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1. Introduction: Statement of results

Let C be a class of groups. Recall that a group X is said to be residually a C-group if, for any non-
trivial element x € X, there is a homomorphism ¢ of X onto a group from C such that xg # 1.

The main question in the study of the C-residuality of HNN-extensions is whether an HNN-
extension of a residually C-group is again residually a C-group. All known answers to this ques-
tion are obtained under various restrictions imposed on the base group, the associated subgroups,
and/or the isomorphism between them (the terminology for HNN-extensions used here and
below follows [9]). One such restriction is the centrality of the associated subgroups in the base
group; the C-residuality of HNN-extensions of this type (including the case of an abelian base
group) is studied in [2, 6, 8, 11-15, 20, 21, 26, 27].

In [2, 14, 15], S. Andreadakis, E. Raptis, and D. Varsos give criteria for the residual finiteness
and the residual nilpotence of an HNN-extension of a finitely generated abelian group and prove
that such an extension is residually solvable. D. I. Moldavanskii [11, 12] significantly strengthens
some of these results by generalizing them to the case of HNN-extension with central associated
subgroups. He proposes an original approach to the study of the C-residuality of such HNN-
extensions, which he call the method of descent and ascent of compatible subgroups. In [11, 12],
this method is applied under the assumption that C is the class of all finite groups or all finite
p-groups, where p is a prime number. The aim of this article is to generalize the results obtained
in [11, 12] to the case when C is an arbitrary root class of groups closed under taking quo-
tient groups.

CONTACT E. V. Sokolov @ ev-sokolov@yandex.ru @ Ivanovo State University, Ivanovo, Russia.
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The notion of a root class was introduced by K. Gruenberg [7], and its equivalent definitions
are given in [17]. In accordance with one of them, a class of groups C containing at least one
non-trivial group is called root if it is closed under taking subgroups, extensions, and Cartesian
products of the form J[ .y X, where X,Y € C and X, is an isomorphic copy of X for each y €

Y. The examples of root classes are the above-mentioned classes of all finite groups and all finite
p-groups, as well as the classes of periodic m-groups of finite exponent (where 7 is a non-empty
set of primes), all solvable groups, and all torsion-free groups. We note also that the intersection
of any number of root classes is again a root class [17].

The notion of a root class turns out to be very useful in studying the residual properties of
free constructions of groups allowing one to prove many statements at once using the same argu-
ment. The papers [3, 7] are the starting point for these studies, some of the latest results obtained
in this area can be found in [21, 22, 25]. The root-class residuality of HNN-extensions is studied
in [6, 20, 21, 23-25]. These papers deal mainly with the cases when the associated subgroups
coincide or intersect trivially.

Let us call a sequence (X, Y, Z, ) an HNN-tuple if X is a group, Y and Z are isomorphic sub-
groups of X, and Y :Y — Z is an isomorphism. If (X,Y,Z,\) is an HNN-tuple, then by
HNN(X, Y, Z, /) we denote the HNN-extension (X, ¢; t 'Yt = Z, /). Recall that HNN(X, Y, Z, )
is the group whose generators are the generators of X and the symbol ¢, and whose defining rela-
tions are the relations of X and all possible relations of the form ¢!yt =y, where y and yy are
words in the generators of X defining an element y € Y and its image under .

Throughout this section, we assume that (G,H,K, @) is an HNN-tuple, H and K lie in the
center of G, and & = HNN(G, H, K, ¢). We put Ky = G, H; = H, K; = K, and (if H; and K; are
already defined) H;y; = H; N K;, Kix1 = Hit1¢. To simplify the notation, the restriction of ¢ to
H; (i > 1) or some other subgroup is denoted below by the same symbol ¢.

Since, for any i>0, the sequence (K;H;:1,Kii1,¢) is an HNN-tuple, the group & =
HNN(K;, Hi1,Kit1, @) is defined. Obviously, if H, = K, for some n>1, then H,;; = K, =
K11, and therefore £, is a split extension of K, by the infinite cyclic group (t). It is also easy to
see that the restriction of ¢ to H,, turns out to be an automorphism of this subgroup, and £, is
isomorphic to the subgroup E = sgp{H,,t} of G, which is a split extension of H, by (t).

The method of descent and ascent of compatible subgroups essentially consists in proving
that, under certain conditions, for each i > 0, the C-residuality of G is equivalent to the C-resi-
duality of R;. If H, = K,, for some n > 1, this allows us to reduce the question of the C-residual-
ity of G to the much simpler problem of finding conditions for the split extension R, to be
residually a C-group. Two criteria for the root-class residuality of split extensions are given at the
end of Section 5.

We note that the equality H, = K, may not hold for any n. To guarantee its fulfillment, the
theorems given below impose a weaker condition on G: H, = H,; for some n. Corollaries 1-4
describe a number of situations in which the last relation certainly takes place.

Throughout the article, if C is a class of groups and X is a group, then C*(X) denotes the fam-
ily of normal subgroups of X such that Y € C*(X) whenever X/Y € C. If C consists only of peri-
odic groups, then we denote by n(C) the set of all the prime numbers that divide the orders of
the elements of all possible C-groups. Recall that if 7 is a set of primes, then a m-number is an
integer all of whose prime divisors belong to 7, and a m-group is a periodic group in which the
order of each element is a 7-number.

Theorem 1. Suppose that C is a root class of groups closed under taking quotient groups, G is
residually a C-group, and there exists a subgroup Q € C*(G) satisfying at least one of the follow-
ing conditions:

() HNQ=1=KnNQ,
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(f) Q< HNK and Qp = Q.

1. If C contains non-periodic groups, then & is residually a C-group.

II.  If C consists only of periodic groups, H # G # K, and H, = H,y, for some n > 1, then & is
residually a C-group if and only if

1) H,=K;

2)  the subgroup E = sgp{H,,t} is residually a C-group.

Corollary 1. If C is a root class of groups closed under taking quotient groups, G is residually a
C-group, H and K are finite, then H,, = K,, for some n > 1 and the following statements hold.

I.  If C contains non-periodic groups, then & is residually a C-group.
II.  If C consists only of periodic groups, then & is residually a C-group if and only if the order of
the automorphism ¢ of H, is a ©(C)-number.

Corollary 2. Suppose that C is a root class of groups closed under taking quotient groups, H and K
have finite index in G, and H # G # K.

1. If C contains non-periodic groups, then & is residually a C-group if and only if G is residually
a C-group and there exists a subgroup Q € C*(G) satisfying the conditions Q < HNK
and Qo = Q.

Il If C consists only of finite groups, then & is residually a C-group if and only if

1) G/HeCand G/K €C;

2) H, =K, for somen>1;

3)  the subgroup E = sgp{H,,t} is residually a C-group.

Let 7 be a set of primes. Following [16], we call an abelian group A n-bounded if, for any quo-
tient group B of A and for any p € m, the p-primary component of B is finite. A nilpotent (solv-
able) group is said to be m-bounded if it has a finite central (respectively, subnormal) series with
abelian m-bounded factors. It is easy to see that, for any set © of prime numbers, a finitely gener-
ated nilpotent group is n-bounded nilpotent and a polycyclic group is n-bounded solvable. It is
also known (see Proposition 6.7 below) that if a m-bounded solvable group is abelian, then it
belongs to the class of n-bounded abelian groups. Therefore, we can say that an abelian group is
n-bounded without specifying the class of n-bounded groups (abelian, nilpotent, or solvable) that
we mean.

Throughout the article, we denote by 7’ the set of all primes that do not belong to the set 7.
Recall that a subgroup Y of a group X is said to be 7'-isolated in this group if, for any x € X and
for any g € 7/, it follows from the inclusion x7 € Y that x € Y. Obviously, if © contains all
primes, then any subgroup turns out to be 7'-isolated.

It is easy to see that the intersection of any number of 7'-isolated subgroups is again a 7'-iso-
lated subgroup. Therefore, for any subgroup Y < X, there exists the smallest 7'-isolated subgroup
containing it. We call this subgroup the n’-isolator of Y in X and denote it by Z,(X,Y).

Let C be a class of groups. Recall that a subgroup Y is said to be C-separable in a group X if,
for any x € X'\ Y, there exists a homomorphism ¢ of X onto a group from C such that x6 & Yo
[10]. Obviously, the C-residuality of X is equivalent to the C-separability of its trivial subgroup. It
is also known (see Proposition 6.3 below) that if C consists only of periodic groups, then any
C-separable subgroup of X is 7(C)'-isolated in this group. Thus, for such a class of groups C, the
main problem in the study of C-separability is the search for conditions under which a 7(C)'-iso-
lated subgroup turns out to be C-separable.

Theorem 2. Suppose that C is a root class of groups consisting only of periodic groups and closed
under taking quotient groups, G is residually a C-group, H and K are 7(C)-bounded, and
H # G # K. Suppose also that H, = H,, for some n > 1 and, for any i € {0, 1, ..., n— 1} and



COMMUNICATIONS IN ALGEBRA® 965

N € C"(Hi11Kit1), the subgroup I,y (K, N) is C-separable in K;. Then & is residually a C-group
if and only if

1) H, =Ky
2)  the subgroup E = sgp{H,,t} is residually a C-group;
3) Hand K are n(C)'-isolated in G.

Corollary 3. Suppose that C is a root class of groups consisting only of periodic groups and closed
under taking quotient groups, G is n(C)-bounded nilpotent, H # G # K. Suppose also that there
exists a number m > 0 such that Hy and K, are finitely generated or n'-isolated in K, for
some finite subset 1 of n(C). Then & is residually a C-group if and only if

1) H, =K, for some n>1;
2)  the subgroup E = sgp{H,,t} is residually a C-group;
3) G has no n(C)'-torsion, H and K are n(C) -isolated in G.

Corollary 4. Suppose that C is a root class of groups consisting only of periodic groups and closed
under taking quotient groups, m(C) contains all primes, G is n(C)-bounded solvable, and
H # G # K. Suppose also that there exists a number m > 0 such that Hy ., and K, are finitely
generated or w'-isolated in K, for some finite set of primes n. Then & is residually a C-group if
and only if H, = K,, for some n > 1.

Theorems 1 and 2 formulated above are in fact corollaries of Theorems 3 and 4, which are
given below and use the notion of regularity of a group with respect to a subgroup.

Suppose that C is a class of groups, X is a group, and Y is a subgroup of X. We say that X is
C-regular with respect to Y if, for any subgroup M € C*(Y), there exists a subgroup N € C*(X)
such that M = N NY. The notion of regularity generalizes the classical notion of a potent element
[1]: if F is the class of all finite groups, then an element x € X is potent if and only if X is
F-regular with respect to the cyclic subgroup (x).

Theorem 3. Suppose that C is a root class of groups consisting only of periodic groups and closed
under taking quotient groups, G is residually a C-group, H # G # K, and H, = H,, for some
n > 1. Suppose also that, for any i € {0, 1, ..., n—1}, K; is C-regular with respect to Hi 1K1
and I oy (Ki, Hi+1Kiy1) is C-separable in K;. Then & is residually a C-group if and only if

1) H,=K,;
2)  the subgroup E = sgp{H,,t} is residually a C-group;
3) H and K are n(C)'-isolated in G.

Theorem 4. Suppose that C is a root class of groups containing non-periodic groups and closed
under taking quotient groups, G is residually a C-group, and, for some n > 0, there exists a sub-
group Q € C*(K,) satisfying at least one of the following conditions:

() HiiNQ=1=K,;1 NQ,
(B) Q < Hpy1 NKyyy and Qp = Q.

Suppose also that, for any i€ {0, 1, .., n—1}, K; is C-regular with respect to Hi1 1K1, and
H;iy1Kiyq is C-separable in K;. Then & is residually a C-group.

The above theorems and corollaries generalize the main results from [2, 6, 20] (as for [2], in
the part concerning non-ascending HNN-extensions), as well as Theorem 1.1 from [14] and
Theorem 3 from [21]. However, the results mentioned are easier to formulate due to the
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additional restrictions imposed on the base group and the associated subgroups. The proofs of
Theorems 1-4 and Corollaries 1-4 are given in Sections 2-6.

2. Generalized direct products of groups

Let I' = (V, E) be a non-empty connected undirected graph with a vertex set V and an edge set E. It
is assumed that I" is not necessarily finite, but has no multiple edges and loops. Let us assign to each
vertex v € V a group G, and to each edge e = {v, w} € E a group H, and injective homomorphisms
¢, H. — Gy, ¢, ,, : H. — G,,. As a result, we get a graph of groups G(I"). We call the groups G,
(v € V), H, (e € E), the subgroups H.¢, ,, and the homomorphisms ¢, , (e € E, v € e) the vertex
and edge groups, the edge subgroups, and the edge homomorphisms, respectively.

Consider the group

GDP(G(T)) = (G1 (A € V); [Gw Gy =1 (n €V, u# 1),
He¢e,v = Heqoe,w (e = {V, W} € E)>’

whose generators are the generators of G, (4 € V), and whose defining relations are the relations
of G, (4 € V) and all possible relations of the form

€8] =1(wn €V, u#n), hep, = heo,,, (e ={v,w} € E, h, € He),

where g, and g, are arbitrary words in the generators of G, and G,, respectively, h.p,, and
he®,,,, are some words in the generators of G, and G,, that define (in these groups) the images of
h. under ¢, , and ¢, ,,. Following [21], we call the group GDP(G(I")) the generalized direct prod-
uct associated with the graph of groups G(T') if

(i) for any v € V, the identity mapping of the generators of G, to GDP(G(I")) can be extended
to an injective homomorphism, and therefore all the groups G, (v € V) can be considered
subgroups of GDP(G(I));

(i) for any e = {v,w} € E, the equalities H.¢,, = G, N G,, = H.¢, ,, hold in GDP(G(I")).

We say that the generalized direct product associated with G(I') exists if GDP(G(T')) satisfies
() and (i). Some conditions for the existence of generalized direct products are found in [21]. In
particular, the following proposition is proved.

Proposition 2.1. [21, Theorem 1] If I is a tree and, for any e € E and v € e, the subgroup H.p,
lies in the center of G,, then the generalized direct product associated with G(T) exists.

The main aim of this section is to find conditions for the existence of certain generalized dir-
ect products associated with simple cycles.

Let (X, Y,Z, ) be an HNN-tuple, and let I" be the simple cycle of length n > 3 with the vertex
set V =7, and the edge set E= {{i — 1, i} | i € Z,}. Suppose also that, for any i € Z,, X; is an
isomorphic copy of X and o; : X — X; is an isomorphism. We associate a vertex i € Z, with the
group X;, an edge e= {i—1,i} € E with the group Y and the homomorphisms ¢,; ; =
Gi—1ly> @i = Woi|, (here and below, all indices are considered modulo #), and denote the result-
ing graph of groups by G,(X, Y, Z, ).

Let us call a number n >3 admissible for an HNN-tuple (X,Y,Z,\y) with a reserve r
(0 <r < n—2) if the following conditions hold:

(i)’ for any i € Z,, the identity mapping of the generators of X; to GDP(G,(X,Y, Z, 1)) can be
extended to an injective homomorphism;

(if) for any s € {0, 1, ..., 1}, q € Z,, X € Xgo Xq11 € Xgi1s oo Xgpsi1 € Xgpsp1, it follows
from the equality x;x4.1...X44541 = 1 that x; € Yo, and x44511 € Zogisp.



COMMUNICATIONS IN ALGEBRA® 967

We note that if a number n is admissible for a tuple (X,Y,Z,y) with a reserve r €
{0, ..., n—2}, then the generalized direct product associated with G,(X,Y,Z, ) exists. Indeed,
forany e={i—1,i} €E, if x € X;.1NX;, x,.1 =x, and x; = x!, then x;_1x; = 1 and, by the
admissibility,

xi1 €Yo 1= YqDe,Fl’ xXi € Zo; = Y(pe,i'

Thus, X;_; NX; < Yo, ; | NYe,,; and therefore Yo, ;, | =X; 1 NX;=Yo, ;.

Proposition 2.2. Suppose that (G,H,K, @) is an HNN-tuple, H and K lie in the center of G,
L=HNK, and M = L. Then a number n > 3 is admissible for (G, H,K, ¢) with a reserve r <
n — 3 if and only if it is admissible for (K, L, M, @) with the reserve r+ 1.

Proof. For each i € Z,, let G; denote an isomorphic copy of G, and let g; : G — G; be an iso-
morphism. We put

H; =Ho;, K;=Ko;, L;j=1Lo;, M;=Mos, ¢;,= (O'i—1|H,71)_1(PGi|K

(in Section 1, the symbols H; and K; correspond to other subgroups; the notation just introduced
is valid only throughout this proof). Then ¢; is an isomorphism of H;_; onto K;, and its restric-
tion to L;_; is an isomorphism of L; ; and M,. If GDP(G,(G, H,K, ¢)) satisfies (i)', then it can
be considered containing H; and K; (i € Z,), and it follows from the relations ho;_; = hoo;
(i € Zy, h € H) that the equalities hp,=h (i € Z,, h € H;_;) hold in GDP(G,(G,H,K, ¢)).
Similarly, if GDP(G, (K, L, M, @)) satisfies (i)', then the equalities h¢p; = h (i € Z,, h € L;_;) hold
in it.

Sufficiency. We fix a number i € Z,, and define a mapping 6; of the subgroup K;H; < G; to the
subgroup K;K;+; < GDP(G,(K,L, M, ¢)) as follows: if h € H; and k € K;, then (kh)0; = k(ho;,,).
Let us show that this mapping is well defined and is a subgroup isomorphism extending the iden-
tity mapping of K;.

If hy,h, € H, k;,k, € K;, and k/h, = k,h,, then k;'k, = h,h;' € H,N K, =L, and therefore
the equality (h,h;")¢@,,, = hyh;! holds in GDP(G,(K, L, M, ¢)). Hence,

(kyhy)0; = k1<h1§0i+1) = kz(kz_lk1)((h1hz_1)hz>€9i+1
= kz(kz_lklhlhz_l)(hz(ﬂiH) = kz(hz(PiH) = (kzhz)ei-

Suppose that h € H;, k € K;, and 1 = (kh)0; = k(h¢,,,). Since k € K;, ho;,, € Ki+1, and n is
admissible for (K,L, M, ¢), then k € L; and ho,,; € M;;,. Hence, h € L; and 1 = k(ho,,,) = kh
because the equality ho;,; = h holds in GDP(G, (K, L, M, ¢)).

Thus, 0; is well defined and injective, it is clear that it is homomorphic and surjective. Let A
be the star graph with the vertex set {v; (i € Z,), w}. We associate its central vertex w with the
group GDP(G,(K,L, M, ¢)), the leaf v; (i € Z,) with the group G; the edge {w,v;} (i € Z,) with
the subgroup K;H; of G; and the homomorphisms, one of which is the identity mapping and the
other coincides with 0;. Let us denote the resulting graph by G(A).

It follows from the definitions of G(A), 0; (i € Z,), and ¢; (i € Z,) that, for all i € Z, and
h € H, the equalities ha;_; = (hg;_1)0;—; = (ho;_1)@; = heo; hold in GDP(G(A)). Therefore, the
identity mapping of the generators of GDP(G, (G, H,K, ¢)) to GDP(G(A)) defines a homomorph-
ism, which we denote by 4.

Let, for any i € Z,, o; : G; — GDP(G(A)) and f5; : G — GDP(G,(G,H,K, ¢)) be the homo-
morphisms defined by the identity mappings of the generators of G;. Since the diagram
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G —2 5 GDP(G.(G,H,K, 0))

| b

G —% GDP(G(A))

is commutative and o; is injective by Proposition 2.1, then f5; is also injective and therefore
GDP(G,(G, H,K, @)) satisfies (i)’. Let us verify that this group also satisfies (ii)’.
Suppose that numbers q € Z,, s € {0, 1, ..., r} and elements

83 € Gg» 8411 € G5 -5 Zgrst1 € Ggrst

are such that g,g,ii...g44s11 =1 in GDP(G,(G,H,K, ¢)). Then this equality also holds in
GDP(G(A)) by the definition of A.

Let j€ {0, 1, .., s+ 1}, and let G,,; be the graph of groups obtained from G(A) by deleting
the vertex v, and the edge {vg:j, w}. Then GDP(G(A)) is the generalized direct product ; of
the groups GDP(G,j) and G, with the amalgamated subgroups K, K, ;11 and Ky, jH, ;. It fol-
lows from the relation r < n — 3 that s + 2 < n and therefore

-1 -1 —1,-1 -1 -1
gq+j71gq+j72"'gq gq+s+1"'gq+j+2gq+j+l € GDP(gq+])’
S R —1,-1 1 1
8a+j = 8q+j—18q+j-2--8q 8q+s+1--8q+j+28q+j+1 € GDP(Qqﬂ-) NGy
Since *B; satisfies (ii) by Proposition 2.1, we have g,,; € Ky jHy;.
For each j€ {0, 1, .., s+ 1}, let us write the element g, ; in the form g, ; = kqijhgiss

where hy; € Hyyj, kyij € Kysj. Since GDP(G, (G, H, K, ¢)) satisfies (i)', then the relations h,.; =
hg+j®gijr1 € Kgijr1 (0 <j<s+1) hold in it and therefore

kq S Kq, hqkq+1 € Kq+1, ceey hq+skq+s+1 € Kq+5+1, hq+5+1 S Kq+5+2.

As noted above, the equality g,g,/1...84+s+1 = 1 holds in GDP(G(A)). We rewrite it in the
form

kq (hqkq+1 ) e (hq+5kq+5+1 )hq+5+1 =1.

By Proposition 2.1, GDP(G,(K, L, M, ¢)) is embedded into GDP(G(A)) by the identity map-
ping of the generators. Therefore, the last relation holds in GDP(G,(K,L, M, ¢)), and since n is
admissible for (K,L,M,q) with the reserve r+1, then h, ., € M, ., and k, € L,. Hence,

q+s+ q+s+
-1
hq+s+1‘/’q+s+2 €Ly = Kppoy and

— — _ -1
gq - kqhq € Hq’ gq+s+1 - kq+s+1hq+s+1 - kq+s+1(hq+s+l(pq+s+2) € Kq+s+1’

as required.

Necessity. It is easy to see that the mapping of words acting on the generators of the groups K;
(i € Z,) as the natural embeddings 1;: K; — G; (i € Z,) takes all the defining relations of
GDP(G,(K,L,M, ¢)) to the equalities valid in GDP(G,(G,H,K,)) and therefore defines a
homomorphism p from the first group to the second.

Let f;: Gi — GDP(G,(G,H,K, ¢)) and 7, : K; — GDP(G,(K,L, M, ¢)) be the homomorphisms
defined by the identity mappings of the generators of G; and K. Then, for any i € Z,, the diagram

Ki —— GDP(Gn(K,L,M,p))

”l l#

G —" GDP(G.(G.H,K, )
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is commutative, and since the homomorphisms f; (i € Z,) are injective, the homomorphisms 7;
(i € Z,) are also injective. Thus, the group GDP(G,(K,L, M, ¢)) satisfies (i)'
Suppose that numbers q € Z,, s € {0, 1, ..., r+ 1} and elements

kq € Kq, kq_H S Kq+1, ceey kq+5+1 S Kq+s+1

are such that kjk,y1...kgs41 = 1. It follows from the definition of u that the last equality also
holds in GDP(G,(G, H, K, ¢)). Since n is admissible for (G, H, K, ¢) with the reserve r and

— -1
kq € Gq’ o kq+571 € Gq+571, kq+skq+s+1 - kq+s(kq+s+1¢q+s+l) € Gq+s’

then k, € H, and k (k,,10,}51) € K, The first relation means that k, € H, NK, =L, the

second one implies that k__ +1(p;+15 +1 € K, and therefore

-1 o
kq+s+l(pq+s+l € Hq+s N Kq+s - Lq+5-

M

Hence, k gisi1> @

gisi1 € s required. O

Proposition 2.3. Suppose that (G,H,K,¢) is an HNN-tuple, G is an abelian group, and
H=G=K. If the order q of the automorphism ¢ is finite and divides a number n > 3, then n is
admissible for (G, H, K, ¢) with any reserve r € {0, 1, ..., n—2}.

Proof. For each i € Z,, let again G; denote an isomorphic copy of G, and let ¢, : G — G; be an
isomorphism. Consider the star graph A with the vertex set {v; (i € Z,), w} and associate its cen-
tral vertex w with the group G, the leaf v; (i € Z,) with the group G;, and the edge {w,v;}
(i € Z,) with the group G and the homomorphisms, one of which is the identity mapping and
the other coincides with the isomorphism ¢’c;. Since g|n, it follows from the relation x =
y (mod n) that ¥ = ¢”. Therefore, the notation ¢’ is correct.

We denote the constructed graph of groups by G(A). It follows from its definition that, for
any i € Z, and ¢ € G, the equality ¢ = ¢¢'o; holds in GDP(G(A)) and therefore go; ; =
g0~V = gpo; for all i€ Z, g €G. Hence, the identity mapping of the generators of
GDP(G,(G,H,K, ¢)) to GDP(G(A)) can be extended to a homomorphism

A : GDP(G,(G, H,K, ¢)) — GDP(G(A)).
Let o; : G; — GDP(G(A)) and f; : G; — GDP(G,(G, H, K, ¢)) be the homomorphisms defined
by the identity mappings of the generators of G; (i € Z,). Then, for any i € Z,, the diagram

G; —2s GDP(G.(G,H.K, )

| b

Gi —%—»  GDP(G(A))
is commutative. Since the homomorphisms o; (i € Z,,) are injective by Proposition 2.1, then the
homomorphisms f; (i € Z,) are also injective. Therefore, GDP(G,(G, H,K, ¢)) satisfies (i)'. It fol-
lows from the equalities H=G = K that (ii)’ is satisfied trivially. O

Proposition 2.4. Suppose that a number n > 3 is admissible for an HNN-tuple (G, H,K, @) with a
reserve r € {0, 1, ..., n—2} and C, is a cyclic group of order n with a generator c. Suppose also
that C is a class of groups closed under taking quotient groups and extensions. If G € C and
C, € C, then there exists a homomorphism of the group & = HNN(G, H, K, ¢) onto a group from
C acting injectively on G.
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Proof. Let G; and o; (i € Z,) be defined as above. Then the generalized direct product P =
GDP(G,(G, H, K, ¢)) has the representation

P = <G, (l S Zn)7 [G,’, G]] =1 (1,_] IS/ 75_]), Ho;_1 = Ko; (l S Zn)>’

which shows that the map extending the isomorphisms ¢;'0;_; : G, — G,_; defines an automor-
phism o of this group. Obviously, the order of this automorphism divides n, and therefore there
exists a split extension Q of P by C, such that ¢|, = o (here and below, X denotes the inner auto-
morphism defined by an element x). Since G € C, then P is a quotient group of the direct prod-
uct of n C-groups. Hence, P € C and Q € C because C is closed under taking quotient groups
and extensions.

It is easy to see that the map p : & — Q extending the homomorphism ¢y : G — Gy and map-
ping t to ¢ takes all the defining relations of & to the equalities valid in Q and therefore is a
homomorphism. Since ¢!Goc™ = G; (i € Z,), this homomorphism is surjective. It remains to note
that, because # is admissible, p is injective on G and thus is the required mapping. O

3. Compatible subgroups

Let (G, H,K, ¢) be an HNN-tuple, and let & = HNN(G, H, K, ¢). Recall that a subgroup N < G
is said to be (H, K, ¢)-compatible if (NN H)p = NNK.

It is easy to verify that if a subgroup N is normal in G and is (H, K, ¢)-compatible, then the
mapping ¢y : HN/N — KN/N taking a coset hN (h € H) to (h@)N is well defined and is a sub-
group isomorphism. Therefore, the sequence

(G/N,HN/N,KN/N, ¢py)
turns out to be an HNN-tuple. It is also easy to see that the map
px : & — HNN(G/N, HN/N,KN/N, ¢y)

extending the natural homomorphism G — G/N and taking ¢ to t is a surjective homomorphism,
and its kernel coincides with the normal closure of N in &.
For every class of groups C, consider three families of subgroups. Namely, suppose that

C*(G,H,K, ¢) is the family of all (H, K, ¢)-compatible subgroups from C*(G);
C/(G,H,K,p) (r>0) is the subset of C*(G,H,K, ¢) defined as follows: a subgroup N €
C*(G,H,K, ¢) belongs to C;(G,H,K, ¢) if and only if there exists a number n > max{3, r +
2} such that C contains a cyclic group of order n and # is admissible for (G/N,HN/N,
KN/N, ¢y) with the reserve r;

e C.(GHK,p)={UNG|U € C(8)}.

Proposition 3.1. If C is a class of groups closed under taking subgroups and direct products of a
finite number of factors, and X is a group, then the following statements hold.

1)  The intersection of a finite number of subgroups from the family C*(X) again belongs to this
family [22, Proposition 2];

2) If X is residually a C-group and S is a finite subset of non-trivial elements of X, then there
exists a subgroup Y € C*(X) such that Y NS = () [25, Proposition 2].

Proposition 3.2. If C is a class of groups closed under taking subgroups and direct products of a
finite number of factors, and (G,H,K, ¢) is an HNN-tuple, then the families C*(G, H,K, ¢) and
C/(G,H,K, ¢) are closed under taking the intersections of a finite number of subgroups.

Proof. An obvious induction allows us to consider the intersection of only two subgroups.
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If Ni,N, € C*(G,H,K, ¢) and N = N; N N,, then N € C*(G) by Proposition 3.1 and

(NNH)p = (NynH) N (N2 N H))g = (Nt N H)e N (N2 N H)g
=(NyNK)N(N;NK)=NNK

because ¢ is injective. Therefore, N € C*(G, H, K, ¢).

Suppose that Ny, N, € C(G,H, K, ¢), ® = HNN(G,H,K, ¢), and U, U, € C'(®) are sub-
groups such that Ny = U1 NG, N, =U, NG IEN=N NN, and U=U,NU,, then N=UNG
and, again by Proposition 3.1, U € C*(&). Thus, N € C(G, H, K, ¢). O

Proposition 3.3. [21, Theorem 3] Suppose that C is a root class of groups containing non-periodic
groups and closed under taking quotient groups, (G,H,K,p) is an HNN-tuple, and
® = HNN(G, H, K, ). Suppose also that G is residually a C-group, H and K lie in the center of G,
and there exists a homomorphism p of G onto a group from C acting injectively on H and K. Then
p can be extended to a homomorphism of & onto a group from C and & is residually a C-group.

Proposition 3.4. Let C be a class of groups, and let (G, H, K, ¢) be an HNN-tuple.

1. If C is closed under taking subgroups, then C1(G, H,K, ¢) C C*(G, H, K, ¢).

2. If C is a root class of groups containing non-periodic groups and closed under taking quotient
groups, H and K lie in the center of G, then C*(G,H, K, ¢) C C/(G, H,K, ¢).

3. If C is closed under taking quotient groups and extensions, then C,(G,H,K,¢) C
C.(G,H,K, ¢) for any r > 0.

Proof. 1. Suppose that & = HNN(G, H,K, ¢), N € C5(G,H,K, ¢), and U € C*(®) is a subgroup
such that N = UN G. Then

G/N=G/(UNG)=~GU/U< 6/U
and G/N € C because C is closed under taking subgroups. Since U is normal in &, then
(UNH)p =t (UnH)t<t'UtnNt'Ht=UNHp=UNK
and similarly (UNK)p ' < U N H. Hence,
(NNH)p=(UNGNH)p=(UNH)e=UNK=UNGNK=NNK

and therefore N € C*(G, H, K, ¢).

2. Let N € C*(G,H,K, ¢). Then the HNN-tuple (G/N,HN/N,KN/N, ¢y), the group &y =
HNN(G/N,HN/N,KN/N, ¢y), and the homomorphism py: & — &y are defined. It follows
from the definition of the family C*(G, H,K, ¢) that G/N € C. Hence, by Proposition 3.3, there
exists a homomorphism ¢ of By onto a group from C extending the identity mapping of G/N.
Let Uy = kero, and let U be the preimage of Uy under py. Then Uy € C*(®y), Uy N G/N =1,
and U € C*(®). Since py extends the natural homomorphism G — G/N, then kerpy NG =N
and UN G < kerpy. Therefore, UNG = N and N € C/(G, H, K, ¢).

3. If N € C;(G,H, K, ¢), then, by Proposition 2.4, there exists a homomorphism of the group
HNN(G/N,HN/N,KN/N, ¢5) onto a group from C acting injectively on G/N. Hence, we can
use exactly the same argument as in the proof of Statement 2. O

Proposition 3.5. Let C be a root class of groups consisting only of periodic groups and closed under
taking quotient groups. If (G,H,K, ¢) is an HNN-tuple, G is an abelian group, H=G=K, and N
is a subgroup of G, then the following statements are equivalent.

1) NeCi(G HK,o).
2) NeCGHK,¢) forany r > 0.
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3) N¢ =N, G/N €C, and the order of the automorphism @y of G/N induced by the automor-
phism @ is finite and is a n(C)-number.

Proof. 1 = 3. By Proposition 3.4, N € C*(G,H, K, ¢). Hence, G/N € C, and since H=G = K,
then
No =(NNH)p=NnNK =N.

Let & = HNN(G, H,K, ¢). Because N € C/,(G,H, K, ¢), there exists a subgroup U € C*(®)
such that N = UNG. Since &/U € C and C consists only of periodic groups, then the order n of
t modulo U is finite and is a #(C)-number.

It follows from the equality N = U N G that the mapping y : G/N — &/U taking a coset gN
to gU is well defined and is an injective homomorphism. For any g € G, we have

(gN)oR = (g@")N = (gN)y(¢*U)y~" =gN.

Hence, the order of ¢y divides n and therefore is a ©(C)-number.

3 = 2. We fix a number r > 0 and choose a 7(C)-number n > r + 3 to be a multiple of the
order of ¢ (it is possible to find a 7(C)-number greater than r+ 3 because C contains non-trivial
groups and therefore 7(C) # (}). Since H=G = K, then

(NNH)p =Nep=N=NnK

and hence N € C*(G, H, K, ¢). Therefore, the tuple (G/N,HN/N,KN/N, ¢y) is defined and, by
Proposition 2.3, n is admissible for this tuple with the reserve r. It remains to note that C con-
tains a cyclic group of order n: this fact follows from the definition of 7(C) and the assumption
that C is closed under taking subgroups and extensions.

2 = 1. This implication is a consequence of Proposition 3.4. O

4. Descent and ascent of compatible subgroups

The proofs of the propositions in this section follow the ideas of [11, 12] and, in some places,
repeat the arguments given in the above papers almost word for word.

Proposition 4.1. Suppose that C is a class of groups closed under taking subgroups, (G,H,K, @) is
an HNN-tuple, L=H N K, M = Lo, and X is a subgroup of G containing L and M. Suppose also
that N is a subgroup of G and R = NN X. Then the following statements hold.

1) IfNeC(GHK, ), thenRc C(X,L,M, ¢).
2) IfNe€Ci(G,HK,¢@), then R € C5(X,L, M, ¢).

Proof. 1. We have X/R € C because
X/R=X/(NNX)=XN/N<G/NeC
and C is closed under taking subgroups. Since ¢ is injective and N is (H, K, ¢)-compatible, then
(NNH)NL)p = (NNK)NM.
It follows from this equality and the relation L UM < X that
(RNL)p=((NNX)NL)e =(NNL)e=((NNH)NL)e
=(NNK)NM=NNM=(NNX)NM=RNM.

Thus, R € C*(X, L, M, ).
2. If & = HNN(G,H,K, ¢) and X = HNN(X,L,M, ¢), then the map 1:X — & taking the
generators of X to the corresponding elements of & defines a homomorphism, which acts
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identically on X. Let U € C*(®) be a subgroup such that N=UNG, and suppose that ¥ =

X, V=UNZX, Vis the full preimage of V under .. Then X/V and X/V are isomorphic
groups, which belong to C because

X/V=%/(UnX)=XU/U<B/UcC

and C is closed under taking subgroups. Since 4 acts identically on X, it follows from the equal-
ities

VNX=UNXNX=UNX=UNGNX=NNX=R
that V N X = R. Therefore, R € C/(X,L, M, ¢). O

Let X be a group, and let Y and Z be its subgroups. Recall that a family Q of normal sub-
groups of X is said to be a filtration if Nycq N = 1. A filtration Q is called

- a Y-filtration if Nyeq YN = 1;

- a (Y, Z)-filtration if it is a Y-filtration and a Z-filtration.

Proposition 4.2. Suppose that C is a class of groups closed under taking subgroups, (G,H,K, @) is
an HNN-tuple, L=H N K, M = Lo, and X is a subgroup of G containing L and M. Then the fol-
lowing statements hold.

1) IfC.(G,H,K, o) is a filtration, then C;(X,L, M, ¢) is also a filtration.
2) Let X coincide with either G or K. If C,\(G,H,K,¢) is an (H, K)-filtration, then
CA(X,L, M, @) is an (L, M)-filtration.

Proof. By Proposition 4.1, if N € C/\(G, H,K, ¢), then NNX € C;(X,L, M, ¢). Hence,

N R< N (NN X), N RL< N (NNX)L.
REC;(X,L,M, §0> NECE(G)H)Ka (ﬂ) REC;(X)L)Ma ‘P) NEC;(G)H>K) QD)

If C\(G, H, K, ¢) is a filtration, then

1= M N= M (NN X)
NeC:\(G, H, K, ) NeC(G, H, K, )
and therefore C/,(X, L, M, ¢) is also a filtration.
Let C/\(G, H, K, ¢) be an (H, K)-filtration. Then

L< N RL< N NL = N N(HNK)
RGC;(X’L)M) (/’) NGC;\(G)H) K, w) NEC;(G’H)K) w)

S( M NH)Q( M NK):HQK:L
NeC?\(G, H, K, 9) NEC,(G, H, K, ¢)

and therefore C;\(X,L, M, ¢) is an L-filtration. To prove that this family is an M-filtration, we
take an arbitrary element x € X\ M and indicate a subgroup R € C/,(X,L, M, ¢) satisfying the
condition x ¢ MR.

If x¢K, then, because C/(G,H,K,@) is a K-filtration, there exists a subgroup N €
C.(G,H,K, ¢) such that x ¢ KN. It follows from Proposition 4.1 and the inclusion M(NNX) <
KN that NNX € C5(X,L, M, ¢) and x € M(N N X). Hence, NN X is the required subgroup.

If x € K, we put y = x¢ . Since x ¢ M, then y € H\ L and therefore y ¢ K. Let us consider
two cases.

Case 1. X=0G.

Let X = HNN(G,L, M, ¢). As proved above, C(G,L,M, ¢) is an L-filtration. Therefore, y ¢
LR for some subgroup R € C/(G,L, M, ¢). By the definition of the family C/ (G, L, M, ¢), there
exists a subgroup U € C*(X) such that R=UNG. If y€ LU and y = hu for some h € L, u € U,
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then u=h"'y € UN G = R and we get the inclusion y € LR, which contradicts the choice of R.
Therefore, y ¢ LU and

x=yp=t 'yt Zt'LUL

Since U is normal in X, then ¢"!LUt = MU. Hence, x ¢ MU and x ¢ MR because R < U. Thus,
R is the required subgroup.

Case 2. X=K.

Since C/\(G, H, K, ) is a K-filtration, there exists a subgroup N € C/(G, H, K, ¢) such that y ¢
KN. By Proposition 3.4, N is (H, K, ¢)-compatible and therefore

(M(NNK))p ' =L(NNH) <KN.

Hence, y ¢ (M(NNK))p ! and x = yp ¢ M(N NK). It remains to note that, by Proposition 4.1,
NNK e (K,L,M, ) and thus NN K is the required subgroup. O

Let (G, H, K, ¢) be an HNN-tuple. Following [11], we say that a subgroup N < G is an ascend
of a subgroup R< Kif KNN =R.

Let H and K lie in the center of G. We call an ascend N < G of a subgroup R < K canonical
if HNN =R ! and HK N N = (Rp ")R. It should be noted that a canonical ascend N is always
an (H, K, ¢)-compatible subgroup because (HNN)¢p = R=KNN.

Proposition 4.3. If C is a class of groups, (G, H, K, ¢) is an HNN-tuple, H and K lie in the center
of G, L=HNK, and M = Lo, then the following statements hold.

1)  Suppose that C is closed under taking subgroups, quotient groups, and extensions, G is C-regu-
lar with respect to the subgroup P=HK, and R € C*(K,L, M, ). Then there exists a canon-
ical ascend N € C*(G,H,K, ®) of R. Moreover, if X is a normal subgroup of G such that
P <X and G/X is residually a C-group, then, for any finite set S C G\ X, there exists a
canonical ascend N € C*(G, H, K, @) of R satisfying the condition SN XN = ().

2) IfReC; (K, L,M,¢) for some r >0 and N € C*(G,H,K, @) is a canonical ascend of R,
then N € C}(G,H, K, ).

Proof. 1. If X=G and S =), then P < X, G/X is residually a C-group, and § C G\ X. Therefore,
it suffices to prove only the second part of Statement 1. We put Q= R¢p !
that HNQR=Q, KNQR=R.

Since L, Q < H, ¢ is injective, and R is (L, M, ¢)-compatible, then

and show

LNQ=M¢p 'NRp'=(MNR)p '=LNR.
If g€ HNQR and g = xy for some x € Q, y € R, then g,x € H,
y€EHNR=HNKNR=LNR=LNQ,

and therefore ¢ € Q. Hence, HN QR C Q. The relation K N QR C R is verified in the same way.
Since the opposite inclusions are obvious, the required equalities are proved.
The quotient group P/QR is an extension of HR/QR by P/HR. We have

HR/QR=H/Q(RNH) = (H/Q)/(QIRNH)/Q),
P/HR = HK/HR = K/R(HN K) = (K/R)/(R(H N K)/R).

Since R € C*(K,L, M, ¢), then K/R € C and therefore H/Q € C. Hence, P/QR € C because C
is closed under taking quotient groups and extensions. Thus, using the C-regularity of G with
respect to P, we can find a subgroup U € C*(G) such that UN P = QR.

By the hypothesis of the proposition, G/X is residually a C-group and C is closed under taking
subgroups and extensions. Hence, C is also closed under taking direct products of a finite number
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of factors and, by Proposition 3.1, there exists a subgroup V/X € C*(G/X) such that SX/X N
V/X ={(. Then V € C*(G) and SNV = .

Let N=UNV. Then SNXNCSNXV =8NV ={( and, again by Proposition 3.1, N €
C*(G). Because P < X < V, we have

PON=PNUNV=PNU=AQR,
HNN=HNPNN=HNQR=Q,
KNN=KNPNN=KNQR=R

Since Q@ =R, it follows from these equalities that N is an (H, K, ¢)-compatible subgroup,

which is the required canonical ascend of R.
2. The relation R € C’; +1(K’ L, M, ¢) means that there exists a number n > r + 3 such that a
cyclic group C, of order n belongs to C and n is admissible for the HNN-tuple (K/R,
LR/R,MR/R, @) with the reserve r+ 1. Since KN N = R, the map of K/R into G/N taking a
coset kR (k € K) to kN is an isomorphism of K/R onto the subgroup KN/N of G/N. Under this
isomorphism, the subgroups LR/R and MR/R are mapped onto the subgroups LN/N and MN/N,
and the isomorphism ¢ corresponds to the isomorphism ¢y. Therefore, n is admissible with the
reserve r+1 for the HNN-tuple (KN/N,LN/N,MN/N,¢py). Let us show that HN/NN
KN/N = LN/N.

If gN € HN/NNKN/N, then g € HNNKN and g = hx = ky for some h € H, k € K, and
x,y € N. Hence, h 'k = xy~! € HK N N. Since N is a canonical ascend of R, then HK "N = QR
(where, as above, Q = Rp~') and therefore h™'k = hik; for some h; € Q, k; € R. Thus, hh, =
kk;' € HNK =L and heh;'L. Since hy € Q< N, then g=hx€ LN and gN € LN/N.
Therefore, HN/N N KN/N C LN/N and, because the opposite inclusion is obvious, the required
equality is proved.

Thus, HN/NNKN/N = LN/N and (LN/N)@y = MN/N by the definition of ¢y. It follows
from these equalities and Proposition 2.2 that n is admissible for the HNN-tuple (G/N, HN/N,
KN/N, ¢y ) with the reserve r. Since C, € C, we have N € C; (G, H, K, ¢), as required. O

Let X be a group, and let Y, Z be its subgroups. We call a family Q of normal subgroups of X
a strong (Y, Z)-filtration if, for any finite subset S of X, there exists a subgroup N € Q such that,
for each x € S, the following statements hold:

1) ifx# 1, then x € N;
2) ifx¢€Y, then x ¢ YN;
3) ifx¢Z, then x ¢ ZN.

It is easy to see that any strong (Y, Z)-filtration is a (Y, Z)-filtration and, if Q is closed under
taking finite intersections of subgroups, then any (Y, Z)-filtration is a strong (Y, Z)-filtration.

Proposition 4.4. Suppose that C is a class of groups closed under taking subgroups, quotient groups,
and extensions, (G,H, K, ¢) is an HNN-tuple, H and K lie in the center of G and are 7'-isolated in
this group for some set of primes m, L= HNK, M = Lo, and G is C-regular with respect to the
subgroup P= HK. Suppose also that there exists a normal subgroup X of G such that P < X, X/P is
a periodic w'-group, and G/X is residually a C-group. Then the following statements hold.

1) IfC(K,L,M, @) is a strong (L, M)-filtration, then C*(G, H, K, @) is a strong (H, K)-filtration.
2) If, for some r >0, C,, (K,L,M, ) is a strong (L, M)-filtration, then C;(G,H,K,q) is a
strong (H, K)-filtration.

Proof. We prove Statements 1 and 2 simultaneously. Suppose that S is a finite subset of G and
g € S. Then:
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1) ifgeK\H, thengdL;

2) ifge H\K, then gp & M;

3) ifgeP\(HUK)and g = hk, where h€e H, k€K, then k€ L, hp ¢ M;

4) if geX\P, q is the order of ¢ modulo P, and g¢?=hk, where he€H, k€K,
then k € L, hop ¢ M.

Indeed, if g€ K\ H, then g HNK=L; if g€ H\ K, then g HNK =L and therefore
gp ¢ M. If ge P\ (HUK) and g = hk for some h€ H, k€ K, then h ¢ K, k ¢ H, and, as
above, k & L, hgp & M. Suppose that g € X \ P, q is the order of g modulo P, and g9 = hk, where
h € H, keK.Since g ¢ HUK, H and K are n'-isolated in G, and, by the hypothesis of the prop-
osition, g is a 7'-number, then hk ¢ HUK. Hence, using the above argument, we
getk &L, ho & M.

Thus, because the family C*(K, L, M, ¢) or C;,,(K,L,M, ¢) is a strong (L, M)-filtration, we can

choose a subgroup R from this family so that, for each g € S, the following conditions hold:

1) ifgelandg#1, theng¢&R;

2) ifgeK\H, then g € LR,

3) ifge H\K, then go & MR;

4) ifge P\ (HUK) and g = hk, where h € H, k € K, then k & LR, h¢ ¢ MR;

5) if geX\P, q is the order of ¢ modulo P, and g¢7=hk, where he€ H, k€K,
then k & LR, ho ¢ MR.

It is sufficient for us that, for each g € S, the fourth and fifth conditions hold for some fixed
choice of h and k. However, if h1k; = hyk, for some hy, hy € H, ki, k, € K, then h'h, = kk;! €
L. Therefore, if k; € LR and h;¢ ¢ MR, then k, € LR and h,¢ ¢ MR.

Let S =S\ X, and let Q= Ro~ 1. By Proposition 4.3, there exists a canonical ascend N €
C*(G,H,K, @) of R such that §; N XN = ) and, if R € C;,(K,L, M, @), then N € C;(G, H,K, ¢).
To complete the proof, it suffices to show that, for each g € S, the following statements hold:

1) ifg#1, theng &N;
2) ifg¢ H, then g & HN;
3) ifg¢K, then g ¢ KN.

Let us consider several cases.

Case 1: g€ Land g # 1.

Since R=NNK, g € K, and g € R by the choice of R, then g ¢ N.

Case 2: g € K\ H.

If g € HN and g = hx for some h € H, x € N, then x =h"'g € NN P. Since N is a canonical
ascend of R, then NNP = QR and x = hk for some h; € Q k& R. Hence, gk™! = hh; €
HNK =1L, g € LR, and we get a contradiction with the choice of R.

Case 3: g € H\ K.

As in the previous case, if g € KN and g = kx for some k€ K, x €N, then x=k g€
N NP =RQ and therefore x = k;h for some h € Q, k; € R. Hence, gh™! = kk, € L, g = (kk;)h €
LQ, go € MR, and we again get a contradiction with the choice of R.

Case 4: g € P\ (HUK).

Let g = hk, where h € H, k € K. If g € HHN and g = h;x for some h; € H, x € N, then it fol-
lows from the equality hk = h;x that x € P and therefore x € NN P = QR. Hence, x = hyk, for
some hy € Q, ky € R, hk = hyhyk,, and kk;' = h™'hihy € L. Thus, we get the relations k =
(h~*hyhy)k, € LR, which contradict the choice of R.
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Similarly, if g € KN and g = k;x for some k; € K, x € N, then again x € NNP = QR and
x = hyk, for some h, € Q, k, € R. Hence, hk = kihyk, and, since [H,K] =1, then hh;' =
k'kiky € L, h = (k 'kiky)hy € LQ, and ho € MR. The last inclusion again contradicts the
choice of R.

Case 5: g € X\ P.

As already proved above, it follows from the relation g € X \ P that g7 ¢ H UK, where q is
the order of ¢ modulo P. Hence, using the same argument as in Case 4, we get g9 ¢ HN U KN.
Then ¢ ¢ HN U KN, as required.

Case 6: ¢ € X.
Since g¢& X, then g€ S;,g XN by the choice of N, and g¢ HNUKN because
HUK CX. O

5. Necessary and sufficient conditions for the C-residuality of HNN-extensions

Throughout this section, it is assumed that (G,H,K,®) is an HNN-tuple and & =
HNN(G, H, K, ). Let us recall that any element ¢ € & can be written in a reduced form:

g=gt"g1...t" gy,
where g € G, ¢ ==*1, and if —gi=1=¢;, then g € H, if 6 =1=—¢1;, then g ¢ K.
Britton’s lemma (see, e. g., [9, Ch. IV, Section 2]) says that an element of & is non-trivial if it
has a reduced form containing at least one letter ¢ or 71 As a consequence, all the reduced
forms of an element g € & have the same number of occurrences of the letters ¢t and ¢'. This
number is called the length of g and is denoted in this article by |g]|.

Proposition 5.1. If C is a root class of groups, then the following statements hold.

1)  Every free group is residually a C-group [3, Theorem 1].
2)  Any extension of a residually C-group by a C-group is residually a C-group [7, Lemma 1.5].

The following proposition is a generalization of Theorem 4.2 from [4] and is partially proved
in [24].

Proposition 5.2. Let C be a class of groups.

1) If ® is residually a C-group, then C/\(G,H, K, ¢) is a filtration.

2)  If ® is residually a C-group, H and K are proper central subgroups of G, then C-(G,H, K, ¢)
is an (H, K)-filtration.

3) IfCis a root class of groups and C/(G,H, K, ¢) is an (H, K)-filtration, then & is residually
a C-group.

Proof. 1. Since & is residually a C-group, then

1= 1 uv= N (UnG) = M N,
UeC*(®) UeC*(®) NeC:(G, H, K, ¢)
as required.
2. Suppose that C;,(G, H, K, ¢) is not an H-filtration and
@€ ( N HN) \ H.
NeCi (G, H, K, )

Because K # G, we can take an element g € G\ K and put g = [t"'gi£,g]. Then |g| =4 and
therefore g # 1. Since & is residually a C-group, there exists a subgroup U € C*(®) such that g &

U. By the choice of g;, the inclusion g € H(U N G) holds, and therefore g = h (mod U) for
some h € H. Hence,
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g=[t"'ht, @] = [ho, &) (mod U).

Since he € K and K is central in G, then [ho,g] = 1, and we get a contradiction with the choice
of U. The fact that C'\(G, H, K, ¢) is a K-filtration is proved in a similar way.
3. Let g € & \ {1}. We show that there exists a subgroup N € C/(G, H, K, ¢) such that gpy, # 1.
If g € G, then, because C;(G, H,K, @) is a filtration, g does not belong to some subgroup N €
C.(G,H,K, ¢). Since py extends the natural homomorphism G — G/N, then gpy # 1 and there-
fore N is the required subgroup.

Suppose that g ¢ G and g = got* gy...t"g,, where g; € G, & = *£1, and if —¢; =1 = ¢34, then
g ¢ H, if 6 =1= —¢4,, then g & K. It should be noted that, since ¢ & G, then n > 1. For
eachi € {0, 1, ..., n}, we define a subgroup N; € C/,(G, H, K, ¢) as follows.

If1<i<n-—1and —¢ =1=¢;,, then g ¢ H and, since C/,(G, H,K, ¢) is an (H, K)-filtra-
tion, we can find a subgroup N; € C/\(G, H, K, ¢) such that g ¢ HN;. Similarly, if 1 <i<n-—1
and & = 1 = —¢;1, we choose a subgroup N; € Cf\(G, H, K, ¢) so that g; ¢ KN;. For all other i €

{0, 1, ..., n}, we put N; = G. The last choice is possible because C is root and therefore the
trivial group belongs to C, ® € C*(&), and G € C;(G, H,K, ).
Let
n
N=[1N.
i=0

Then N € C/ (G, H, K, ¢) by Proposition 3.2 and, for any i € {1, 2, ..., n—1}, if —g;=1=
&1, then g € HN, if ¢ = 1 = —¢;44, then g ¢ KN. Hence,

8PN = (QN)t" (g1N)...t" (g,N)

is a reduced form of gpy of length n>1 and, in particular, goy # 1. Thus, N is the
required subgroup.

Let us now show that &y = HNN(G/N, HN/N,KN/N, ¢y) is residually a C-group and there-
fore py can be extended to a homomorphism of ® onto a group from C taking g to a non-trivial
element. Suppose that U € C*(®) is a subgroup satisfying the equality N=UNG and ¢ : &y —
& /U is the mapping defined by the rule: (xpy)o = xU (x € &). Since the kernel of py coincides
with the normal closure of N in &, it is contained in U and therefore ¢ is well defined. It is also
easy to see that ¢ is a surjective homomorphism. Since Gpy = G/N and N = UNG, then
kerc N G/N = 1. Hence, kerc is free (see, e. g., [5]) and By is an extension of the free group
kerg by the C-group &/U. Such an extension is residually a C-group by Proposition 5.1.

Proposition 5.3. Suppose that C is a class of groups consisting only of periodic groups, H is a cen-
tral subgroup of G, and H < K # G. If ® is residually a C-group, then H=K.

Proof. Suppose that H # K and k € K \ H. Suppose also that g € G\ K and x = [t 'kt,g]. Then
|x| = 4 and therefore x # 1. Since & is residually a C-group, there exists a subgroup U € C*(®)
such that x ¢ U. Because C consists only of periodic groups, t has a finite order modulo U and
therefore t ! =" (mod U) for some m > 0. It follows from the last relation and the inclusion
H < K that

t 'kt =t"kt " =keo ™€ H (mod U).

Since H is central in G, then [kp~™,g] = 1. Thus, x € U, and we get a contradiction with the
choice of U. O

Proposition 5.4. Suppose that C is a class of groups closed under taking subgroups and direct prod-
ucts of a finite number of factors. Suppose also that G is residually a C-group and there exists a
subgroup Q € C*(G) satisfying at least one of the following conditions:
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() HNQ=1=KnNQ,
(f) Q< HNK and Qp = Q.

Then H and K are C-separable in G.

Proof. We take an element ¢ € G\ H and find a subgroup N € C*(G) such that g ¢ HN.

If Q< H or g¢¢ HQ, then Q is the required subgroup. Therefore, we can assume that HN
Q=1 and g = hx for some h € H, x € Q. Since g € H, then x # 1 and, because G is residually a
C-group, there exists a subgroup M € C*(G) that does not contain x. We put N = M N Q. Then
N € C*(G) by Proposition 3.1. If g =h;x, for some h, € H,x;, €N, then xx;'=h"'h, €
HNQ=1. Hence, x =x, € N <M, and we get a contradiction with the choice of M. Therefore,
g ¢ HN and N is the required subgroup.

Thus, H is C-separable in G. The C-separability of K is proved in a similar way. O

Proposition 5.5. Suppose that C is a root class of groups containing infinite groups, G is residually
a C-group, H and K are central subgroups of G. Suppose also that there exists a subgroup Q €
C*(G) satisfying at least one of the following conditions:

() HNQ=1=KNQ,
() Q< HNK and Qp = Q.

Then C*(G, H,K, @) is an (H, K)-filtration.

Proof. We only need to show that every subgroup from C*(G) contains some subgroup from
C*(G,H,K, ¢). Since G is residually a C-group and H, K are C-separable in G by Proposition 5.4,
then it will follow from this fact that C*(G, H, K, ¢) is an (H, K)-filtration.

So, let L € C*(G). By Proposition 3.1, the subgroup M = LN Q belongs to C*(G). If () holds,
then

(HNM)p=(HNLNQ)p=1=KNLNQ=KNM
and therefore M € C*(G, H, K, ¢). If () holds, then the subgroup
N=[ Mg
ieZ
belongs to the same family.

Indeed, N lies in the center of G, is ¢-invariant, and therefore is (H, K, ¢)-compatible. Since
Q/M < G/M and C is closed under taking subgroups, then M € C*(Q). Because Q is ¢-invariant,
the restriction of ¢ to this subgroup is its automorphism and therefore M’ € C*(Q). Hence, Q/
N is embedded into the Cartesian product of countably many isomorphic C-groups Q/M¢’. Since
C is root and contains infinite groups, then it also contains the indicated Cartesian product, its
subgroup Q/N, and the group G/N, which is an extension of Q/N by the C-group G/Q. Therefore,
N € C*(G). O

Proposition 5.6. Suppose that C is a class of groups closed under taking subgroups and direct prod-
ucts of a finite number of factors, H and K are proper central subgroups of finite index of G. If &
is residually a C-group, then there exists a subgroup Q € C*(G) such that Q < HNK and Qp = Q.

Proof. Because H and K are of finite index in G, the subgroup H N K has the same property. Let
1=g, & ... g« be a complete set of cosets representatives of this subgroup in G, and let § =
{2 ..» gu}. Since & is residually a C-group, then, by Proposition 5.2, C/(G, H, K, ¢) is an (H,
K)-filtration. Hence,
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Hnk< N (HﬂK)N§< N HN)ﬁ( N KN)HmK
NeC; (G, H, K, ) NeC; (G, H, K, ) NeC (G, H, K, )

and therefore, for each s S, there exists a subgroup Q; € C(G,H,K,¢) such that s¢

(HNK)Q;,. Let us show that

Q=0MNaq,
seS

is the required subgroup.

Indeed, if g€ G\ (HNK) and g = xs for suitable s€ S, x€ HNK, then x'g=s¢
(HNK)Q, and therefore x 'g & (HNK)Q. Hence, g ¢ (HNK)Q and, because g is chosen arbi-
trarily, (HNK)Q < HNK. Thus, Q < HNK. It remains to note that Q € C;(G, H,K, ¢) by
Proposition 3.2 and C/\(G, H, K, ¢) C C*(G, H, K, ¢) by Proposition 3.4. Therefore, Q € C*(G) and
Qp=(QNH)p=QNK=Q. O

We conclude this section with two criteria for the root-class residuality of split extensions.

Proposition 5.7. Suppose that C is a root class of groups consisting only of periodic groups and
closed under taking quotient groups. Suppose also that G is an abelian group, H=G=K, and Q is
the family of subgroups of G defined as follows: N € Q if and only if N € C*(G), No = N, and the
automorphism @y of the group G/N induced by the automorphism ¢ has a finite order, which is a
n(C)-number. Then & is residually a C-group if and only if Nyeq N = 1.

Proof. Since H=G = K, then any filtration is an (H, K)-filtration. Therefore, by Proposition 5.2,
& is residually a C-group if and only if C/\(G, H,K, ¢) is a filtration. It remains to note that, by
Proposition 3.5, a subgroup N belongs to C/(G, H,K, ¢) if and only if No =N, G/N € C, and
the order of ¢y is finite and is a 7(C)-number. O

Proposition 5.8. Suppose that C is a root class of groups consisting only of periodic groups and
closed under taking quotient groups, G is an abelian residually C-group, and H=G=K. If the
order q of the automorphism ¢ is finite, then & is residually a C-group if and only if q is
a n(C)-number.

Proof. Necessity. Because q is the order of ¢, for any i € {1, ..., g — 1}, there exists an element
g € G such that g;¢p' # g;. Let
S={go'g |1<i<q-1}.

Since & is residually a C-group, then, by Proposition 3.1, there exists a subgroup U € C*(&)
such that UNS=0. If N=UNG, then N € C/ (G H,K,p) and, by Proposition 3.5, N is
@-invariant, the automorphism ¢y of G/N induced by ¢ has a finite order gy, and this order is a
7(C)-number. It remains to note that NN S = () and therefore gy = g.

Sufficiency. Suppose that Q is the family of subgroups defined in Proposition 5.7, M € C*(G),
and

q—1
N = Mgy
i=0

Then N < M, No = N, and, by Proposition 3.1, N € C*(G). The order of the automorphism ¢y
induced by ¢ divides g and therefore is a 7(C)-number. Hence, N € Q.

Thus, any subgroup from C*(G) contains a subgroup from Q and, since G is residually a
C-group, Q is a filtration. Therefore, & is residually a C-group by Proposition 5.7. O
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6. Proofs of Theorems 1-4 and Corollaries 1-4

Throughout this section, it is assumed that (G, H, K, ¢) is an HNN-tuple, H and K lie in the cen-
ter of G, and & = HNN(G, H, K, ¢). It is also assumed that

Ko =G, Hy = H, Ky =K, Hiy1 = HiNK;, Kiy1 = Hi9, P = HK; (i > 1).

Proposition 6.1. Suppose that C is a root class of groups and H # G # K. If & is residually a
C-group, then, for any n >1, the HNN-extensions &, , = HNN(G,H,,K,,¢) and R, =
HNN(K,,—1, Hy, Ky, @) are also residually C-groups.

Proof. Since & is residually a C-group, then the family C(G, H,K, ¢) is an (H, K)-filtration by
Proposition 5.2. Repeatedly using Proposition 4.2, we see that C/(G,H,, K, ¢) and
Cr(Kn—1, Hp, Ky, @) are (H,, K,)-filtrations, and, again by Proposition 5.2, &,_; and £,_; are
residually C-groups. O

Proposition 6.2. The following statements hold.

1) Let m be a set of primes. If H, and K,, are ©'-isolated in G for some n > 1, then H; and K;
are 1'-isolated in this group for all i > n.

2) If a number n > 1 and a subgroup Q are such that Q < H,NK, and Qp = Q, then Q <
H;NK; for all i > n.

3) Let C be a class of groups closed under taking subgroups and extensions. If H € C*(G) and
K € C*(G), then H; € C*(G) and K; € C*(G) for all i > 1.

Proof. Let us use induction on i and note that, for all three statements, the induction base
is obvious.

1)  Suppose that H; and K; are 7'-isolated in G for some i > n. If an element ¢ € G and a num-
ber g € 7’ are such that g7 € H;;y, then g7 € H; and g7 € K;. Since H; and K; are n'-iso-
lated, then ¢ € H; N K; = H;;; and therefore H;, is '-isolated in G. If, for some g € G and
q € 7', the inclusion g7 € K;;1 holds, then g € K; because K; is 7'-isolated. Hence, the elem-
ent go ! is defined and (gp')? € H;;. Since H;,; is 7'-isolated, it follows from the last
inclusion that g ! € H;;; and g € K;y;. Thus, K4 is also 7'-isolated in G.

2) Let Q < H;NK; for some i > n. Then

Q< Hi1 =H;NK;, Q¢ <Hi1¢p =Ky,

and since Qp = Q, then Q < H;;1 N K.

3) Let C*(G) contain H; and K; for some i > 1. Then H;,; = H; N K; € C*(G) by Proposition
3.1. Since C is closed under taking subgroups, then H;;; € C*(H;) and it follows from the
equalities H; = K;, H;; 10 = K;1; that K41 € C*(K;). Hence, the quotient group G/K;; is
an extension of the C-group K;/Ki;; by the C-group G/K;, and K;y; € C*(G) because C is
closed under taking extensions. |

Proposition 6.3. [19, Proposition 5] Suppose that C is a class of groups consisting only of periodic
groups, X is a group, and Y is a subgroup of X. If Y is C-separable in X, then it is ©(C)'-isolated in
this group. In particular, if X is residually a C-group, then it has no n(C) -torsion.

If 7 is a set of primes, X is a group, and Y is a subgroup of X, then we denote by R (X,Y)

the set of elements of X defined as follows: x € Ry (X,Y) if and only if x € Y for some n’'-num-
ber g.
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Obviously, R»(X,Y) CZ»(X,Y) and the equality Z,(X,Y) = R (X,Y) holds if and only if
Ry (X,Y) is a subgroup. It is easy to see that, if X is an abelian group, then R (X,Y) is always
a subgroup.

Proposition 6.4. Suppose that C is a class of groups closed under taking quotient groups, X is
residually a C-group, Y is a central subgroup of X. Then the n(C)'-isolator Ty (X, Y) is contained
in the center of X and coincides with the set Ry (X, Y).

Proof. Let Z be the center of X. We show that Z is C-separable in X.

If x € X\ Z, then [x,y] # 1 for some y € X and, because X is residually a C-group, there exists
a subgroup N € C*(X) such that [x,y] € N. Hence, [xN,yN] # N and therefore xN does not
belong to the center Z(X/N) of X/N. It is easy to see that ZN/N < Z(X/N). Thus, xN ¢ ZN/N
and x ¢ ZN. It remains to note that X/ZN = (X/N)/(ZN/N) € C because C is closed under tak-
ing quotient groups.

Now, it follows from Proposition 6.3 that Z is m(C)'-isolated in X, and since Y < Z, then
Loy (X, Y) < Z. Hence, Z oy (X, Y) =T 0y (Z,Y), Rycy (X, Y) = Ry (Z,Y), and Iy (Z,Y) =
Ry (Z,Y) by the above remark. O

Proposition 6.5. [22, Proposition 3] Suppose that C is a class of groups closed under taking quo-
tient groups, X is a group, and Y is a normal subgroup of X. Then Y is C-separable in X if and
only if X/Y is residually a C-group.

Proof of Theorem 3. Necessity. Since & is residually a C-group and C is closed under taking sub-
groups, then E is residually a C-group. By Proposition 6.1, the HNN-extension &,_; =
HNN(G, H,,, K,y @) is also residually a C-group. Since H, = H,+; = H, N K, then H, < K,, and
we get the equality H, = K,, by applying Proposition 5.3 to &,_;.

It follows from Proposition 5.2 that C/\(G, H, K, ¢) is an (H, K)-filtration. By Proposition 3.4,
C. (G, H,K, ) CC*(G), and therefore C*(G) is also an (H, K)-filtration. Hence, H and K are
C-separable in G and 7(C)’-isolated in this group by Proposition 6.3.

Sufficiency. Since

Hn+1 = Hn = Kna Kn+1 = Hn+1§0 = an) = Km

then &, = HNN(K,, H11, K11, @) is a split extension of K, by the infinite cyclic group gener-
ated by t. Therefore, the mapping of the generators of R, to the corresponding elements of &
can be extended to an injective homomorphism taking &, onto E. Hence, K, is residually a
C-group, and C/(Ky, Hyt1, Kut1, @) is a filtration by Proposition 5.2. Because H,1; = K, = K41,
this family is actually an (H,, K,41)-filtration. By Proposition 3.2, it is closed under taking
finite intersections and therefore is a strong (H,41, Kyt1)-filtration. It follows from Proposition
3.5 that C/ (K, H,, K, ,9)=C,(K,H, ,K, ,¢). Hence, C,(K,,H, ,K, ,¢) is also a
strong (H,_, K, )-filtration.

n+1>
Since G is residually a C-group and C is closed under taking subgroups, then K; (i > 0) are
also residually C-groups. For any i€ {0, 1, .., n—1}, Py, is central in K; Hence, by

Proposition 6.4, the 7(C)'-isolator X; = Z ¢y (Ki> Pi1) lies in the center of K; and coincides with
the set RH(C)r(Ki,Pi+1). Therefore, X;/P;,; is a periodic n(C)’-group.

By the hypothesis of the theorem, X; is C-separable in K; for any i € {0, 1, ..., n—1}, and
therefore K;/X; is residually a C-group by Proposition 6.5. Again by the hypothesis, K; is C-regu-
lar with respect to P,.;. By Proposition 6.2, H;y; and K4, are n(C)/—isolated in G and therefore
in K;. Hence, we can successively apply Proposition 4.4 to the HNN-tuples (K;, Hi1, Kit1, ¢), i =
n—1, .., 1, 0. As a result, we see that Cyj(G,H,K,¢p) is a strong (H, K)-filtration. By
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Proposition 3.4, C;(G, H, K, ¢) C C (G, H, K, ¢). Therefore, C~(G, H, K, ¢) is an (H, K)-filtration,
and & is residually a C-group by Proposition 5.2. O

Proof of Theorem 4. Since G is residually a C-group and C is closed under taking subgroups, then
K, is also residually a C-group and, by Proposition 5.5, C*(Ky, Hy+1,Ket1,9) is an
(Hpt1, Kyy1)-filtration. By Proposition 3.2, this family is closed under taking finite intersections
and therefore turns out to be a strong (H, 1, K,41)-filtration. By the hypothesis of the theorem,
P;;) is C-separable in K; for each i € {0, 1, ..., n— 1}. Hence, K;/P;;; is residually a C-group
by Proposition 6.5. If we take the set of all primes as 7 and successively apply Proposition 4.4 to
the HNN-tuples (K;, Hi11, Kit1, @) and the subgroups X;1; = Py (i=n—1, ..., 1, 0), then we
see that C*(G,H,K, @) is a strong (H, K)-filtration. Since C*(G, H, K, ¢) =C}(G,H,K, @) by
Proposition 3.4, then C/(G,H,K, ¢) is an (H, K)-filtration. Thus, & is residually a C-group by
Proposition 5.2. O

Proof of Theorem 1. Statement I follows from Theorem 4. Let us prove Statement II.

We take a number i > 0 and show that K;/P;;; € C.

If Q<HNK and Q¢ = Q, then Q < H;y; NKj;; by Proposition 6.2 and Q < P;y;. Hence,
G/Piy1 =2 (G/Q)/(Pi4+1/Q) € C and K;/P;;1 € C because C is closed under taking subgroups and
quotient groups. If HNQ=1=KNQ, then K,NQ=1 and K;/Piy; 2 K;/Pis1(KiNQ) =
K;Q/P;11Q. Since Q < P;;1Q, then, as above, K;Q/P;11Q € C.

Thus, K;/Piy; € C. Tt follows that Py is C-separable in K; and, by Proposition 6.3, is
7(C)'-isolated in this group. Therefore, P;y; = T =(cy (Ki» Pir1). We note also that if N € C*(Pi11),
then K;/N is an extension of the C-group P;.;/N by the C-group K;/P;y; and K;/N € C because
C is closed under taking extensions. Hence, C*(P;;;) C C*(K;) and therefore K; is C-regular with
respect to Pj;;.

Thus, the statement to be proved follows from Theorem 3. We only need to note that H
and K are C-separable in G by Proposition 5.4 and are 7(C)-isolated in this group by
Proposition 6.3. O

Proof of Corollary 1. Because H is finite, the equalities H, = H,; = H, N K, hold for some n >
1. Therefore, H, < K,,. But the subgroups H,, and K,, are finite and isomorphic, hence, H, = K.
Since G is residually a C-group, then, by Proposition 3.1, there exists a subgroup Q € C*(G) such
that HNQ=1=KNQ. Therefore, Statement I follows from Theorem 1. Let us prove
Statement II.

Since HN Q =1, then H, is embedded into the C-group G/Q and belongs to C because this
class is closed under taking subgroups. The restriction of ¢ to the finite subgroup H, has a finite
order g. Hence, by Proposition 5.8, the subgroup E = sgp{H,,t} of & is residually a C-group if
and only if q is a 7(C)-number. If H=G = K, then & = E, and the required statement is proved.
Otherwise, the inequalities G # H and G # K hold simultaneously because H and K are finite
and isomorphic. Therefore, the statement of the corollary follows from Theorem 1. m|

Proof of Corollary 2. 1. The conditions of the statement are necessary for & to be residually a
C-group by Proposition 5.6 and because C is closed under taking subgroups. Their sufficiency fol-
lows from Theorem 1.

II. Necessity. By Propositions 5.6 and 6.2, there exists a subgroup Q € C*(G) such that Qp = Q
and Q < H;NK; for all i > 1. Since C consists of finite groups, Q has a finite index in G and
therefore H, = H,1, for some n. Because C is closed under taking subgroups, G is residually a
C-group. Therefore, Conditions 2 and 3 follow from Theorem 1. Since C is closed under taking
quotient groups, Condition 1 follows from the relations
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G/H=(G/Q)/(H/Q), G/K=(G/Q)/(K/Q).

Sufficiency. By Proposition 6.2, H; € C*(G) and K; € C*(G) for any i> 1. Hence, H, €
C*(G), H, < HNK, and H,p = H,,. Since E is residually a C-group and C is closed under taking
subgroups, then H, is also residually a C-group. Therefore, G is an extension of the residually
C-group H, by the C-group G/H,. Such an extension is residually a C-group by Proposition 5.1.
Thus, it follows from Theorem 1 that & is residually a C-group. O

Proposition 6.6. [22, Proposition 18] If C is a root class of groups consisting only of periodic
groups and closed under taking quotient groups, then any n(C)-bounded solvable C-group is finite.

Proposition 6.7. [16, Propositions 1, 2, 3] If © is a non-empty set of primes, then the following
statements hold.

1)  Any m-bounded abelian group is of finite rank.

2)  The classes of m-bounded abelian, n-bounded nilpotent, and n-bounded solvable groups are
closed under taking subgroups and quotient groups.

3) If a m-bounded solvable group is abelian, then it belongs to the class of m-bounded abel-

ian groups.
Proof of Theorem 2. Let us show that, for any i € {0, 1, ..., n— 1}, K; is C-regular with respect
to Piy1. Then the required statement will follow from Theorem 3.
Suppose that i€ {0, 1, ..., n—1} and M € C*(P;;;). We need to find a subgroup N €

C (K,) such that NN Pi+1 =M.

Let us denote the 7(C)’-isolator Z ¢y (Ki» M) by T for brevity. Since G is residually a C-group
and C is closed under taking subgroups, then K; is also residually a C-group. Therefore, by
Proposition 6.4, J lies in the center of K; and coincides with the set R (K;, M). It follows from
the equality J =Ry (K;, M) that, if x € TN P;yy, then x1 € M for some 7(C)' -number q. But
the quotient group P;,,/M belongs to C and therefore has no n(C)’-torsion. Hence, xM =1 and
x € M. Thus, 3N P;;; < M and, because the opposite inclusion is obvious, J NP1 = M.

Since H and K are 7(C)-bounded, then it follows from Propositions 6.6 and 6.7 that the
C-group P;1/M is n(C)-bounded and therefore finite. Hence, the subgroup

Pi13/3 = Piyy /(Piya NT) = Py /M

is also finite. By the hypothesis of the theorem, J is C-separable in K;. Therefore, by Proposition
6.5, K;/7J is residually a C-group and, by Proposition 3.1, there exists a subgroup N/J € C*(K;/J)
such that N/JNP;;;J/J = 1. Then N € C*(K;) and, as it is easy to see, NN P;y; = M. Thus, N
is the required subgroup. O

Proposition 6.8. Suppose that C is a root class of groups consisting only of periodic groups and
closed under taking quotient groups, H # G # K, and there exists m > 0 such that at least one of
the following conditions holds:

(o) Hyt1 and K1y are finitely generated;
(B) Hys1 and Ky are n(C)-bounded and n'-isolated in K, for some finite subset n of n(C).

If & is residually a C-group, then H, = H, 1, for some n.

Proof. Because C contains non-trivial groups, n(C) is non-empty. Hence, the rank rk H,;; of
H,,4, is finite by Proposition 6.7, and since rk Hi1; < rkH; for any i > 1, then rkH; =rkH;,;
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for some | > m + 1. It follows from the relations H; = K; and H;; = K, that
I‘kKl = I‘kHl = I‘kHl_H = I‘kKl_H

and therefore the quotient groups Kj/H;;; and K;/Kj;, are periodic. If H, ., and K., are
finitely generated, then Kj/H;y; and Kj/Kj;; are finite. Let us show that this is also true if
() holds.

Since H,,4+1 and K4 are 7'-isolated in K, then, by Proposition 6.2 applied to the HNN-tuple
(K> Hut1> K1, @), Hi1 and Kjg are also 7'-isolated in this group. Hence, Kj/Hi; and
Ki/Ki;, are periodic m-groups, and each of them has a finite number of primary components
because 7 is finite. By Proposition 6.7, these groups are 7(C)-bounded, and since n C n(C), all
their primary components are finite. Thus, K;/H;; and K;/Kj;; are also finite.

By Proposition 6.1, the HNN-extensions

Qﬁl = HNN(G) HI+I’KI+1) (P), ﬁl = HNN(Kb HH»I) K[+1, (,0)

are residually C-groups. If Hi.y = K; or Ky =K, then Hjy > Kipy or Hiyy < Kpyp and it
follows from Proposition 5.3 applied to &; that H;;; = Kj;1. Hence, we can put n =1+ 1. Let
Hi1 # Ki # Ki;1- Then, by Proposition 5.6 applied to K, there exists a subgroup Q € C*(Kj)
such that Q < Hj;; N Ky and Qe = Q. The C-group K;/Q is finite: this is obvious if (a) holds,
and follows from Propositions 6.6, 6.7 if (f§) takes place. By Proposition 6.2, Q < H; for any i >
I+ 1. Thus, there exists n > I + 1 such that H, = H,,. O

Proposition 6.9. [18, Proposition 10] If C is a root class of groups consisting only of periodic
groups, then any finite solvable n(C)-group belongs to C.

Proposition 6.10. If C is a root class of groups consisting only of periodic groups and n(C) contains
all prime numbers, then all the subgroups of an arbitrary w(C)-bounded solvable group
are C-separable.

Proof. Let X be a n(C)-bounded solvable group, and let Y be a subgroup of X. By Theorem 6
from [10], Y is F-separable in X, where F is the class of all finite groups. Since any homo-
morphic image of X is a solvable group, then Y turns out to be FS-separable in X, where FS is
the class of all finite solvable groups. By Proposition 6.9, 7S C C. Hence, Y is C-separable. O

Proposition 6.11. [19, Proposition 8] If C is a root class of groups consisting only of periodic
groups and X is a n(C)-bounded nilpotent group, then every n(C)'-isolated subgroup of X is C-sep-
arable in this group.

Proof of Corollaries 3 and 4. Let us verify that the conditions of Theorem 2 hold.

By Proposition 6.7, H; and K; (i > 1) are n(C)-bounded abelian groups. Therefore, it follows
from Propositions 6.10 and 6.11 that all the 7(C)'-isolated subgroups of K; (i > 0) are C-separable
in this group. In particular, if N € C*(P;41), then the subgroup Z .y (K;, N) is C-separable in K.

The fact that G is residually a C-group follows from

Proposition 6.10 if 7(C) contains all primes and G is a n(C)-bounded solvable group;
Proposition 6.11 and the absence of n(C)-torsion in G if the last group is
n(C)-bounded nilpotent;

o the assumption that C is closed under taking subgroups if & is residually a C-group.

Finally, H, = H,4; for some n>1: it is obvious if H, = K,, and is guaranteed by
Proposition 6.8 if & is residually a C-group. Thus, the necessity of the statements of both
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corollaries follows from Theorem 2. We only need to note that if & is residually a C-group, then

G is also residually a C-group and, by Proposition 6.3, has no 7(C)’-torsion.

The group E is n(C)-bounded solvable as an extension of the n(C)-bounded abelian group H,
by the infinite cyclic group (t), which is also 7(C)-bounded abelian. If 7(C) contains all primes,
then H and K are 7(C)-isolated in G and, by Proposition 6.10, E is residually a C-group.
Therefore, the sufficiency of the statements of the corollaries also follows from Theorem 2. O
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