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Certain residual properties of HNN-extensions with central
associated subgroups

E. V. Sokolov

Ivanovo State University, Ivanovo, Russia

ABSTRACT
Suppose that G is a group, H and K are proper isomorphic central sub-
groups of G, and G is an HNN-extension of G with the associated sub-
groups H and K. We prove necessary and sufficient conditions for G to be
residually a C-group, where C is a class of groups closed under taking sub-
groups, extensions, homomorphic images, and Cartesian products of the
form

Q
y2Y Xy , where X, Y 2 C and Xy is an isomorphic copy of X for

each y 2 Y:
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1. Introduction: Statement of results

Let C be a class of groups. Recall that a group X is said to be residually a C-group if, for any non-
trivial element x 2 X, there is a homomorphism r of X onto a group from C such that xr 6¼ 1:

The main question in the study of the C-residuality of HNN-extensions is whether an HNN-
extension of a residually C-group is again residually a C-group. All known answers to this ques-
tion are obtained under various restrictions imposed on the base group, the associated subgroups,
and/or the isomorphism between them (the terminology for HNN-extensions used here and
below follows [9]). One such restriction is the centrality of the associated subgroups in the base
group; the C-residuality of HNN-extensions of this type (including the case of an abelian base
group) is studied in [2, 6, 8, 11–15, 20, 21, 26, 27].

In [2, 14, 15], S. Andreadakis, E. Raptis, and D. Varsos give criteria for the residual finiteness
and the residual nilpotence of an HNN-extension of a finitely generated abelian group and prove
that such an extension is residually solvable. D. I. Moldavanskii [11, 12] significantly strengthens
some of these results by generalizing them to the case of HNN-extension with central associated
subgroups. He proposes an original approach to the study of the C-residuality of such HNN-
extensions, which he call the method of descent and ascent of compatible subgroups. In [11, 12],
this method is applied under the assumption that C is the class of all finite groups or all finite
p-groups, where p is a prime number. The aim of this article is to generalize the results obtained
in [11, 12] to the case when C is an arbitrary root class of groups closed under taking quo-
tient groups.
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The notion of a root class was introduced by K. Gruenberg [7], and its equivalent definitions
are given in [17]. In accordance with one of them, a class of groups C containing at least one
non-trivial group is called root if it is closed under taking subgroups, extensions, and Cartesian
products of the form

Q
y2Y Xy, where X,Y 2 C and Xy is an isomorphic copy of X for each y 2

Y: The examples of root classes are the above-mentioned classes of all finite groups and all finite
p-groups, as well as the classes of periodic p-groups of finite exponent (where p is a non-empty
set of primes), all solvable groups, and all torsion-free groups. We note also that the intersection
of any number of root classes is again a root class [17].

The notion of a root class turns out to be very useful in studying the residual properties of
free constructions of groups allowing one to prove many statements at once using the same argu-
ment. The papers [3, 7] are the starting point for these studies, some of the latest results obtained
in this area can be found in [21, 22, 25]. The root-class residuality of HNN-extensions is studied
in [6, 20, 21, 23–25]. These papers deal mainly with the cases when the associated subgroups
coincide or intersect trivially.

Let us call a sequence ðX,Y ,Z,wÞ an HNN-tuple if X is a group, Y and Z are isomorphic sub-
groups of X, and w : Y ! Z is an isomorphism. If ðX,Y ,Z,wÞ is an HNN-tuple, then by
HNNðX,Y ,Z,wÞ we denote the HNN-extension hX, t; t�1Yt ¼ Z,wi: Recall that HNNðX,Y ,Z,wÞ
is the group whose generators are the generators of X and the symbol t, and whose defining rela-
tions are the relations of X and all possible relations of the form t�1yt ¼ yw, where y and yw are
words in the generators of X defining an element y 2 Y and its image under w.

Throughout this section, we assume that ðG,H,K,uÞ is an HNN-tuple, H and K lie in the

center of G, and G ¼ HNNðG,H,K,uÞ: We put K0 ¼ G, H1 ¼ H, K1 ¼ K, and (if Hi and Ki are
already defined) Hiþ1 ¼ Hi \ Ki, Kiþ1 ¼ Hiþ1u: To simplify the notation, the restriction of u to
Hi (i � 1) or some other subgroup is denoted below by the same symbol u:

Since, for any i � 0, the sequence ðKi,Hiþ1,Kiþ1,uÞ is an HNN-tuple, the group Ki ¼
HNNðKi,Hiþ1,Kiþ1,uÞ is defined. Obviously, if Hn ¼ Kn for some n � 1, then Hnþ1 ¼ Kn ¼
Knþ1, and therefore Kn is a split extension of Kn by the infinite cyclic group hti: It is also easy to
see that the restriction of u to Hn turns out to be an automorphism of this subgroup, and Kn is
isomorphic to the subgroup E ¼ sgpfHn, tg of G, which is a split extension of Hn by hti:

The method of descent and ascent of compatible subgroups essentially consists in proving
that, under certain conditions, for each i � 0, the C-residuality of G is equivalent to the C-resi-
duality of Ki: If Hn ¼ Kn for some n � 1, this allows us to reduce the question of the C-residual-
ity of G to the much simpler problem of finding conditions for the split extension Kn to be
residually a C-group. Two criteria for the root-class residuality of split extensions are given at the
end of Section 5.

We note that the equality Hn ¼ Kn may not hold for any n. To guarantee its fulfillment, the
theorems given below impose a weaker condition on G: Hn ¼ Hnþ1 for some n. Corollaries 1–4
describe a number of situations in which the last relation certainly takes place.

Throughout the article, if C is a class of groups and X is a group, then C�ðXÞ denotes the fam-
ily of normal subgroups of X such that Y 2 C�ðXÞ whenever X=Y 2 C: If C consists only of peri-
odic groups, then we denote by pðCÞ the set of all the prime numbers that divide the orders of
the elements of all possible C-groups. Recall that if p is a set of primes, then a p-number is an
integer all of whose prime divisors belong to p, and a p-group is a periodic group in which the
order of each element is a p-number.

Theorem 1. Suppose that C is a root class of groups closed under taking quotient groups, G is
residually a C-group, and there exists a subgroup Q 2 C�ðGÞ satisfying at least one of the follow-
ing conditions:

ðaÞ H \ Q ¼ 1 ¼ K \ Q,

COMMUNICATIONS IN ALGEBRAVR 963



ðbÞ Q � H \ K and Qu ¼ Q:
I. If C contains non-periodic groups, then G is residually a C-group.
II. If C consists only of periodic groups, H 6¼ G 6¼ K, and Hn ¼ Hnþ1 for some n � 1, then G is

residually a C-group if and only if
1) Hn ¼ Kn;
2) the subgroup E ¼ sgpfHn, tg is residually a C-group.
Corollary 1. If C is a root class of groups closed under taking quotient groups, G is residually a
C-group, H and K are finite, then Hn ¼ Kn for some n � 1 and the following statements hold.

I. If C contains non-periodic groups, then G is residually a C-group.
II. If C consists only of periodic groups, then G is residually a C-group if and only if the order of

the automorphism u of Hn is a pðCÞ-number.

Corollary 2. Suppose that C is a root class of groups closed under taking quotient groups, H and K
have finite index in G, and H 6¼ G 6¼ K:

I. If C contains non-periodic groups, then G is residually a C-group if and only if G is residually
a C-group and there exists a subgroup Q 2 C�ðGÞ satisfying the conditions Q � H \ K
and Qu ¼ Q:

II. If C consists only of finite groups, then G is residually a C-group if and only if
1) G=H 2 C and G=K 2 C;
2) Hn ¼ Kn for some n � 1;
3) the subgroup E ¼ sgpfHn, tg is residually a C-group.

Let p be a set of primes. Following [16], we call an abelian group A p-bounded if, for any quo-
tient group B of A and for any p 2 p, the p-primary component of B is finite. A nilpotent (solv-
able) group is said to be p-bounded if it has a finite central (respectively, subnormal) series with
abelian p-bounded factors. It is easy to see that, for any set p of prime numbers, a finitely gener-
ated nilpotent group is p-bounded nilpotent and a polycyclic group is p-bounded solvable. It is
also known (see Proposition 6.7 below) that if a p-bounded solvable group is abelian, then it
belongs to the class of p-bounded abelian groups. Therefore, we can say that an abelian group is
p-bounded without specifying the class of p-bounded groups (abelian, nilpotent, or solvable) that
we mean.

Throughout the article, we denote by p0 the set of all primes that do not belong to the set p.
Recall that a subgroup Y of a group X is said to be p0-isolated in this group if, for any x 2 X and
for any q 2 p0, it follows from the inclusion xq 2 Y that x 2 Y: Obviously, if p contains all
primes, then any subgroup turns out to be p0-isolated.

It is easy to see that the intersection of any number of p0-isolated subgroups is again a p0-iso-
lated subgroup. Therefore, for any subgroup Y � X, there exists the smallest p0-isolated subgroup
containing it. We call this subgroup the p0-isolator of Y in X and denote it by Ip0 ðX,YÞ:

Let C be a class of groups. Recall that a subgroup Y is said to be C-separable in a group X if,
for any x 2 X n Y , there exists a homomorphism r of X onto a group from C such that xr 62 Yr
[10]. Obviously, the C-residuality of X is equivalent to the C-separability of its trivial subgroup. It
is also known (see Proposition 6.3 below) that if C consists only of periodic groups, then any
C-separable subgroup of X is pðCÞ0-isolated in this group. Thus, for such a class of groups C, the
main problem in the study of C-separability is the search for conditions under which a pðCÞ0-iso-
lated subgroup turns out to be C-separable.
Theorem 2. Suppose that C is a root class of groups consisting only of periodic groups and closed
under taking quotient groups, G is residually a C-group, H and K are pðCÞ-bounded, and
H 6¼ G 6¼ K. Suppose also that Hn ¼ Hnþ1 for some n � 1 and, for any i 2 f0, 1, :::, n� 1g and
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N 2 C�ðHiþ1Kiþ1Þ, the subgroup IpðCÞ0 ðKi,NÞ is C-separable in Ki. Then G is residually a C-group
if and only if

1) Hn ¼ Kn;
2) the subgroup E ¼ sgpfHn, tg is residually a C-group;
3) H and K are pðCÞ0-isolated in G.

Corollary 3. Suppose that C is a root class of groups consisting only of periodic groups and closed
under taking quotient groups, G is pðCÞ-bounded nilpotent, H 6¼ G 6¼ K. Suppose also that there
exists a number m � 0 such that Hmþ1 and Kmþ1 are finitely generated or p0-isolated in Km for
some finite subset p of pðCÞ. Then G is residually a C-group if and only if

1) Hn ¼ Kn for some n � 1;
2) the subgroup E ¼ sgpfHn, tg is residually a C-group;
3) G has no pðCÞ0-torsion, H and K are pðCÞ0-isolated in G.

Corollary 4. Suppose that C is a root class of groups consisting only of periodic groups and closed
under taking quotient groups, pðCÞ contains all primes, G is pðCÞ-bounded solvable, and
H 6¼ G 6¼ K. Suppose also that there exists a number m � 0 such that Hmþ1 and Kmþ1 are finitely
generated or p0-isolated in Km for some finite set of primes p. Then G is residually a C-group if
and only if Hn ¼ Kn for some n � 1:

Theorems 1 and 2 formulated above are in fact corollaries of Theorems 3 and 4, which are
given below and use the notion of regularity of a group with respect to a subgroup.

Suppose that C is a class of groups, X is a group, and Y is a subgroup of X. We say that X is
C-regular with respect to Y if, for any subgroup M 2 C�ðYÞ, there exists a subgroup N 2 C�ðXÞ
such that M ¼ N \ Y: The notion of regularity generalizes the classical notion of a potent element
[1]: if F is the class of all finite groups, then an element x 2 X is potent if and only if X is
F -regular with respect to the cyclic subgroup hxi:
Theorem 3. Suppose that C is a root class of groups consisting only of periodic groups and closed
under taking quotient groups, G is residually a C-group, H 6¼ G 6¼ K, and Hn ¼ Hnþ1 for some
n � 1. Suppose also that, for any i 2 f0, 1, :::, n� 1g, Ki is C-regular with respect to Hiþ1Kiþ1

and IpðCÞ0 ðKi,Hiþ1Kiþ1Þ is C-separable in Ki. Then G is residually a C-group if and only if

1) Hn ¼ Kn;
2) the subgroup E ¼ sgpfHn, tg is residually a C-group;
3) H and K are pðCÞ0-isolated in G.

Theorem 4. Suppose that C is a root class of groups containing non-periodic groups and closed
under taking quotient groups, G is residually a C-group, and, for some n � 0, there exists a sub-
group Q 2 C�ðKnÞ satisfying at least one of the following conditions:

ðaÞ Hnþ1 \ Q ¼ 1 ¼ Knþ1 \ Q,
ðbÞ Q � Hnþ1 \ Knþ1 and Qu ¼ Q:

Suppose also that, for any i 2 f0, 1, :::, n� 1g, Ki is C-regular with respect to Hiþ1Kiþ1 and
Hiþ1Kiþ1 is C-separable in Ki. Then G is residually a C-group.

The above theorems and corollaries generalize the main results from [2, 6, 20] (as for [2], in
the part concerning non-ascending HNN-extensions), as well as Theorem 1.1 from [14] and
Theorem 3 from [21]. However, the results mentioned are easier to formulate due to the
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additional restrictions imposed on the base group and the associated subgroups. The proofs of
Theorems 1–4 and Corollaries 1–4 are given in Sections 2–6.

2. Generalized direct products of groups

Let C ¼ ðV, EÞ be a non-empty connected undirected graph with a vertex set V and an edge set E. It
is assumed that C is not necessarily finite, but has no multiple edges and loops. Let us assign to each
vertex v 2 V a group Gv and to each edge e ¼ fv,wg 2 E a group He and injective homomorphisms
ue, v : He ! Gv, ue,w : He ! Gw: As a result, we get a graph of groups GðCÞ: We call the groups Gv

(v 2 V), He (e 2 E), the subgroups Heue, v, and the homomorphisms ue, v (e 2 E, v 2 e) the vertex
and edge groups, the edge subgroups, and the edge homomorphisms, respectively.

Consider the group

GDPðGðCÞÞ ¼ hGk ðk 2 VÞ; Gl,Gg½ � ¼ 1 ðl, g 2 V, l 6¼ gÞ,
Heue, v ¼ Heue,w ðe ¼ fv,wg 2 EÞi,

whose generators are the generators of Gk (k 2 V), and whose defining relations are the relations
of Gk (k 2 V) and all possible relations of the form

gl, gg½ � ¼ 1 ðl, g 2 V, l 6¼ gÞ, heue, v ¼ heue,w ðe ¼ fv,wg 2 E, he 2 HeÞ,
where gl and gg are arbitrary words in the generators of Gl and Gg, respectively, heue, v and
heue,w are some words in the generators of Gv and Gw that define (in these groups) the images of
he under ue, v and ue,w: Following [21], we call the group GDPðGðCÞÞ the generalized direct prod-
uct associated with the graph of groups GðCÞ if
(i) for any v 2 V , the identity mapping of the generators of Gv to GDPðGðCÞÞ can be extended

to an injective homomorphism, and therefore all the groups Gv (v 2 V) can be considered
subgroups of GDPðGðCÞÞ;

(ii) for any e ¼ fv,wg 2 E, the equalities Heue, v ¼ Gv \ Gw ¼ Heue,w hold in GDPðGðCÞÞ:

We say that the generalized direct product associated with GðCÞ exists if GDPðGðCÞÞ satisfies
(i) and (ii). Some conditions for the existence of generalized direct products are found in [21]. In
particular, the following proposition is proved.

Proposition 2.1. [21, Theorem 1] If C is a tree and, for any e 2 E and v 2 e, the subgroup Heue, v

lies in the center of Gv, then the generalized direct product associated with GðCÞ exists.
The main aim of this section is to find conditions for the existence of certain generalized dir-

ect products associated with simple cycles.
Let ðX,Y ,Z,wÞ be an HNN-tuple, and let C be the simple cycle of length n � 3 with the vertex

set V ¼ Zn and the edge set E ¼ ffi� 1, ig j i 2 Zng: Suppose also that, for any i 2 Zn, Xi is an
isomorphic copy of X and ri : X ! Xi is an isomorphism. We associate a vertex i 2 Zn with the
group Xi, an edge e ¼ fi� 1, ig 2 E with the group Y and the homomorphisms ue, i�1 ¼
ri�1jY , ue, i ¼ wrijZ (here and below, all indices are considered modulo n), and denote the result-
ing graph of groups by GnðX,Y ,Z,wÞ:

Let us call a number n � 3 admissible for an HNN-tuple ðX,Y ,Z,wÞ with a reserve r
(0 � r � n� 2) if the following conditions hold:

ðiÞ0 for any i 2 Zn, the identity mapping of the generators of Xi to GDPðGnðX,Y ,Z,wÞÞ can be
extended to an injective homomorphism;

ðiiÞ0 for any s 2 f0, 1, :::, rg, q 2 Zn, xq 2 Xq, xqþ1 2 Xqþ1, … , xqþsþ1 2 Xqþsþ1, it follows
from the equality xqxqþ1:::xqþsþ1 ¼ 1 that xq 2 Yrq and xqþsþ1 2 Zrqþsþ1:
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We note that if a number n is admissible for a tuple ðX,Y ,Z,wÞ with a reserve r 2
f0, :::, n� 2g, then the generalized direct product associated with GnðX,Y ,Z,wÞ exists. Indeed,
for any e ¼ fi� 1, ig 2 E, if x 2 Xi�1 \ Xi, xi�1 ¼ x, and xi ¼ x�1, then xi�1xi ¼ 1 and, by the
admissibility,

xi�1 2 Yri�1 ¼ Yue, i�1, xi 2 Zri ¼ Yue, i:

Thus, Xi�1 \ Xi � Yue, i�1 \ Yue, i and therefore Yue, i�1 ¼ Xi�1 \ Xi ¼ Yue, i:

Proposition 2.2. Suppose that ðG,H,K,uÞ is an HNN-tuple, H and K lie in the center of G,
L ¼ H \ K, and M ¼ Lu. Then a number n � 3 is admissible for ðG,H,K,uÞ with a reserve r �
n� 3 if and only if it is admissible for ðK, L,M,uÞ with the reserve rþ 1.

Proof. For each i 2 Zn, let Gi denote an isomorphic copy of G, and let ri : G ! Gi be an iso-
morphism. We put

Hi ¼ Hri, Ki ¼ Kri, Li ¼ Lri, Mi ¼ Mri, ui ¼ ðri�1jHi�1
Þ�1urijK

(in Section 1, the symbols Hi and Ki correspond to other subgroups; the notation just introduced
is valid only throughout this proof). Then ui is an isomorphism of Hi�1 onto Ki, and its restric-
tion to Li�1 is an isomorphism of Li�1 and Mi. If GDPðGnðG,H,K,uÞÞ satisfies ðiÞ0, then it can
be considered containing Hi and Ki (i 2 Zn), and it follows from the relations hri�1 ¼ huri
(i 2 Zn, h 2 H) that the equalities hui ¼ h (i 2 Zn, h 2 Hi�1) hold in GDPðGnðG,H,K,uÞÞ:
Similarly, if GDPðGnðK, L,M,uÞÞ satisfies ðiÞ0, then the equalities hui ¼ h (i 2 Zn, h 2 Li�1) hold
in it.

Sufficiency. We fix a number i 2 Zn and define a mapping hi of the subgroup KiHi � Gi to the
subgroup KiKiþ1 � GDPðGnðK, L,M,uÞÞ as follows: if h 2 Hi and k 2 Ki, then ðkhÞhi ¼ kðhuiþ1Þ:
Let us show that this mapping is well defined and is a subgroup isomorphism extending the iden-
tity mapping of Ki.

If h1, h2 2 Hi, k1, k2 2 Ki, and k1h1 ¼ k2h2, then k�1
2 k1 ¼ h2h

�1
1 2 Hi \ Ki ¼ Li and therefore

the equality ðh2h�1
1 Þuiþ1 ¼ h2h

�1
1 holds in GDPðGnðK, L,M,uÞÞ: Hence,

ðk1h1Þhi ¼ k1ðh1uiþ1Þ ¼ k2ðk�1
2 k1Þððh1h�1

2 Þh2Þuiþ1

¼ k2ðk�1
2 k1h1h

�1
2 Þðh2uiþ1Þ ¼ k2ðh2uiþ1Þ ¼ ðk2h2Þhi:

Suppose that h 2 Hi, k 2 Ki, and 1 ¼ ðkhÞhi ¼ kðhuiþ1Þ: Since k 2 Ki, huiþ1 2 Kiþ1, and n is
admissible for ðK, L,M,uÞ, then k 2 Li and huiþ1 2 Miþ1: Hence, h 2 Li and 1 ¼ kðhuiþ1Þ ¼ kh
because the equality huiþ1 ¼ h holds in GDPðGnðK, L,M,uÞÞ:

Thus, hi is well defined and injective, it is clear that it is homomorphic and surjective. Let D
be the star graph with the vertex set fvi ði 2 ZnÞ, wg: We associate its central vertex w with the
group GDPðGnðK, L,M,uÞÞ, the leaf vi (i 2 Zn) with the group Gi, the edge fw, vig (i 2 Zn) with
the subgroup KiHi of Gi and the homomorphisms, one of which is the identity mapping and the
other coincides with hi. Let us denote the resulting graph by GðDÞ:

It follows from the definitions of GðDÞ, hi (i 2 Zn), and ui (i 2 Zn) that, for all i 2 Zn and
h 2 H, the equalities hri�1 ¼ ðhri�1Þhi�1 ¼ ðhri�1Þui ¼ huri hold in GDPðGðDÞÞ: Therefore, the
identity mapping of the generators of GDPðGnðG,H,K,uÞÞ to GDPðGðDÞÞ defines a homomorph-
ism, which we denote by k.

Let, for any i 2 Zn, ai : Gi ! GDPðGðDÞÞ and bi : Gi ! GDPðGnðG,H,K,uÞÞ be the homo-
morphisms defined by the identity mappings of the generators of Gi. Since the diagram
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is commutative and ai is injective by Proposition 2.1, then bi is also injective and therefore
GDPðGnðG,H,K,uÞÞ satisfies ðiÞ0: Let us verify that this group also satisfies ðiiÞ0:

Suppose that numbers q 2 Zn, s 2 f0, 1, :::, rg and elements

gq 2 Gq, gqþ1 2 Gqþ1, :::, gqþsþ1 2 Gqþsþ1

are such that gqgqþ1:::gqþsþ1 ¼ 1 in GDPðGnðG,H,K,uÞÞ: Then this equality also holds in
GDPðGðDÞÞ by the definition of k.

Let j 2 f0, 1, :::, sþ 1g, and let Gqþj be the graph of groups obtained from GðDÞ by deleting
the vertex vqþj and the edge fvqþj,wg: Then GDPðGðDÞÞ is the generalized direct product Pj of
the groups GDPðGqþjÞ and Gqþj with the amalgamated subgroups KqþjKqþjþ1 and KqþjHqþj: It fol-
lows from the relation r � n� 3 that sþ 2 < n and therefore

g�1
qþj�1g

�1
qþj�2:::g

�1
q g�1

qþsþ1:::g
�1
qþjþ2g

�1
qþjþ1 2 GDPðGqþjÞ,

gqþj ¼ g�1
qþj�1g

�1
qþj�2:::g

�1
q g�1

qþsþ1:::g
�1
qþjþ2g

�1
qþjþ1 2 GDPðGqþjÞ \ Gqþj:

Since Pj satisfies (ii) by Proposition 2.1, we have gqþj 2 KqþjHqþj:

For each j 2 f0, 1, :::, sþ 1g, let us write the element gqþj in the form gqþj ¼ kqþjhqþj,

where hqþj 2 Hqþj, kqþj 2 Kqþj: Since GDPðGnðG,H,K,uÞÞ satisfies ðiÞ0, then the relations hqþj ¼
hqþjuqþjþ1 2 Kqþjþ1 (0 � j � sþ 1) hold in it and therefore

kq 2 Kq, hqkqþ1 2 Kqþ1, :::, hqþskqþsþ1 2 Kqþsþ1, hqþsþ1 2 Kqþsþ2:

As noted above, the equality gqgqþ1:::gqþsþ1 ¼ 1 holds in GDPðGðDÞÞ: We rewrite it in the
form

kqðhqkqþ1Þ:::ðhqþskqþsþ1Þhqþsþ1 ¼ 1:

By Proposition 2.1, GDPðGnðK, L,M,uÞÞ is embedded into GDPðGðDÞÞ by the identity map-
ping of the generators. Therefore, the last relation holds in GDPðGnðK, L,M,uÞÞ, and since n is
admissible for ðK, L,M,uÞ with the reserve rþ 1, then hqþsþ1 2 Mqþsþ2 and kq 2 Lq: Hence,

hqþsþ1u
�1
qþsþ2 2 Lqþsþ1 � Kqþsþ1 and

gq ¼ kqhq 2 Hq, gqþsþ1 ¼ kqþsþ1hqþsþ1 ¼ kqþsþ1ðhqþsþ1u
�1
qþsþ2Þ 2 Kqþsþ1,

as required.
Necessity. It is easy to see that the mapping of words acting on the generators of the groups Ki

(i 2 Zn) as the natural embeddings ii : Ki ! Gi (i 2 Zn) takes all the defining relations of
GDPðGnðK, L,M,uÞÞ to the equalities valid in GDPðGnðG,H,K,uÞÞ and therefore defines a
homomorphism l from the first group to the second.

Let bi : Gi ! GDPðGnðG,H,K,uÞÞ and ci : Ki ! GDPðGnðK, L,M,uÞÞ be the homomorphisms
defined by the identity mappings of the generators of Gi and Ki. Then, for any i 2 Zn, the diagram
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is commutative, and since the homomorphisms bi (i 2 Zn) are injective, the homomorphisms ci
(i 2 Zn) are also injective. Thus, the group GDPðGnðK, L,M,uÞÞ satisfies ðiÞ0:

Suppose that numbers q 2 Zn, s 2 f0, 1, :::, r þ 1g and elements

kq 2 Kq, kqþ1 2 Kqþ1, :::, kqþsþ1 2 Kqþsþ1

are such that kqkqþ1:::kqþsþ1 ¼ 1: It follows from the definition of l that the last equality also
holds in GDPðGnðG,H,K,uÞÞ: Since n is admissible for ðG,H,K,uÞ with the reserve r and

kq 2 Gq, :::, kqþs�1 2 Gqþs�1, kqþskqþsþ1 ¼ kqþsðkqþsþ1u
�1
qþsþ1Þ 2 Gqþs,

then kq 2 Hq and kqþsðkqþsþ1u
�1
qþsþ1Þ 2 Kqþs: The first relation means that kq 2 Hq \ Kq ¼ Lq, the

second one implies that kqþsþ1u
�1
qþsþ1 2 Kqþs and therefore

kqþsþ1u
�1
qþsþ1 2 Hqþs \ Kqþs ¼ Lqþs:

Hence, kqþsþ1 2 Mqþsþ1, as required. w

Proposition 2.3. Suppose that ðG,H,K,uÞ is an HNN-tuple, G is an abelian group, and
H¼G¼K. If the order q of the automorphism u is finite and divides a number n � 3, then n is
admissible for ðG,H,K,uÞ with any reserve r 2 f0, 1, :::, n� 2g:

Proof. For each i 2 Zn, let again Gi denote an isomorphic copy of G, and let ri : G ! Gi be an
isomorphism. Consider the star graph D with the vertex set fvi ði 2 ZnÞ, wg and associate its cen-
tral vertex w with the group G, the leaf vi (i 2 Zn) with the group Gi, and the edge fw, vig
(i 2 Zn) with the group G and the homomorphisms, one of which is the identity mapping and
the other coincides with the isomorphism uiri: Since qjn, it follows from the relation x �
y ðmod nÞ that ux ¼ uy: Therefore, the notation ui is correct.

We denote the constructed graph of groups by GðDÞ: It follows from its definition that, for
any i 2 Zn and g0 2 G, the equality g0 ¼ g0uiri holds in GDPðGðDÞÞ and therefore gri�1 ¼
gu�ði�1Þ ¼ guri for all i 2 Zn, g 2 G: Hence, the identity mapping of the generators of
GDPðGnðG,H,K,uÞÞ to GDPðGðDÞÞ can be extended to a homomorphism

k : GDPðGnðG,H,K,uÞÞ ! GDPðGðDÞÞ:
Let ai : Gi ! GDPðGðDÞÞ and bi : Gi ! GDPðGnðG,H,K,uÞÞ be the homomorphisms defined

by the identity mappings of the generators of Gi (i 2 Zn). Then, for any i 2 Zn, the diagram

is commutative. Since the homomorphisms ai (i 2 Zn) are injective by Proposition 2.1, then the
homomorphisms bi (i 2 Zn) are also injective. Therefore, GDPðGnðG,H,K,uÞÞ satisfies ðiÞ0: It fol-
lows from the equalities H¼G ¼ K that ðiiÞ0 is satisfied trivially. w

Proposition 2.4. Suppose that a number n � 3 is admissible for an HNN-tuple ðG,H,K,uÞ with a
reserve r 2 f0, 1, :::, n� 2g and Cn is a cyclic group of order n with a generator c. Suppose also
that C is a class of groups closed under taking quotient groups and extensions. If G 2 C and
Cn 2 C, then there exists a homomorphism of the group G ¼ HNNðG,H,K,uÞ onto a group from
C acting injectively on G.
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Proof. Let Gi and ri (i 2 Zn) be defined as above. Then the generalized direct product P ¼
GDPðGnðG,H,K,uÞÞ has the representation

P ¼ hGi ði 2 ZnÞ; Gi,Gj½ � ¼ 1 ði, j 2 Zn, i 6¼ jÞ, Hri�1 ¼ Kri ði 2 ZnÞi,
which shows that the map extending the isomorphisms r�1

i ri�1 : Gi ! Gi�1 defines an automor-
phism a of this group. Obviously, the order of this automorphism divides n, and therefore there
exists a split extension Q of P by Cn such that ĉjP ¼ a (here and below, x̂ denotes the inner auto-
morphism defined by an element x). Since G 2 C, then P is a quotient group of the direct prod-
uct of n C-groups. Hence, P 2 C and Q 2 C because C is closed under taking quotient groups
and extensions.

It is easy to see that the map q : G ! Q extending the homomorphism r0 : G ! G0 and map-
ping t to c takes all the defining relations of G to the equalities valid in Q and therefore is a
homomorphism. Since ciG0c�i ¼ Gi (i 2 Zn), this homomorphism is surjective. It remains to note
that, because n is admissible, q is injective on G and thus is the required mapping. w

3. Compatible subgroups

Let ðG,H,K,uÞ be an HNN-tuple, and let G ¼ HNNðG,H,K,uÞ: Recall that a subgroup N � G
is said to be ðH,K,uÞ-compatible if (N \ HÞu ¼ N \ K:

It is easy to verify that if a subgroup N is normal in G and is ðH,K,uÞ-compatible, then the
mapping uN : HN=N ! KN=N taking a coset hN (h 2 H) to ðhuÞN is well defined and is a sub-
group isomorphism. Therefore, the sequence

ðG=N,HN=N,KN=N,uNÞ
turns out to be an HNN-tuple. It is also easy to see that the map

qN : G ! HNNðG=N,HN=N,KN=N,uNÞ
extending the natural homomorphism G ! G=N and taking t to t is a surjective homomorphism,
and its kernel coincides with the normal closure of N in G:

For every class of groups C, consider three families of subgroups. Namely, suppose that

� C�ðG,H,K,uÞ is the family of all ðH,K,uÞ-compatible subgroups from C�ðGÞ;
� C�r ðG,H,K,uÞ (r � 0) is the subset of C�ðG,H,K,uÞ defined as follows: a subgroup N 2

C�ðG,H,K,uÞ belongs to C�r ðG,H,K,uÞ if and only if there exists a number n � maxf3, r þ
2g such that C contains a cyclic group of order n and n is admissible for ðG=N,HN=N,
KN=N,uNÞ with the reserve r;

� C�\ðG,H,K,uÞ ¼ fU \ GjU 2 C�ðGÞg:
Proposition 3.1. If C is a class of groups closed under taking subgroups and direct products of a
finite number of factors, and X is a group, then the following statements hold.

1) The intersection of a finite number of subgroups from the family C�ðXÞ again belongs to this
family [22, Proposition 2];

2) If X is residually a C-group and S is a finite subset of non-trivial elements of X, then there
exists a subgroup Y 2 C�ðXÞ such that Y \ S ¼ ; [25, Proposition 2].

Proposition 3.2. If C is a class of groups closed under taking subgroups and direct products of a
finite number of factors, and ðG,H,K,uÞ is an HNN-tuple, then the families C�ðG,H,K,uÞ and
C�\ðG,H,K,uÞ are closed under taking the intersections of a finite number of subgroups.

Proof. An obvious induction allows us to consider the intersection of only two subgroups.
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If N1,N2 2 C�ðG,H,K,uÞ and N ¼ N1 \ N2, then N 2 C�ðGÞ by Proposition 3.1 and

ðN \ HÞu ¼ ððN1 \ HÞ \ ðN2 \ HÞÞu ¼ ðN1 \ HÞu \ ðN2 \ HÞu
¼ ðN1 \ KÞ \ ðN2 \ KÞ ¼ N \ K

because u is injective. Therefore, N 2 C�ðG,H,K,uÞ:
Suppose that N1,N2 2 C�\ðG,H,K,uÞ, G ¼ HNNðG,H,K,uÞ, and U1,U2 2 C�ðGÞ are sub-

groups such that N1 ¼ U1 \ G, N2 ¼ U2 \ G: If N ¼ N1 \ N2 and U ¼ U1 \ U2, then N ¼ U \ G
and, again by Proposition 3.1, U 2 C�ðGÞ: Thus, N 2 C�\ðG,H,K,uÞ: w

Proposition 3.3. [21, Theorem 3] Suppose that C is a root class of groups containing non-periodic
groups and closed under taking quotient groups, ðG,H,K,uÞ is an HNN-tuple, and
G ¼ HNNðG,H,K,uÞ. Suppose also that G is residually a C-group, H and K lie in the center of G,
and there exists a homomorphism q of G onto a group from C acting injectively on H and K. Then
q can be extended to a homomorphism of G onto a group from C and G is residually a C-group.

Proposition 3.4. Let C be a class of groups, and let ðG,H,K,uÞ be an HNN-tuple.
1. If C is closed under taking subgroups, then C�\ðG,H,K,uÞ 	 C�ðG,H,K,uÞ:
2. If C is a root class of groups containing non-periodic groups and closed under taking quotient

groups, H and K lie in the center of G, then C�ðG,H,K,uÞ 	 C�\ðG,H,K,uÞ:
3. If C is closed under taking quotient groups and extensions, then C�r ðG,H,K,uÞ 	

C�\ðG,H,K,uÞ for any r � 0:

Proof. 1. Suppose that G ¼ HNNðG,H,K,uÞ, N 2 C�\ðG,H,K,uÞ, and U 2 C�ðGÞ is a subgroup
such that N ¼ U \ G: Then

G=N ¼ G=ðU \ GÞ ffi GU=U � G=U

and G=N 2 C because C is closed under taking subgroups. Since U is normal in G, then

ðU \ HÞu ¼ t�1ðU \ HÞt � t�1Ut \ t�1Ht ¼ U \ Hu ¼ U \ K

and similarly ðU \ KÞu�1 � U \ H: Hence,

ðN \ HÞu ¼ ðU \ G \ HÞu ¼ ðU \ HÞu ¼ U \ K ¼ U \ G \ K ¼ N \ K

and therefore N 2 C�ðG,H,K,uÞ:
2. Let N 2 C�ðG,H,K,uÞ: Then the HNN-tuple ðG=N,HN=N,KN=N,uNÞ, the group GN ¼

HNNðG=N,HN=N,KN=N,uNÞ, and the homomorphism qN : G ! GN are defined. It follows
from the definition of the family C�ðG,H,K,uÞ that G=N 2 C: Hence, by Proposition 3.3, there
exists a homomorphism r of GN onto a group from C extending the identity mapping of G/N.
Let UN ¼ kerr, and let U be the preimage of UN under qN. Then UN 2 C�ðGNÞ, UN \ G=N ¼ 1,
and U 2 C�ðGÞ: Since qN extends the natural homomorphism G ! G=N, then kerqN \ G ¼ N
and U \ G � kerqN : Therefore, U \ G ¼ N and N 2 C�\ðG,H,K,uÞ:

3. If N 2 C�r ðG,H,K,uÞ, then, by Proposition 2.4, there exists a homomorphism of the group
HNNðG=N,HN=N,KN=N,uNÞ onto a group from C acting injectively on G/N. Hence, we can
use exactly the same argument as in the proof of Statement 2. w

Proposition 3.5. Let C be a root class of groups consisting only of periodic groups and closed under
taking quotient groups. If ðG,H,K,uÞ is an HNN-tuple, G is an abelian group, H¼G¼K, and N
is a subgroup of G, then the following statements are equivalent.

1) N 2 C�\ðG,H,K,uÞ:
2) N 2 C�r ðG,H,K,uÞ for any r � 0:
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3) Nu ¼ N, G=N 2 C, and the order of the automorphism uN of G/N induced by the automor-
phism u is finite and is a pðCÞ-number.

Proof. 1 ) 3: By Proposition 3.4, N 2 C�ðG,H,K,uÞ: Hence, G=N 2 C, and since H¼G ¼ K,
then

Nu ¼ ðN \ HÞu ¼ N \ K ¼ N:

Let G ¼ HNNðG,H,K,uÞ: Because N 2 C�\ðG,H,K,uÞ, there exists a subgroup U 2 C�ðGÞ
such that N ¼ U \ G: Since G=U 2 C and C consists only of periodic groups, then the order n of
t modulo U is finite and is a pðCÞ-number.

It follows from the equality N ¼ U \ G that the mapping c : G=N ! G=U taking a coset gN
to gU is well defined and is an injective homomorphism. For any g 2 G, we have

ðgNÞun
N ¼ ðgunÞN ¼ ðgNÞcðdtnUÞc�1 ¼ gN:

Hence, the order of uN divides n and therefore is a pðCÞ-number.
3 ) 2: We fix a number r � 0 and choose a pðCÞ-number n > r þ 3 to be a multiple of the

order of uN (it is possible to find a pðCÞ-number greater than rþ 3 because C contains non-trivial
groups and therefore pðCÞ 6¼ ;Þ: Since H¼G ¼ K, then

ðN \ HÞu ¼ Nu ¼ N ¼ N \ K

and hence N 2 C�ðG,H,K,uÞ: Therefore, the tuple ðG=N,HN=N,KN=N,uNÞ is defined and, by
Proposition 2.3, n is admissible for this tuple with the reserve r. It remains to note that C con-
tains a cyclic group of order n: this fact follows from the definition of pðCÞ and the assumption
that C is closed under taking subgroups and extensions.

2 ) 1: This implication is a consequence of Proposition 3.4. w

4. Descent and ascent of compatible subgroups

The proofs of the propositions in this section follow the ideas of [11, 12] and, in some places,
repeat the arguments given in the above papers almost word for word.

Proposition 4.1. Suppose that C is a class of groups closed under taking subgroups, ðG,H,K,uÞ is
an HNN-tuple, L ¼ H \ K, M ¼ Lu, and X is a subgroup of G containing L and M. Suppose also
that N is a subgroup of G and R ¼ N \ X. Then the following statements hold.

1) If N 2 C�ðG,H,K,uÞ, then R 2 C�ðX, L,M,uÞ:
2) If N 2 C�\ðG,H,K,uÞ, then R 2 C�\ðX, L,M,uÞ:
Proof. 1. We have X=R 2 C because

X=R ¼ X=ðN \ XÞ ffi XN=N � G=N 2 C
and C is closed under taking subgroups. Since u is injective and N is ðH,K,uÞ-compatible, then

ððN \ HÞ \ LÞu ¼ ðN \ KÞ \M:

It follows from this equality and the relation L [M � X that

ðR \ LÞu ¼ ððN \ XÞ \ LÞu ¼ ðN \ LÞu ¼ ððN \ HÞ \ LÞu
¼ ðN \ KÞ \M ¼ N \M ¼ ðN \ XÞ \M ¼ R \M:

Thus, R 2 C�ðX, L,M,uÞ:
2. If G ¼ HNNðG,H,K,uÞ and X ¼ HNNðX, L,M,uÞ, then the map k : X ! G taking the

generators of X to the corresponding elements of G defines a homomorphism, which acts
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identically on X. Let U 2 C�ðGÞ be a subgroup such that N ¼ U \ G, and suppose that ~X ¼
Xk, ~V ¼ U \ ~X, V is the full preimage of ~V under k. Then ~X=~V and X=V are isomorphic
groups, which belong to C because

~X=~V ¼ ~X=ðU \ ~XÞ ffi ~XU=U � G=U 2 C
and C is closed under taking subgroups. Since k acts identically on X, it follows from the equal-
ities

~V \ X ¼ U \ ~X \ X ¼ U \ X ¼ U \ G \ X ¼ N \ X ¼ R

that V \ X ¼ R: Therefore, R 2 C�\ðX, L,M,uÞ: w

Let X be a group, and let Y and Z be its subgroups. Recall that a family X of normal sub-
groups of X is said to be a filtration if \N2X N ¼ 1: A filtration X is called

– a Y-filtration if \N2X YN ¼ 1;
– a (Y, Z)-filtration if it is a Y-filtration and a Z-filtration.

Proposition 4.2. Suppose that C is a class of groups closed under taking subgroups, ðG,H,K,uÞ is
an HNN-tuple, L ¼ H \ K, M ¼ Lu, and X is a subgroup of G containing L and M. Then the fol-
lowing statements hold.

1) If C�\ðG,H,K,uÞ is a filtration, then C�\ðX, L,M,uÞ is also a filtration.
2) Let X coincide with either G or K. If C�\ðG,H,K,uÞ is an (H, K)-filtration, then

C�\ðX, L,M,uÞ is an (L, M)-filtration.

Proof. By Proposition 4.1, if N 2 C�\ G,H,K,uð Þ, then N \ X 2 C�\ X, L,M,uð Þ: Hence,

\
R2C�\ X, L,M,uð Þ

R � \
N2C�\ G,H,K,uð Þ

N \ Xð Þ, \
R2C�\ X, L,M,uð Þ

RL � \
N2C�\ G,H,K,uð Þ

N \ Xð ÞL:

If C�\ G,H,K,uð Þ is a filtration, then

1 ¼ \
N2C�\ G,H,K,uð Þ

N ¼ \
N2C�\ G,H,K,uð Þ

N \ Xð Þ

and therefore C�\ X, L,M,uð Þ is also a filtration.
Let C�\ G,H,K,uð Þ be an (H, K)-filtration. Then

L � \
R2C�\ X, L,M,uð Þ

RL � \
N2C�\ G,H,K,uð Þ

NL ¼ \
N2C�\ G,H,K,uð Þ

N H \ Kð Þ

� \
N2C�\ G,H,K,uð Þ

NH
� �

\ \
N2C�\ G,H,K,uð Þ

NK
� �

¼ H \ K ¼ L

and therefore C�\ðX, L,M,uÞ is an L-filtration. To prove that this family is an M-filtration, we
take an arbitrary element x 2 X nM and indicate a subgroup R 2 C�\ðX, L,M,uÞ satisfying the
condition x 62 MR:

If x 62 K, then, because C�\ðG,H,K,uÞ is a K-filtration, there exists a subgroup N 2
C�\ðG,H,K,uÞ such that x 62 KN: It follows from Proposition 4.1 and the inclusion MðN \ XÞ �
KN that N \ X 2 C�\ðX, L,M,uÞ and x 62 MðN \ XÞ: Hence, N \ X is the required subgroup.

If x 2 K, we put y ¼ xu�1: Since x 62 M, then y 2 H n L and therefore y 62 K: Let us consider
two cases.

Case 1. X¼G.
Let X ¼ HNNðG, L,M,uÞ: As proved above, C�\ðG, L,M,uÞ is an L-filtration. Therefore, y 62

LR for some subgroup R 2 C�\ðG, L,M,uÞ: By the definition of the family C�\ðG, L,M,uÞ, there
exists a subgroup U 2 C�ðXÞ such that R ¼ U \ G: If y 2 LU and y ¼ hu for some h 2 L, u 2 U,
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then u ¼ h�1y 2 U \ G ¼ R and we get the inclusion y 2 LR, which contradicts the choice of R.
Therefore, y 62 LU and

x ¼ yu ¼ t�1yt 62 t�1LUt:

Since U is normal in X, then t�1LUt ¼ MU: Hence, x 62 MU and x 62 MR because R � U: Thus,
R is the required subgroup.

Case 2. X¼K.
Since C�\ðG,H,K,uÞ is a K-filtration, there exists a subgroup N 2 C�\ðG,H,K,uÞ such that y 62

KN: By Proposition 3.4, N is ðH,K,uÞ-compatible and therefore

ðMðN \ KÞÞu�1 ¼ LðN \ HÞ � KN:

Hence, y 62 ðMðN \ KÞÞu�1 and x ¼ yu 62 MðN \ KÞ: It remains to note that, by Proposition 4.1,
N \ K 2 C�\ðK, L,M,uÞ and thus N \ K is the required subgroup. w

Let ðG,H,K,uÞ be an HNN-tuple. Following [11], we say that a subgroup N � G is an ascend
of a subgroup R � K if K \ N ¼ R:

Let H and K lie in the center of G. We call an ascend N � G of a subgroup R � K canonical
if H \ N ¼ Ru�1 and HK \ N ¼ ðRu�1ÞR: It should be noted that a canonical ascend N is always
an ðH,K,uÞ-compatible subgroup because ðH \ NÞu ¼ R ¼ K \ N:

Proposition 4.3. If C is a class of groups, ðG,H,K,uÞ is an HNN-tuple, H and K lie in the center
of G, L ¼ H \ K, and M ¼ Lu, then the following statements hold.

1) Suppose that C is closed under taking subgroups, quotient groups, and extensions, G is C-regu-
lar with respect to the subgroup P¼HK, and R 2 C�ðK, L,M,uÞ. Then there exists a canon-
ical ascend N 2 C�ðG,H,K,uÞ of R. Moreover, if X is a normal subgroup of G such that
P � X and G/X is residually a C-group, then, for any finite set S 	 G n X, there exists a
canonical ascend N 2 C�ðG,H,K,uÞ of R satisfying the condition S \ XN ¼ ;:

2) If R 2 C�rþ1ðK, L,M,uÞ for some r � 0 and N 2 C�ðG,H,K,uÞ is a canonical ascend of R,
then N 2 C�r ðG,H,K,uÞ:

Proof. 1. If X¼G and S ¼ ;, then P � X, G/X is residually a C-group, and S 	 G n X: Therefore,
it suffices to prove only the second part of Statement 1. We put Q ¼ Ru�1 and show
that H \ QR ¼ Q, K \ QR ¼ R:

Since L,Q � H, u is injective, and R is ðL,M,uÞ-compatible, then

L \ Q ¼ Mu�1 \ Ru�1 ¼ ðM \ RÞu�1 ¼ L \ R:

If g 2 H \ QR and g ¼ xy for some x 2 Q, y 2 R, then g, x 2 H,

y 2 H \ R ¼ H \ K \ R ¼ L \ R ¼ L \ Q,

and therefore g 2 Q: Hence, H \ QR 	 Q: The relation K \ QR 	 R is verified in the same way.
Since the opposite inclusions are obvious, the required equalities are proved.

The quotient group P/QR is an extension of HR/QR by P/HR. We have

HR=QR ffi H=QðR \ HÞ ffi ðH=QÞ=ðQðR \ HÞ=QÞ,
P=HR ¼ HK=HR ffi K=RðH \ KÞ ffi ðK=RÞ=ðRðH \ KÞ=RÞ:

Since R 2 C�ðK, L,M,uÞ, then K=R 2 C and therefore H=Q 2 C: Hence, P=QR 2 C because C
is closed under taking quotient groups and extensions. Thus, using the C-regularity of G with
respect to P, we can find a subgroup U 2 C�ðGÞ such that U \ P ¼ QR:

By the hypothesis of the proposition, G/X is residually a C-group and C is closed under taking
subgroups and extensions. Hence, C is also closed under taking direct products of a finite number
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of factors and, by Proposition 3.1, there exists a subgroup V=X 2 C�ðG=XÞ such that SX=X \
V=X ¼ ;: Then V 2 C�ðGÞ and S \ V ¼ ;:

Let N ¼ U \ V: Then S \ XN 	 S \ XV ¼ S \ V ¼ ; and, again by Proposition 3.1, N 2
C�ðGÞ: Because P � X � V , we have

P \ N ¼ P \ U \ V ¼ P \ U ¼ QR,

H \ N ¼ H \ P \ N ¼ H \ QR ¼ Q,

K \ N ¼ K \ P \ N ¼ K \ QR ¼ R:

Since Qu ¼ R, it follows from these equalities that N is an ðH,K,uÞ-compatible subgroup,
which is the required canonical ascend of R.

2. The relation R 2 C�rþ1ðK, L,M,uÞ means that there exists a number n � r þ 3 such that a
cyclic group Cn of order n belongs to C and n is admissible for the HNN-tuple ðK=R,
LR=R,MR=R,uRÞ with the reserve rþ 1. Since K \ N ¼ R, the map of K/R into G/N taking a
coset kR (k 2 K) to kN is an isomorphism of K/R onto the subgroup KN/N of G/N. Under this
isomorphism, the subgroups LR/R and MR/R are mapped onto the subgroups LN/N and MN/N,
and the isomorphism uR corresponds to the isomorphism uN : Therefore, n is admissible with the
reserve rþ 1 for the HNN-tuple ðKN=N, LN=N,MN=N,uNÞ: Let us show that HN=N \
KN=N ¼ LN=N:

If gN 2 HN=N \ KN=N, then g 2 HN \ KN and g ¼ hx ¼ ky for some h 2 H, k 2 K, and
x, y 2 N: Hence, h�1k ¼ xy�1 2 HK \ N: Since N is a canonical ascend of R, then HK \ N ¼ QR
(where, as above, Q ¼ Ru�1) and therefore h�1k ¼ h1k1 for some h1 2 Q, k1 2 R: Thus, hh1 ¼
kk�1

1 2 H \ K ¼ L and h 2 h�1
1 L: Since h1 2 Q � N, then g ¼ hx 2 LN and gN 2 LN=N:

Therefore, HN=N \ KN=N 	 LN=N and, because the opposite inclusion is obvious, the required
equality is proved.

Thus, HN=N \ KN=N ¼ LN=N and ðLN=NÞuN ¼ MN=N by the definition of uN : It follows
from these equalities and Proposition 2.2 that n is admissible for the HNN-tuple ðG=N,HN=N,
KN=N,uNÞ with the reserve r. Since Cn 2 C, we have N 2 C�r ðG,H,K,uÞ, as required. w

Let X be a group, and let Y, Z be its subgroups. We call a family X of normal subgroups of X
a strong (Y, Z)-filtration if, for any finite subset S of X, there exists a subgroup N 2 X such that,
for each x 2 S, the following statements hold:

1) if x 6¼ 1, then x 62 N;
2) if x 62 Y , then x 62 YN;
3) if x 62 Z, then x 62 ZN:

It is easy to see that any strong (Y, Z)-filtration is a (Y, Z)-filtration and, if X is closed under
taking finite intersections of subgroups, then any (Y, Z)-filtration is a strong (Y, Z)-filtration.

Proposition 4.4. Suppose that C is a class of groups closed under taking subgroups, quotient groups,
and extensions, ðG,H,K,uÞ is an HNN-tuple, H and K lie in the center of G and are p0-isolated in
this group for some set of primes p, L ¼ H \ K, M ¼ Lu, and G is C-regular with respect to the
subgroup P¼HK. Suppose also that there exists a normal subgroup X of G such that P � X, X/P is
a periodic p0-group, and G/X is residually a C-group. Then the following statements hold.

1) If C�ðK, L,M,uÞ is a strong (L, M)-filtration, then C�ðG,H,K,uÞ is a strong (H, K)-filtration.
2) If, for some r � 0, C�rþ1ðK, L,M,uÞ is a strong (L, M)-filtration, then C�r ðG,H,K,uÞ is a

strong (H, K)-filtration.

Proof. We prove Statements 1 and 2 simultaneously. Suppose that S is a finite subset of G and
g 2 S: Then:
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1) if g 2 K nH, then g 62 L;
2) if g 2 H n K, then gu 62 M;
3) if g 2 P n ðH [ KÞ and g ¼ hk, where h 2 H, k 2 K, then k 62 L, hu 62 M;
4) if g 2 X n P, q is the order of g modulo P, and gq ¼ hk, where h 2 H, k 2 K,

then k 62 L, hu 62 M:

Indeed, if g 2 K n H, then g 62 H \ K ¼ L; if g 2 H n K, then g 62 H \ K ¼ L and therefore
gu 62 M: If g 2 P n ðH [ KÞ and g ¼ hk for some h 2 H, k 2 K, then h 62 K, k 62 H, and, as
above, k 62 L, hu 62 M: Suppose that g 2 X n P, q is the order of g modulo P, and gq ¼ hk, where
h 2 H, k 2 K: Since g 62 H [ K, H and K are p0-isolated in G, and, by the hypothesis of the prop-
osition, q is a p0-number, then hk 62 H [ K: Hence, using the above argument, we
get k 62 L, hu 62 M:

Thus, because the family C�ðK, L,M,uÞ or C�rþ1ðK, L,M,uÞ is a strong (L, M)-filtration, we can
choose a subgroup R from this family so that, for each g 2 S, the following conditions hold:

1) if g 2 L and g 6¼ 1, then g 62 R;
2) if g 2 K nH, then g 62 LR;
3) if g 2 H n K, then gu 62 MR;
4) if g 2 P n ðH [ KÞ and g ¼ hk, where h 2 H, k 2 K, then k 62 LR, hu 62 MR;
5) if g 2 X n P, q is the order of g modulo P, and gq ¼ hk, where h 2 H, k 2 K,

then k 62 LR, hu 62 MR:

It is sufficient for us that, for each g 2 S, the fourth and fifth conditions hold for some fixed
choice of h and k. However, if h1k1 ¼ h2k2 for some h1, h2 2 H, k1, k2 2 K, then h�1

1 h2 ¼ k1k
�1
2 2

L: Therefore, if k1 62 LR and h1u 62 MR, then k2 62 LR and h2u 62 MR:
Let S1 ¼ S n X, and let Q ¼ Ru�1: By Proposition 4.3, there exists a canonical ascend N 2

C�ðG,H,K,uÞ of R such that S1 \ XN ¼ ; and, if R 2 C�rþ1ðK, L,M,uÞ, then N 2 C�r ðG,H,K,uÞ:
To complete the proof, it suffices to show that, for each g 2 S, the following statements hold:

1) if g 6¼ 1, then g 62 N;
2) if g 62 H, then g 62 HN;
3) if g 62 K, then g 62 KN:

Let us consider several cases.
Case 1: g 2 L and g 6¼ 1:
Since R ¼ N \ K, g 2 K, and g 62 R by the choice of R, then g 62 N:
Case 2: g 2 K nH:

If g 2 HN and g ¼ hx for some h 2 H, x 2 N, then x ¼ h�1g 2 N \ P: Since N is a canonical
ascend of R, then N \ P ¼ QR and x ¼ h1k for some h1 2 Q, k 2 R: Hence, gk�1 ¼ hh1 2
H \ K ¼ L, g 2 LR, and we get a contradiction with the choice of R.

Case 3: g 2 H n K:
As in the previous case, if g 2 KN and g ¼ kx for some k 2 K, x 2 N, then x ¼ k�1g 2

N \ P ¼ RQ and therefore x ¼ k1h for some h 2 Q, k1 2 R: Hence, gh�1 ¼ kk1 2 L, g ¼ ðkk1Þh 2
LQ, gu 2 MR, and we again get a contradiction with the choice of R.

Case 4: g 2 P n ðH [ KÞ:
Let g ¼ hk, where h 2 H, k 2 K: If g 2 HN and g ¼ h1x for some h1 2 H, x 2 N, then it fol-

lows from the equality hk ¼ h1x that x 2 P and therefore x 2 N \ P ¼ QR: Hence, x ¼ h2k2 for
some h2 2 Q, k2 2 R, hk ¼ h1h2k2, and kk�1

2 ¼ h�1h1h2 2 L: Thus, we get the relations k ¼
ðh�1h1h2Þk2 2 LR, which contradict the choice of R.
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Similarly, if g 2 KN and g ¼ k1x for some k1 2 K, x 2 N, then again x 2 N \ P ¼ QR and
x ¼ h2k2 for some h2 2 Q, k2 2 R: Hence, hk ¼ k1h2k2 and, since ½H,K� ¼ 1, then hh�1

2 ¼
k�1k1k2 2 L, h ¼ ðk�1k1k2Þh2 2 LQ, and hu 2 MR: The last inclusion again contradicts the
choice of R.

Case 5: g 2 X n P:
As already proved above, it follows from the relation g 2 X n P that gq 62 H [ K, where q is

the order of g modulo P. Hence, using the same argument as in Case 4, we get gq 62 HN [ KN:
Then g 62 HN [ KN, as required.

Case 6: g 62 X:
Since g 62 X, then g 2 S1, g 62 XN by the choice of N, and g 62 HN [ KN because

H [ K 	 X: w

5. Necessary and sufficient conditions for the C-residuality of HNN-extensions

Throughout this section, it is assumed that ðG,H,K,uÞ is an HNN-tuple and G ¼
HNNðG,H,K,uÞ: Let us recall that any element g 2 G can be written in a reduced form:

g ¼ g0t
e1g1:::t

engn,

where gi 2 G, ei ¼ 61, and if �ei ¼ 1 ¼ eiþ1, then gi 62 H, if ei ¼ 1 ¼ �eiþ1, then gi 62 K:
Britton’s lemma (see, e. g., [9, Ch. IV, Section 2]) says that an element of G is non-trivial if it
has a reduced form containing at least one letter t or t�1: As a consequence, all the reduced
forms of an element g 2 G have the same number of occurrences of the letters t and t�1: This
number is called the length of g and is denoted in this article by jgj:
Proposition 5.1. If C is a root class of groups, then the following statements hold.

1) Every free group is residually a C-group [3, Theorem 1].
2) Any extension of a residually C-group by a C-group is residually a C-group [7, Lemma 1.5].

The following proposition is a generalization of Theorem 4.2 from [4] and is partially proved
in [24].

Proposition 5.2. Let C be a class of groups.

1) If G is residually a C-group, then C�\ðG,H,K,uÞ is a filtration.
2) If G is residually a C-group, H and K are proper central subgroups of G, then C�\ðG,H,K,uÞ

is an (H, K)-filtration.
3) If C is a root class of groups and C�\ðG,H,K,uÞ is an (H, K)-filtration, then G is residually

a C-group.

Proof. 1. Since G is residually a C-group, then
1 ¼ \

U2C� Gð Þ
U ¼ \

U2C� Gð Þ
U \ Gð Þ ¼ \

N2C�\ G,H,K,uð Þ
N,

as required.
2. Suppose that C�\ G,H,K,uð Þ is not an H-filtration and

g1 2 \
N2C�\ G,H,K,uð Þ

HN
� �

n H:

Because K 6¼ G, we can take an element g2 2 G n K and put g ¼ ½t�1g1t, g2�: Then jgj ¼ 4 and
therefore g 6¼ 1: Since G is residually a C-group, there exists a subgroup U 2 C�ðGÞ such that g 62
U: By the choice of g1, the inclusion g1 2 HðU \ GÞ holds, and therefore g1 � h ðmod UÞ for
some h 2 H: Hence,
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g � t�1ht, g2
� � ¼ hu, g2½ � mod Uð Þ:

Since hu 2 K and K is central in G, then ½hu, g2� ¼ 1, and we get a contradiction with the choice
of U. The fact that C�\ðG,H,K,uÞ is a K-filtration is proved in a similar way.

3. Let g 2 G n f1g: We show that there exists a subgroup N 2 C�\ðG,H,K,uÞ such that gqN 6¼ 1:
If g 2 G, then, because C�\ðG,H,K,uÞ is a filtration, g does not belong to some subgroup N 2

C�\ðG,H,K,uÞ: Since qN extends the natural homomorphism G ! G=N, then gqN 6¼ 1 and there-
fore N is the required subgroup.

Suppose that g 62 G and g ¼ g0te1g1:::tengn, where gi 2 G, ei ¼ 61, and if �ei ¼ 1 ¼ eiþ1, then
gi 62 H, if ei ¼ 1 ¼ �eiþ1, then gi 62 K: It should be noted that, since g 62 G, then n � 1: For
each i 2 f0, 1, :::, ng, we define a subgroup Ni 2 C�\ðG,H,K,uÞ as follows.

If 1 � i � n� 1 and �ei ¼ 1 ¼ eiþ1, then gi 62 H and, since C�\ðG,H,K,uÞ is an (H, K)-filtra-
tion, we can find a subgroup Ni 2 C�\ðG,H,K,uÞ such that gi 62 HNi: Similarly, if 1 � i � n� 1
and ei ¼ 1 ¼ �eiþ1, we choose a subgroup Ni 2 C�\ðG,H,K,uÞ so that gi 62 KNi: For all other i 2
f0, 1, :::, ng, we put Ni ¼ G: The last choice is possible because C is root and therefore the
trivial group belongs to C, G 2 C�ðGÞ, and G 2 C�\ðG,H,K,uÞ:

Let

N ¼ \n
i¼0

Ni:

Then N 2 C�\ðG,H,K,uÞ by Proposition 3.2 and, for any i 2 f1, 2, :::, n� 1g, if �ei ¼ 1 ¼
eiþ1, then gi 62 HN, if ei ¼ 1 ¼ �eiþ1, then gi 62 KN: Hence,

gqN ¼ ðg0NÞte1ðg1NÞ:::tenðgnNÞ
is a reduced form of gqN of length n � 1 and, in particular, gqN 6¼ 1: Thus, N is the
required subgroup.

Let us now show that GN ¼ HNNðG=N,HN=N,KN=N,uNÞ is residually a C-group and there-
fore qN can be extended to a homomorphism of G onto a group from C taking g to a non-trivial
element. Suppose that U 2 C�ðGÞ is a subgroup satisfying the equality N ¼ U \ G and r : GN !
G=U is the mapping defined by the rule: ðxqNÞr ¼ xU (x 2 G). Since the kernel of qN coincides
with the normal closure of N in G, it is contained in U and therefore r is well defined. It is also
easy to see that r is a surjective homomorphism. Since GqN ¼ G=N and N ¼ U \ G, then
kerr \ G=N ¼ 1: Hence, kerr is free (see, e. g., [5]) and GN is an extension of the free group
kerr by the C-group G=U: Such an extension is residually a C-group by Proposition 5.1.

Proposition 5.3. Suppose that C is a class of groups consisting only of periodic groups, H is a cen-
tral subgroup of G, and H � K 6¼ G. If G is residually a C-group, then H¼K.

Proof. Suppose that H 6¼ K and k 2 K nH: Suppose also that g 2 G n K and x ¼ ½t�1kt, g�: Then
jxj ¼ 4 and therefore x 6¼ 1: Since G is residually a C-group, there exists a subgroup U 2 C�ðGÞ
such that x 62 U: Because C consists only of periodic groups, t has a finite order modulo U and
therefore t�1 � tm ðmod UÞ for some m> 0. It follows from the last relation and the inclusion
H � K that

t�1kt � tmkt�m ¼ ku�m 2 H mod Uð Þ:
Since H is central in G, then ½ku�m, g� ¼ 1: Thus, x 2 U, and we get a contradiction with the
choice of U. w

Proposition 5.4. Suppose that C is a class of groups closed under taking subgroups and direct prod-
ucts of a finite number of factors. Suppose also that G is residually a C-group and there exists a
subgroup Q 2 C�ðGÞ satisfying at least one of the following conditions:
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ðaÞ H \ Q ¼ 1 ¼ K \ Q,
ðbÞ Q � H \ K and Qu ¼ Q:

Then H and K are C-separable in G.

Proof. We take an element g 2 G n H and find a subgroup N 2 C�ðGÞ such that g 62 HN:
If Q � H or g 62 HQ, then Q is the required subgroup. Therefore, we can assume that H \

Q ¼ 1 and g ¼ hx for some h 2 H, x 2 Q: Since g 62 H, then x 6¼ 1 and, because G is residually a
C-group, there exists a subgroup M 2 C�ðGÞ that does not contain x. We put N ¼ M \ Q: Then
N 2 C�ðGÞ by Proposition 3.1. If g ¼ h1x1 for some h1 2 H, x1 2 N, then xx�1

1 ¼ h�1h1 2
H \ Q ¼ 1: Hence, x ¼ x1 2 N � M, and we get a contradiction with the choice of M. Therefore,
g 62 HN and N is the required subgroup.

Thus, H is C-separable in G. The C-separability of K is proved in a similar way. w

Proposition 5.5. Suppose that C is a root class of groups containing infinite groups, G is residually
a C-group, H and K are central subgroups of G. Suppose also that there exists a subgroup Q 2
C�ðGÞ satisfying at least one of the following conditions:

ðaÞ H \ Q ¼ 1 ¼ K \ Q,
ðbÞ Q � H \ K and Qu ¼ Q:

Then C�ðG,H,K,uÞ is an (H, K)-filtration.

Proof. We only need to show that every subgroup from C�ðGÞ contains some subgroup from
C�ðG,H,K,uÞ: Since G is residually a C-group and H, K are C-separable in G by Proposition 5.4,
then it will follow from this fact that C�ðG,H,K,uÞ is an (H, K)-filtration.

So, let L 2 C�ðGÞ: By Proposition 3.1, the subgroup M ¼ L \ Q belongs to C�ðGÞ: If ðaÞ holds,
then

ðH \MÞu ¼ ðH \ L \ QÞu ¼ 1 ¼ K \ L \ Q ¼ K \M

and therefore M 2 C�ðG,H,K,uÞ: If ðbÞ holds, then the subgroup

N ¼ \
i2Z

Mui

belongs to the same family.
Indeed, N lies in the center of G, is u-invariant, and therefore is ðH,K,uÞ-compatible. Since

Q=M � G=M and C is closed under taking subgroups, then M 2 C�ðQÞ: Because Q is u-invariant,
the restriction of u to this subgroup is its automorphism and therefore Mui 2 C�ðQÞ: Hence, Q/
N is embedded into the Cartesian product of countably many isomorphic C-groups Q=Mui: Since
C is root and contains infinite groups, then it also contains the indicated Cartesian product, its
subgroup Q/N, and the group G/N, which is an extension of Q/N by the C-group G/Q. Therefore,
N 2 C�ðGÞ: w

Proposition 5.6. Suppose that C is a class of groups closed under taking subgroups and direct prod-
ucts of a finite number of factors, H and K are proper central subgroups of finite index of G. If G
is residually a C-group, then there exists a subgroup Q 2 C�ðGÞ such that Q � H \ K and Qu ¼ Q:

Proof. Because H and K are of finite index in G, the subgroup H \ K has the same property. Let
1 ¼ g1, g2, :::, gn be a complete set of cosets representatives of this subgroup in G, and let S ¼
fg2, :::, gng: Since G is residually a C-group, then, by Proposition 5.2, C�\ðG,H,K,uÞ is an (H,
K)-filtration. Hence,
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H \ K � \
N2C�\ G,H,K,uð Þ

H \ Kð ÞN � \
N2C�\ G,H,K,uð Þ

HN
� �

\ \
N2C�\ G,H,K,uð Þ

KN
� �

¼ H \ K

and therefore, for each s 2 S, there exists a subgroup Qs 2 C�\ G,H,K,uð Þ such that s 62
H \ Kð ÞQs: Let us show that

Q ¼ \
s2S

Qs

is the required subgroup.
Indeed, if g 2 G n ðH \ KÞ and g ¼ xs for suitable s 2 S, x 2 H \ K, then x�1g ¼ s 62

ðH \ KÞQs and therefore x�1g 62 ðH \ KÞQ: Hence, g 62 ðH \ KÞQ and, because g is chosen arbi-
trarily, ðH \ KÞQ � H \ K: Thus, Q � H \ K: It remains to note that Q 2 C�\ðG,H,K,uÞ by
Proposition 3.2 and C�\ðG,H,K,uÞ 	 C�ðG,H,K,uÞ by Proposition 3.4. Therefore, Q 2 C�ðGÞ and
Qu ¼ ðQ \ HÞu ¼ Q \ K ¼ Q: w

We conclude this section with two criteria for the root-class residuality of split extensions.

Proposition 5.7. Suppose that C is a root class of groups consisting only of periodic groups and
closed under taking quotient groups. Suppose also that G is an abelian group, H¼G¼K, and X is
the family of subgroups of G defined as follows: N 2 X if and only if N 2 C�ðGÞ, Nu ¼ N, and the
automorphism uN of the group G/N induced by the automorphism u has a finite order, which is a
pðCÞ-number. Then G is residually a C-group if and only if \N2X N ¼ 1:

Proof. Since H¼G ¼ K, then any filtration is an (H, K)-filtration. Therefore, by Proposition 5.2,
G is residually a C-group if and only if C�\ðG,H,K,uÞ is a filtration. It remains to note that, by
Proposition 3.5, a subgroup N belongs to C�\ðG,H,K,uÞ if and only if Nu ¼ N, G=N 2 C, and
the order of uN is finite and is a pðCÞ-number. w

Proposition 5.8. Suppose that C is a root class of groups consisting only of periodic groups and
closed under taking quotient groups, G is an abelian residually C-group, and H¼G¼K. If the
order q of the automorphism u is finite, then G is residually a C-group if and only if q is
a pðCÞ-number.

Proof. Necessity. Because q is the order of u, for any i 2 f1, :::, q� 1g, there exists an element
gi 2 G such that giui 6¼ gi: Let

S ¼ fgiuig�1
i j 1 � i � q� 1g:

Since G is residually a C-group, then, by Proposition 3.1, there exists a subgroup U 2 C�ðGÞ
such that U \ S ¼ ;: If N ¼ U \ G, then N 2 C�\ðG,H,K,uÞ and, by Proposition 3.5, N is
u-invariant, the automorphism uN of G/N induced by u has a finite order qN, and this order is a
pðCÞ-number. It remains to note that N \ S ¼ ; and therefore qN ¼ q:

Sufficiency. Suppose that X is the family of subgroups defined in Proposition 5.7, M 2 C�ðGÞ,
and

N ¼ \q�1

i¼0
Mui:

Then N � M, Nu ¼ N, and, by Proposition 3.1, N 2 C�ðGÞ: The order of the automorphism uN
induced by u divides q and therefore is a pðCÞ-number. Hence, N 2 X:

Thus, any subgroup from C�ðGÞ contains a subgroup from X and, since G is residually a
C-group, X is a filtration. Therefore, G is residually a C-group by Proposition 5.7. w
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6. Proofs of Theorems 1–4 and Corollaries 1–4

Throughout this section, it is assumed that ðG,H,K,uÞ is an HNN-tuple, H and K lie in the cen-
ter of G, and G ¼ HNNðG,H,K,uÞ: It is also assumed that

K0 ¼ G, H1 ¼ H, K1 ¼ K, Hiþ1 ¼ Hi \ Ki, Kiþ1 ¼ Hiþ1u, Pi ¼ HiKi ði � 1Þ:

Proposition 6.1. Suppose that C is a root class of groups and H 6¼ G 6¼ K. If G is residually a
C-group, then, for any n � 1, the HNN-extensions Gn�1 ¼ HNNðG,Hn,Kn,uÞ and Kn�1 ¼
HNNðKn�1,Hn,Kn,uÞ are also residually C-groups.
Proof. Since G is residually a C-group, then the family C�\ðG,H,K,uÞ is an (H, K)-filtration by
Proposition 5.2. Repeatedly using Proposition 4.2, we see that C�\ðG,Hn,Kn,uÞ and
C�\ðKn�1,Hn,Kn,uÞ are ðHn,KnÞ-filtrations, and, again by Proposition 5.2, Gn�1 and Kn�1 are
residually C-groups. w

Proposition 6.2. The following statements hold.

1) Let p be a set of primes. If Hn and Kn are p0-isolated in G for some n � 1, then Hi and Ki

are p0-isolated in this group for all i � n:
2) If a number n � 1 and a subgroup Q are such that Q � Hn \ Kn and Qu ¼ Q, then Q �

Hi \ Ki for all i � n:
3) Let C be a class of groups closed under taking subgroups and extensions. If H 2 C�ðGÞ and

K 2 C�ðGÞ, then Hi 2 C�ðGÞ and Ki 2 C�ðGÞ for all i � 1:

Proof. Let us use induction on i and note that, for all three statements, the induction base
is obvious.

1) Suppose that Hi and Ki are p0-isolated in G for some i � n: If an element g 2 G and a num-
ber q 2 p0 are such that gq 2 Hiþ1, then gq 2 Hi and gq 2 Ki: Since Hi and Ki are p0-iso-
lated, then g 2 Hi \ Ki ¼ Hiþ1 and therefore Hiþ1 is p0-isolated in G. If, for some g 2 G and
q 2 p0, the inclusion gq 2 Kiþ1 holds, then g 2 Ki because Ki is p0-isolated. Hence, the elem-
ent gu�1 is defined and ðgu�1Þq 2 Hiþ1: Since Hiþ1 is p0-isolated, it follows from the last
inclusion that gu�1 2 Hiþ1 and g 2 Kiþ1: Thus, Kiþ1 is also p0-isolated in G.

2) Let Q � Hi \ Ki for some i � n: Then

Q � Hiþ1 ¼ Hi \ Ki, Qu � Hiþ1u ¼ Kiþ1,

and since Qu ¼ Q, then Q � Hiþ1 \ Kiþ1:
3) Let C�ðGÞ contain Hi and Ki for some i � 1: Then Hiþ1 ¼ Hi \ Ki 2 C�ðGÞ by Proposition

3.1. Since C is closed under taking subgroups, then Hiþ1 2 C�ðHiÞ and it follows from the
equalities Hiu ¼ Ki, Hiþ1u ¼ Kiþ1 that Kiþ1 2 C�ðKiÞ: Hence, the quotient group G=Kiþ1 is
an extension of the C-group Ki=Kiþ1 by the C-group G=Ki, and Kiþ1 2 C�ðGÞ because C is
closed under taking extensions. w

Proposition 6.3. [19, Proposition 5] Suppose that C is a class of groups consisting only of periodic
groups, X is a group, and Y is a subgroup of X. If Y is C-separable in X, then it is pðCÞ0-isolated in
this group. In particular, if X is residually a C-group, then it has no pðCÞ0-torsion.

If p is a set of primes, X is a group, and Y is a subgroup of X, then we denote by Rp0 ðX,YÞ
the set of elements of X defined as follows: x 2 Rp0 ðX,YÞ if and only if xq 2 Y for some p0-num-
ber q.
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Obviously, Rp0 ðX,YÞ 	 Ip0 ðX,YÞ and the equality Ip0 ðX,YÞ ¼ Rp0 ðX,YÞ holds if and only if
Rp0 ðX,YÞ is a subgroup. It is easy to see that, if X is an abelian group, then Rp0 ðX,YÞ is always
a subgroup.

Proposition 6.4. Suppose that C is a class of groups closed under taking quotient groups, X is
residually a C-group, Y is a central subgroup of X. Then the pðCÞ0-isolator IpðCÞ0 ðX,YÞ is contained
in the center of X and coincides with the set RpðCÞ0 ðX,YÞ:

Proof. Let Z be the center of X. We show that Z is C-separable in X.
If x 2 X n Z, then ½x, y� 6¼ 1 for some y 2 X and, because X is residually a C-group, there exists

a subgroup N 2 C�ðXÞ such that ½x, y� 62 N: Hence, ½xN, yN� 6¼ N and therefore xN does not
belong to the center ZðX=NÞ of X/N. It is easy to see that ZN=N � ZðX=NÞ: Thus, xN 62 ZN=N
and x 62 ZN: It remains to note that X=ZN ffi ðX=NÞ=ðZN=NÞ 2 C because C is closed under tak-
ing quotient groups.

Now, it follows from Proposition 6.3 that Z is pðCÞ0-isolated in X, and since Y � Z, then
IpðCÞ0 ðX,YÞ � Z: Hence, IpðCÞ0 ðX,YÞ¼ IpðCÞ0 ðZ,YÞ,RpðCÞ0 ðX,YÞ¼ RpðCÞ0 ðZ,YÞ, and IpðCÞ0 ðZ,YÞ ¼
RpðCÞ0 ðZ,YÞ by the above remark. w

Proposition 6.5. [22, Proposition 3] Suppose that C is a class of groups closed under taking quo-
tient groups, X is a group, and Y is a normal subgroup of X. Then Y is C-separable in X if and
only if X/Y is residually a C-group.

Proof of Theorem 3. Necessity. Since G is residually a C-group and C is closed under taking sub-
groups, then E is residually a C-group. By Proposition 6.1, the HNN-extension Gn�1 ¼
HNNðG,Hn,Kn,ui is also residually a C-group. Since Hn ¼ Hnþ1 ¼ Hn \ Kn, then Hn � Kn, and
we get the equality Hn ¼ Kn by applying Proposition 5.3 to Gn�1:

It follows from Proposition 5.2 that C�\ðG,H,K,uÞ is an (H, K)-filtration. By Proposition 3.4,
C�\ðG,H,K,uÞ 	 C�ðGÞ, and therefore C�ðGÞ is also an (H, K)-filtration. Hence, H and K are
C-separable in G and pðCÞ0-isolated in this group by Proposition 6.3.

Sufficiency. Since

Hnþ1 ¼ Hn ¼ Kn, Knþ1 ¼ Hnþ1u ¼ Hnu ¼ Kn,

then Kn ¼ HNNðKn,Hnþ1,Knþ1,uÞ is a split extension of Kn by the infinite cyclic group gener-
ated by t. Therefore, the mapping of the generators of Kn to the corresponding elements of G
can be extended to an injective homomorphism taking Kn onto E. Hence, Kn is residually a
C-group, and C�\ðKn,Hnþ1,Knþ1,uÞ is a filtration by Proposition 5.2. Because Hnþ1 ¼ Kn ¼ Knþ1,
this family is actually an ðHnþ1,Knþ1Þ-filtration. By Proposition 3.2, it is closed under taking
finite intersections and therefore is a strong ðHnþ1,Knþ1Þ-filtration. It follows from Proposition
3.5 that C�\ðKn,Hnþ1,Knþ1,uÞ ¼ C�nðKn,Hnþ1,Knþ1,uÞ: Hence, C�nðKn,Hnþ1,Knþ1,uÞ is also a
strong ðHnþ1,Knþ1Þ-filtration.

Since G is residually a C-group and C is closed under taking subgroups, then Ki (i � 0) are
also residually C-groups. For any i 2 f0, 1, :::, n� 1g, Piþ1 is central in Ki. Hence, by
Proposition 6.4, the pðCÞ0-isolator Xi ¼ IpðCÞ0 ðKi, Piþ1Þ lies in the center of Ki and coincides with

the set RpðCÞ0 ðKi, Piþ1Þ: Therefore, Xi=Piþ1 is a periodic pðCÞ0-group.
By the hypothesis of the theorem, Xi is C-separable in Ki for any i 2 f0, 1, :::, n� 1g, and

therefore Ki=Xi is residually a C-group by Proposition 6.5. Again by the hypothesis, Ki is C-regu-
lar with respect to Piþ1: By Proposition 6.2, Hiþ1 and Kiþ1 are pðCÞ0-isolated in G and therefore
in Ki. Hence, we can successively apply Proposition 4.4 to the HNN-tuples ðKi,Hiþ1,Kiþ1,uÞ, i ¼
n� 1, :::, 1, 0: As a result, we see that C�0ðG,H,K,uÞ is a strong (H, K)-filtration. By
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Proposition 3.4, C�0ðG,H,K,uÞ 	 C�\ðG,H,K,uÞ: Therefore, C�\ðG,H,K,uÞ is an (H, K)-filtration,
and G is residually a C-group by Proposition 5.2. w

Proof of Theorem 4. Since G is residually a C-group and C is closed under taking subgroups, then
Kn is also residually a C-group and, by Proposition 5.5, C�ðKn,Hnþ1,Knþ1,uÞ is an
ðHnþ1,Knþ1Þ-filtration. By Proposition 3.2, this family is closed under taking finite intersections
and therefore turns out to be a strong ðHnþ1,Knþ1Þ-filtration. By the hypothesis of the theorem,
Piþ1 is C-separable in Ki for each i 2 f0, 1, :::, n� 1g: Hence, Ki=Piþ1 is residually a C-group
by Proposition 6.5. If we take the set of all primes as p and successively apply Proposition 4.4 to
the HNN-tuples ðKi,Hiþ1,Kiþ1,uÞ and the subgroups Xiþ1 ¼ Piþ1 (i ¼ n� 1, :::, 1, 0), then we
see that C�ðG,H,K,uÞ is a strong (H, K)-filtration. Since C�ðG,H,K,uÞ ¼ C�\ðG,H,K,uÞ by
Proposition 3.4, then C�\ðG,H,K,uÞ is an (H, K)-filtration. Thus, G is residually a C-group by
Proposition 5.2. w

Proof of Theorem 1. Statement I follows from Theorem 4. Let us prove Statement II.
We take a number i � 0 and show that Ki=Piþ1 2 C:
If Q � H \ K and Qu ¼ Q, then Q � Hiþ1 \ Kiþ1 by Proposition 6.2 and Q � Piþ1: Hence,

G=Piþ1 ffi ðG=QÞ=ðPiþ1=QÞ 2 C and Ki=Piþ1 2 C because C is closed under taking subgroups and
quotient groups. If H \ Q ¼ 1 ¼ K \ Q, then Ki \ Q ¼ 1 and Ki=Piþ1 ffi Ki=Piþ1ðKi \ QÞ ffi
KiQ=Piþ1Q: Since Q � Piþ1Q, then, as above, KiQ=Piþ1Q 2 C:

Thus, Ki=Piþ1 2 C: It follows that Piþ1 is C-separable in Ki and, by Proposition 6.3, is
pðCÞ0-isolated in this group. Therefore, Piþ1 ¼ IpðCÞ0 ðKi, Piþ1Þ: We note also that if N 2 C�ðPiþ1Þ,
then Ki=N is an extension of the C-group Piþ1=N by the C-group Ki=Piþ1 and Ki=N 2 C because
C is closed under taking extensions. Hence, C�ðPiþ1Þ 	 C�ðKiÞ and therefore Ki is C-regular with
respect to Piþ1:

Thus, the statement to be proved follows from Theorem 3. We only need to note that H
and K are C-separable in G by Proposition 5.4 and are pðCÞ0-isolated in this group by
Proposition 6.3. w

Proof of Corollary 1. Because H is finite, the equalities Hn ¼ Hnþ1 ¼ Hn \ Kn hold for some n �
1: Therefore, Hn � Kn: But the subgroups Hn and Kn are finite and isomorphic, hence, Hn ¼ Kn.
Since G is residually a C-group, then, by Proposition 3.1, there exists a subgroup Q 2 C�ðGÞ such
that H \ Q ¼ 1 ¼ K \ Q: Therefore, Statement I follows from Theorem 1. Let us prove
Statement II.

Since H \ Q ¼ 1, then Hn is embedded into the C-group G/Q and belongs to C because this
class is closed under taking subgroups. The restriction of u to the finite subgroup Hn has a finite
order q. Hence, by Proposition 5.8, the subgroup E ¼ sgpfHn, tg of G is residually a C-group if
and only if q is a pðCÞ-number. If H¼G ¼ K, then G ¼ E, and the required statement is proved.
Otherwise, the inequalities G 6¼ H and G 6¼ K hold simultaneously because H and K are finite
and isomorphic. Therefore, the statement of the corollary follows from Theorem 1. w

Proof of Corollary 2. I. The conditions of the statement are necessary for G to be residually a
C-group by Proposition 5.6 and because C is closed under taking subgroups. Their sufficiency fol-
lows from Theorem 1.

II. Necessity. By Propositions 5.6 and 6.2, there exists a subgroup Q 2 C�ðGÞ such that Qu ¼ Q
and Q � Hi \ Ki for all i � 1: Since C consists of finite groups, Q has a finite index in G and
therefore Hn ¼ Hnþ1 for some n. Because C is closed under taking subgroups, G is residually a
C-group. Therefore, Conditions 2 and 3 follow from Theorem 1. Since C is closed under taking
quotient groups, Condition 1 follows from the relations
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G=H ffi ðG=QÞ=ðH=QÞ, G=K ffi ðG=QÞ=ðK=QÞ:
Sufficiency. By Proposition 6.2, Hi 2 C�ðGÞ and Ki 2 C�ðGÞ for any i � 1: Hence, Hn 2

C�ðGÞ, Hn � H \ K, and Hnu ¼ Hn: Since E is residually a C-group and C is closed under taking
subgroups, then Hn is also residually a C-group. Therefore, G is an extension of the residually
C-group Hn by the C-group G=Hn: Such an extension is residually a C-group by Proposition 5.1.
Thus, it follows from Theorem 1 that G is residually a C-group. w

Proposition 6.6. [22, Proposition 18] If C is a root class of groups consisting only of periodic
groups and closed under taking quotient groups, then any pðCÞ-bounded solvable C-group is finite.

Proposition 6.7. [16, Propositions 1, 2, 3] If p is a non-empty set of primes, then the following
statements hold.

1) Any p-bounded abelian group is of finite rank.
2) The classes of p-bounded abelian, p-bounded nilpotent, and p-bounded solvable groups are

closed under taking subgroups and quotient groups.
3) If a p-bounded solvable group is abelian, then it belongs to the class of p-bounded abel-

ian groups.

Proof of Theorem 2. Let us show that, for any i 2 f0, 1, :::, n� 1g, Ki is C-regular with respect
to Piþ1: Then the required statement will follow from Theorem 3.

Suppose that i 2 f0, 1, :::, n� 1g and M 2 C�ðPiþ1Þ: We need to find a subgroup N 2
C�ðKiÞ such that N \ Piþ1 ¼ M:

Let us denote the pðCÞ0-isolator IpðCÞ0 ðKi,MÞ by I for brevity. Since G is residually a C-group
and C is closed under taking subgroups, then Ki is also residually a C-group. Therefore, by
Proposition 6.4, I lies in the center of Ki and coincides with the set RpðCÞ0 ðKi,MÞ: It follows from
the equality I ¼ RpðCÞ0 ðKi,MÞ that, if x 2 I \ Piþ1, then xq 2 M for some pðCÞ0-number q. But

the quotient group Piþ1=M belongs to C and therefore has no pðCÞ0-torsion. Hence, xM¼ 1 and
x 2 M: Thus, I \ Piþ1 � M and, because the opposite inclusion is obvious, I \ Piþ1 ¼ M:

Since H and K are pðCÞ-bounded, then it follows from Propositions 6.6 and 6.7 that the
C-group Piþ1=M is pðCÞ-bounded and therefore finite. Hence, the subgroup

Piþ1I=I ffi Piþ1=ðPiþ1 \ IÞ ¼ Piþ1=M

is also finite. By the hypothesis of the theorem, I is C-separable in Ki. Therefore, by Proposition
6.5, Ki=I is residually a C-group and, by Proposition 3.1, there exists a subgroup N=I 2 C�ðKi=IÞ
such that N=I \ Piþ1I=I ¼ 1: Then N 2 C�ðKiÞ and, as it is easy to see, N \ Piþ1 ¼ M: Thus, N
is the required subgroup. w

Proposition 6.8. Suppose that C is a root class of groups consisting only of periodic groups and
closed under taking quotient groups, H 6¼ G 6¼ K, and there exists m � 0 such that at least one of
the following conditions holds:

ðaÞ Hmþ1 and Kmþ1 are finitely generated;
ðbÞ Hmþ1 and Kmþ1 are pðCÞ-bounded and p0-isolated in Km for some finite subset p of pðCÞ:

If G is residually a C-group, then Hn ¼ Hnþ1 for some n.

Proof. Because C contains non-trivial groups, pðCÞ is non-empty. Hence, the rank rkHmþ1 of
Hmþ1 is finite by Proposition 6.7, and since rkHiþ1 � rkHi for any i � 1, then rkHl ¼ rkHlþ1
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for some l � mþ 1: It follows from the relations Hl ffi Kl and Hlþ1 ffi Klþ1 that

rkKl ¼ rkHl ¼ rkHlþ1 ¼ rkKlþ1

and therefore the quotient groups Kl=Hlþ1 and Kl=Klþ1 are periodic. If Hmþ1 and Kmþ1 are
finitely generated, then Kl=Hlþ1 and Kl=Klþ1 are finite. Let us show that this is also true if
ðbÞ holds.

Since Hmþ1 and Kmþ1 are p0-isolated in Km, then, by Proposition 6.2 applied to the HNN-tuple
ðKm,Hmþ1,Kmþ1,uÞ, Hlþ1 and Klþ1 are also p0-isolated in this group. Hence, Kl=Hlþ1 and
Kl=Klþ1 are periodic p-groups, and each of them has a finite number of primary components
because p is finite. By Proposition 6.7, these groups are pðCÞ-bounded, and since p 	 pðCÞ, all
their primary components are finite. Thus, Kl=Hlþ1 and Kl=Klþ1 are also finite.

By Proposition 6.1, the HNN-extensions

Gl ¼ HNNðG,Hlþ1,Klþ1,uÞ, Kl ¼ HNNðKl,Hlþ1,Klþ1,uÞ
are residually C-groups. If Hlþ1 ¼ Kl or Klþ1 ¼ Kl, then Hlþ1 � Klþ1 or Hlþ1 � Klþ1 and it
follows from Proposition 5.3 applied to Gl that Hlþ1 ¼ Klþ1: Hence, we can put n ¼ l þ 1: Let
Hlþ1 6¼ Kl 6¼ Klþ1: Then, by Proposition 5.6 applied to Kl, there exists a subgroup Q 2 C�ðKlÞ
such that Q � Hlþ1 \ Klþ1 and Qu ¼ Q: The C-group Kl=Q is finite: this is obvious if ðaÞ holds,
and follows from Propositions 6.6, 6.7 if ðbÞ takes place. By Proposition 6.2, Q � Hi for any i �
lþ 1: Thus, there exists n � l þ 1 such that Hn ¼ Hnþ1: w

Proposition 6.9. [18, Proposition 10] If C is a root class of groups consisting only of periodic
groups, then any finite solvable pðCÞ-group belongs to C:

Proposition 6.10. If C is a root class of groups consisting only of periodic groups and pðCÞ contains
all prime numbers, then all the subgroups of an arbitrary pðCÞ-bounded solvable group
are C-separable.

Proof. Let X be a pðCÞ-bounded solvable group, and let Y be a subgroup of X. By Theorem 6
from [10], Y is F -separable in X, where F is the class of all finite groups. Since any homo-
morphic image of X is a solvable group, then Y turns out to be FS-separable in X, where FS is
the class of all finite solvable groups. By Proposition 6.9, FS 	 C: Hence, Y is C-separable. w

Proposition 6.11. [19, Proposition 8] If C is a root class of groups consisting only of periodic
groups and X is a pðCÞ-bounded nilpotent group, then every pðCÞ0-isolated subgroup of X is C-sep-
arable in this group.

Proof of Corollaries 3 and 4. Let us verify that the conditions of Theorem 2 hold.
By Proposition 6.7, Hi and Ki (i � 1) are pðCÞ-bounded abelian groups. Therefore, it follows

from Propositions 6.10 and 6.11 that all the pðCÞ0-isolated subgroups of Ki (i � 0) are C-separable
in this group. In particular, if N 2 C�ðPiþ1Þ, then the subgroup IpðCÞ0 ðKi,NÞ is C-separable in Ki.

The fact that G is residually a C-group follows from

� Proposition 6.10 if pðCÞ contains all primes and G is a pðCÞ-bounded solvable group;
� Proposition 6.11 and the absence of pðCÞ0-torsion in G if the last group is

pðCÞ-bounded nilpotent;
� the assumption that C is closed under taking subgroups if G is residually a C-group.

Finally, Hn ¼ Hnþ1 for some n � 1 : it is obvious if Hn ¼ Kn, and is guaranteed by
Proposition 6.8 if G is residually a C-group. Thus, the necessity of the statements of both
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corollaries follows from Theorem 2. We only need to note that if G is residually a C-group, then
G is also residually a C-group and, by Proposition 6.3, has no pðCÞ0-torsion.

The group E is pðCÞ-bounded solvable as an extension of the pðCÞ-bounded abelian group Hn

by the infinite cyclic group hti, which is also pðCÞ-bounded abelian. If pðCÞ contains all primes,
then H and K are pðCÞ0-isolated in G and, by Proposition 6.10, E is residually a C-group.
Therefore, the sufficiency of the statements of the corollaries also follows from Theorem 2. w
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