desired one.

Indeed, it follows from the inclusions M, N € €*(B) and Proposition 3.3 that
Q € €*(B). The relations

SSKR=LNM=HNKNM
and S¢ = S imply that 0 N HK = M N (N N HK) = S and therefore
(ONH)yYy=(QNHNHK)p =Sp=S=0NKNHK =Q0NK.
Ifxe HO/ONKQ/Q andx = hQ = kQ forsome h € H and k € K, then
hlke QNHK =S < HNK.

Hence h,k e HNK =L and x € LQ/Q. Thus HQ/QONKQO/Q <LQ/Q
and, as the opposite inclusion is obvious, the subgroup Q is pre-€-admissible. o

Proposition 6.6. Suppose that the group E = (B, t; t "' Ht = K, @) satisfies (x),
€ is a root class of groups closed under taking quotient groups, & € €, and there
exists a homomorphism o of B onto a group from € acting injectively on L. Sup-
pose also that at least one of the following statements holds:

(a) the group B is €-quasi-regular with respect to HK, (}) holds, and Ul € €;

(b) the class € consists only of periodic groups, H and K are locally cyclic sub-
groups, and the group B is €-quasi-regular with respect to HK ;

(¢) the class € consists only of periodic groups, (T) and (%) hold, and B is a €-
bounded nilpotent group;

(d) the group B is €-quasi-regular with respect to HK, (f) holds, and the group
U coincides with one of its subgroups $ and K.

If B/H and B/ K are residually €-groups, then . and B are residually €-groups
simultaneously.

Proof. Replacing, if necessary, H with K, ¢ with (p_l, and ¢ with =1, we can

further assume that, if statement (d) holds, then U = $. As in the proof of Propo-
sition 6.5, (T), (f), and the €-quasi-regularity of B with respect to HK hold un-
der any of statements (a)—(d). Therefore, it suffices to show that each subgroup
M € €*(B) contains some pre-C-admissible subgroup.



24 E. V. Sokolov and E. A. Tumanova

Let P = M Nkeroand R = (P N H)N (P N K)p~!. It follows from the in-
clusions M, kero € €*(B) and Propositions 3.2 and 3.3 that

Pe€*(B), PNHec€*(H), PNKec€*K), (PNnK) 'e€*(H),

and R € €*(H). Let us show that there exists a subgroup S € €*(H) lying in R
and satisfying the equality Su = S for any automorphism u € U.

If B is a €-bounded nilpotent group, then H has the same property by Propo-
sition 6.3. Therefore, when one of statements (a)—(c) holds, the desired subgroup
S exists by Proposition 6.4 (2) and (3). Let statement (d) hold. Since the class € is
closed under taking quotient groups, it follows from the relations

HK/RK ~ H/R(H N K) =~ (H/R)/(RL/R)

that RK € €*(HK). The €-quasi-regularity of B with respect to HK guarantees
the existence of a subgroup 7' € €*(B) such that T N HK < RK. Let

S=PNTNH.

Then S < RK and S € €*(H) by Propositions 3.2 and 3.3. If s € S, thens = rk
for suitable r € R and k € K, and it follows from the inclusions R, S < PN H
that ke PN HNK <kercNL =1. Hence S < R. Since P, T, and H are
normal in B, the subgroup S has the same property. Therefore, S§ = S for each
h e $,and Su = S foreach u € U because U = 9.

Thus it follows that a subgroup S with the required properties always exists.
Since Autg(H) = $ < U and ¢ Autg(K)p~! = & < U, the equalities Sh = S,
Spfp~! =8, and (Se)f = S¢ hold for all h € Autg(H), £ € Autg(K). Hence
S and S¢ are normal in B. It follows from the relations

SSKR<PNH, Sp<Rp<PNK, PNHNK<kercNL=1

that SN K =1= S¢ N H. Therefore, S - S¢opNH =Sand S -SpN K = So.

The group HK /S - S¢ is an extension of SK/S - S¢ by a group isomorphic to
HK/SK, and the class € is closed under taking extensions and quotient groups.
Therefore, it follows from the relations

SK/S-S¢ = K/Se(KNS)=(K/Sp)/(Sp(KNS)/Sp).
HK/SK ~H/S(HNK)x~(H/S)/(SL/S),
and K/S¢ =~ H/S € € that HK/S - S¢ € €. Since S - S¢ is normal in B and

the latter is €-quasi-regular with respect to H K, Proposition 3.7 implies the exis-
tence of a subgroup N € €*(B) suchthat NN HK = S -S¢p.Let Q = PN N.
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Then we have Q < P < M, and it follows from Proposition 3.3 and the inclusions
P, N € €*(B) that Q € €*(B). Let us show that Q is pre-€-admissible.
The relations S < P N H and S¢ < P N K imply that

ONHK=PN(NNHK)=S"-Sgp.
Since S-S N H =S and S - Sp N K = S, as proven above, the equalities
(ONH)py=(QNHNHK)p =Sp=0NKNHK=0NK

hold. If x e HQ/Q N KQ/Q and x = hQ = kQ for some h € H and k € K,
thenh 'k € QN HK = S -Sp and h~'k = ss' for suitable s € S and s’ € S¢.
Therefore, hs = k(s') ' e HNK =L, he LS <LQ, and x € LQ/Q. Thus
HQ/ONKQ/Q = LQ/Q and hence Q is pre-€-admissible. |

Obviously, if € is a root class of groups, then the inclusion §&§ € € is guaranteed
by the condition ‘B € €. Therefore, Theorem 4 is a special case of Proposition 6.7
below, which, in turn, follows from Propositions 6.5 and 6.6. To anticipate possible
questions from the reader, we note that Propositions 6.7 and 6.8 use statements (o)
and (B) from Theorem 4.

Proposition 6.7. Suppose that the group E = (B,t; t "V Ht = K, ¢) satisfies (x)
and € is a root class of groups closed under taking quotient groups. Suppose also
that B is €-quasi-regular with respect to HK and at least one of the following
statements holds:

(a) B € € and (a) and (1) hold;
(b) U, & € € and (B) and () hold.

If B/H and B/ K are residually €-groups, then . and B are residually €-groups
simultaneously.

Theorem 5 follows from Propositions 3.2, 6.5, 6.6 and Theorem 3.

Proof of Theorem 6. (1) Since B/H and B/K are residually €-groups, the sub-
groups H and K are €-separable in B by Proposition 3.1. It easily follows that
L is also €-separable in B and, again by Proposition 3.1, B/L is residually a €-
group. Hence, if the subgroup H/L is finite, then it belongs to € due to Propo-
sition 3.3. Conversely, if the locally cyclic group H/L belongs to €, then it has
a finite exponent by Proposition 3.8 and is therefore finite.

(2) If (B) holds, then the locally cyclic group L can be embedded in a €-group.
As above, this implies its finiteness. The opposite statement follows from Propo-
sition 3.3.
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(3) Necessity is ensured by Proposition 3.2 and Theorem 3. To prove sufficiency,
let us show that B is €-quasi-regular with respect to H K. Then the residual €-ness
of E will follow from statement (1) of this theorem and Proposition 6.5.

As noted in the proof of the latter, the quotient group HK /L is an extension
of H/L by a group isomorphic to H/L and is therefore finite. By the argu-
ments used to verify statement (1), the residual €-ness of B/H and B/K im-
plies the residual €-ness of B/L. By Proposition 3.3, it follows that there ex-
ists a subgroup S/L € €*(B/L) satisfying the condition S/L N HK/L = 1.
Clearly, S € €*(B)and S N HK < L.

Now, if M € €*(HK) and Q = M N L, then Q € €*(L) by Proposition 3.2.
Since B is €-quasi-regular with respect to L, there exists a subgroup R € €*(B)
suchthat RN L < Q.Let N = RN S. Then N € €*(B) by Proposition 3.3 and

NNHK=RNSNHK<RNL<Q<M.

Thus the group B is €-quasi-regular with respect to H K, as required.

(4) Sufficiency follows from Proposition 3.3, which ensures that (8) holds, and
Proposition 6.6. Let us prove necessity.

By Proposition 3.3, since E is residually a €-group, it has a homomorphism
onto a group from € acting injectively on the finite subgroup L. This fact and
Proposition 3.4 imply that ‘B = Autg(L) € € and § € €. As above, the resid-
ual €-ness of the groups B, B/H, and B/K is ensured by Proposition 3.2 and
Theorem 3. o

Corollary 2 can be deduced either from Theorems 3—6 and Propositions 3.1, 3.2,
and 6.3, or from Proposition 6.8 below. The second method uses the fact that the
automorphism group of a locally cyclic group is abelian, which is already men-
tioned in the proof of Proposition 6.5.

Proposition 6.8. Suppose that the group E = (B,t; t "V Ht = K, ¢) satisfies (%)
and € is a root class of groups consisting only of periodic groups and closed under
taking quotient groups. Suppose also that ¥ € € and B is a €-bounded nilpotent
group. Finally, let (T), (}), and at least one of statements (o) and (B) hold. Then
E is residually a €-group if and only if the subgroups {1}, H, and K are B(€)'-
isolated in B.

Proof. First of all, let us note that, by Proposition 6.3, the subgroups {1}, H,
and K are P(€) -isolated in B if and only if they are €-separable in this group.
By Proposition 3.1, the latter property is equivalent to the residual €-ness of the
groups B, B/H, and B/ K. Therefore, necessity follows from Proposition 3.2 and
Theorem 3, while sufficiency can be deduced from Propositions 6.5 and 6.6. O
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