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of nilpotent groups by root classes of groups
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Abstract. Suppose that C is a class of groups consisting only of periodic groups and P.C/0

is the set of prime numbers that do not divide the order of any element of a C -group. It
is easy to see that if a subgroup Y of a group X is C -separable in this group, then it is
P.C/0-isolated in X . Let us say that X has the property C -Sep if all of its P.C/0-isolated
subgroups are C -separable. We find a condition that is sufficient for a nilpotent groupN to
have the property C -Sep provided C is a root class. We also prove that ifN is torsion-free,
then the indicated condition is necessary for this group to have C -Sep.

1 Introduction

Let us begin with the definitions of the concepts appearing in the title of the article.
A subgroup Y of a group X is said to be separable in X by a class of groups C

(C -separable for brevity) if, for any element x 2 X n Y , there exists a homomor-
phism � of X onto a group from C such that x� … Y� (see [17]). If the trivial
subgroup of X is C -separable, then X is called residually a C -group.

The concept of a root class of groups has several equivalent definitions [22].
According to one of them, a class of groups C is called a root class if it contains
at least one non-trivial group and is closed under taking subgroups, extensions,
and Cartesian products of the form

Q
y2Y Xy , where X; Y 2 C and Xy is an iso-

morphic copy of X for each y 2 Y . Examples of root classes are the classes of
all finite groups, finite p-groups (where p is a prime number), periodic P-groups
of finite exponent (where P is a non-empty set of primes), solvable groups, and
torsion-free groups. It is also easy to show that if the intersection of some number
of root classes contains a non-trivial group, then it is again a root class.

The notion of a root class was introduced in [10] and allows one to prove many
statements at once using the same reasoning. It turns out to be especially useful in
studying the residual properties of free constructions of groups (see, e.g., [22–31]).
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If X is such a construction and C is a root class of groups, then the C -separability
of some subgroups of X is quite often one of the necessary and/or sufficient con-
ditions for X to be residually a C -group. Examples of assertions of this type can
be found, in particular, in [1–3, 6, 13, 14, 24–26, 29]. These results become more
constructive if the description of C -separable subgroups is given for the groups
from which the construction is composed.

Most of the known facts on the separability of subgroups concern the property
of finite separability, i.e., separability by the class of all finite groups. There is also
a series of assertions on the separability by the class of finite P-groups, where P

is some (most often one-element) set of primes (see [4, 5, 7, 8, 14, 18, 21, 23]). The
separability of subgroups by other classes of groups is not actually studied.

In this article, we consider the separability of subgroups of nilpotent groups by
a root class of groups C and give examples of using the obtained results in studying
the property of being residually a C -group (in the case of free constructions of
groups). It follows from Proposition 4.3 below that if C contains at least one non-
periodic group and is closed under taking quotient groups, then it also contains all
nilpotent groups of cardinality less than @1. It is clear that all subgroups of such
groups are automatically C -separable. So, in what follows, we consider only the
case when the class C consists of periodic groups.

Everywhere below, if C is an arbitrary (not necessarily root) class of periodic
groups, then we denote by P.C/ the set of all prime numbers that divide the order
of an element of some C -group. It turns out that P.C/ plays an important role in
the study of C -separability. To clarify this relationship, we need some notation and
definitions.

Throughout the paper, if P is a set of primes, then P0 denotes the set of all the
prime numbers that do not belong to P. A subgroup Y of a group X is said to be
P0-isolated in this group if, for any x 2 X , q 2 P0, it follows from the inclusion
xq 2 Y that x 2 Y . If the trivial subgroup of X is P0-isolated, then X is said to
have no P0-torsion. We note that if P contains all primes, then every subgroup is
P0-isolated.

It is known (see Proposition 4.5 below) that if C is a class of groups consisting
only of periodic groups, then any C -separable subgroup is P.C/0-isolated. We
say that a group X has the property C -Sep if the inverse statement also holds,
i.e., all the P.C/0-isolated subgroups of X are C -separable. In this article, we
study the following question: what conditions are sufficient for a nilpotent group to
have the property C -Sep if C is a root class of groups consisting only of periodic
groups? The result of this research is the notion of a C -bounded nilpotent group;
its definition is given in the next section.
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2 Main results

Suppose that C is a class of groups consisting only of periodic groups and A is an
abelian group. If p 2 P.C/, then we refer to the p-power torsion subgroup of A
as the primary P.C/-component of this group. Let us say that A
� is weakly C -bounded if, for any quotient group B of A, all the primary P.C/-

components of B are of finite exponent;
� is C -bounded if, for any quotient group B of A, each primary P.C/-component

ofB has a finite exponent and a cardinality not exceeding the cardinality of some
C -group.

We call a nilpotent group (weakly) C -bounded if it has at least one finite cen-
tral series with (weakly) C -bounded abelian factors. The classes of C -bounded
abelian, C -bounded nilpotent, weakly C -bounded abelian, and weakly C -bounded
nilpotent groups are denoted below by C -BA, C -BN , C -wBA, and C -wBN

respectively.
Let us note that if the class C is a root class, then a finite C -group can have

an arbitrarily large order (see Proposition 4.1 below), and therefore, any finitely
generated nilpotent group is C -bounded. It also follows from Proposition 4.3 that
a weakly C -bounded nilpotent groupX is C -bounded if C contains infinite groups
and the cardinality of X is less than @1.

The first result of this article is Theorem 2.1 that describes the abelian groups
having the property C -Sep.

Theorem 2.1. If C is a root class of groups consisting only of periodic groups and
X is an abelian group, then the following statements hold.

1. If X has the property C -Sep, then it is weakly C -bounded.

2. IfX is weakly C -bounded, then it has the properties C -Sep and P -Sep, where

P D
[

p2P.C/

Fp

and Fp is the class of finite p-groups.

Thus, an abelian group has the property C -Sep if and only if it is weakly C -
bounded. However, this property may not hold for weakly C -bounded nilpotent
groups: the corresponding example is constructed in Section 9. The main result of
this article is Theorem 2.2 given below, which says that any C -bounded nilpotent
group enjoys C -Sep. In fact, this theorem states somewhat more, so its formula-
tion must be preceded by several definitions.

Suppose again that P is an arbitrary set of primes, X is a group, and Y is a sub-
group ofX . It is easy to see that the intersection of any number of P0-isolated sub-
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groups ofX is in turn a P0-isolated subgroup, and therefore, there exists a smallest
P0-isolated subgroup containing Y . It is called the P0-isolator of Y in X , and we
denote it by P0-Is.X; Y /. We also denote by P0-Rt.X; Y / the set of P0-roots ex-
tracted in X from the elements of Y . More accurately, an element x 2 X belongs
to P0-Rt.X; Y / if there exists a P0-number q such that xq 2 Y . Obviously, the set
P0-Rt.X; Y / is contained in the subgroup P0-Is.X; Y / and coincides with the
latter if and only if it is itself a subgroup.

Theorem 2.2. Suppose that C is a root class of groups consisting only of periodic
groups, X is a C -BN -group, and Y is a subgroup of X . Then the P.C/0-isolator
P.C/0-Is.X; Y / is C -separable inX and coincides with the set P.C/0-Rt.X; Y /.
In particular, X has the property C -Sep. If X is P.C/0-torsion-free, then Y and
P.C/0-Is.X; Y / have the same nilpotency classes.

We note that the requirement for the group X from Theorem 2.2 to be P.C/0-
torsion-free is essential for the equality of the nilpotency classes of the groups Y
and P.C/0-Is.X; Y /. For example, if Y is an infinite cyclic group, Z is a finite
nilpotent P.C/0-group of class c, and X D Y �Z, then P.C/0-Is.X; Y / D X ,
and therefore, the nilpotency class of P.C/0-Is.X; Y / is equal to c, while Y is
a group of class 1.

Theorem 2.1 shows that an abelian group with the property C -Sep need not be
C -bounded. At the same time, the following assertion holds.

Corollary 2.3. Let C be a root class of groups consisting only of periodic groups.
A torsion-free nilpotent group has the property C -Sep if and only if it is C -
bounded.

It turns out that the analogs of Theorem 2.2 and Corollary 2.3 do not hold even
for supersolvable groups. For example, if C is a root class of groups consisting
only of periodic groups, then, by the main theorem from [30] and Proposition 8.7
given below, the supersolvable Baumslag–Solitar group

BS.1;�1/ D ha; bI a�1ba D b�1i

is residually a C -group if and only if 2 2 P.C/. At the same time, BS.1;�1/ is
torsion-free, and therefore, its trivial subgroup is always P.C/0-isolated.

Throughout the paper, if C is a root class of groups consisting only of peri-
odic groups, then we denote by C -BN P.C/ the class of all P.C/0-torsion-free
C -BN -groups. This class arises quite naturally because, by Theorem 2.2, only
such a C -BN -group is residually a C -group. The theorem given below serves as
a partial generalization of Theorem 2.2.
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Theorem 2.4. Suppose that C is a root class of groups consisting only of periodic
groups and N C is a class of nilpotent C -groups. Suppose also thatX is residually
a C -BN P.C/-group, Y is a subgroup of X , and there exists a homomorphism
� of X onto a C -BN P.C/-group that acts injectively on Y . Then the following
statements hold.

1. The P.C/0-isolator P.C/0-Is.X; Y / is N C -separable in X , coincides with
the set P.C/0-Rt.X; Y /, and has the same nilpotency class as Y . The group X
is residually an N C -group and therefore has no P.C/0-torsion.

2. The homomorphism � acts injectively on the subgroup P.C/0-Is.X; Y /; as
a result, the latter belongs to C -BN P.C/.

We note that if X 2 C -BN , then any homomorphic image of X is nilpotent.
Therefore, Theorem 2.2 actually states that the subgroup P.C/0-Is.X; Y / is sep-
arable in X by the class N C of all nilpotent C -groups. A similar argument does
not work for residually C -BN P.C/-groups, and as a result, the class N C appears
in Theorem 2.4 explicitly.

We also note that it is essential for the C -separability of P.C/0-Is.X; Y / that
there exists a homomorphism of X onto a C -BN P.C/-group acting injectively
on Y . For example, any non-abelian free group is residually a finitely generated
torsion-free nilpotent group [11, 16], but it also contains a finitely generated iso-
lated subgroup that is not separable by the class Fp of all finite p-groups for any
prime number p (see [4]).

3 Some applications

In this section, we formulate a number of assertions which concern the residual
properties of free constructions of groups and can be deduced from known results
using Theorem 2.4 and some other properties of C -BN -groups. The free construc-
tion under consideration is always composed of residually C -groups, and Theo-
rem 2.4 completely generalizes Theorem 2.2 if they are applied to such groups.
Therefore, it makes no sense to formulate separate corollaries from Theorem 2.2.

Throughout this section, we assume that C is a root class of groups consisting
only of periodic groups,

P D hA � BI U i

is the free product of groups A and B with an amalgamated subgroup U , and

G� D hG; t I t�1Ht D K; 'i
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is the HNN-extension of a group G with subgroups H and K associated by an
isomorphism 'WH ! K (the definitions of these constructions can be found, e.g.,
in [15]). It is also assumed that A ¤ U ¤ B and H ¤ G ¤ K.

Theorem 3.1. Suppose that U is a retract of B , A is residually a C -BN P.C/-
group, and there exists a homomorphism of A onto a C -BN P.C/-group that acts
injectively on U . Then P is residually a C -group if and only if B has the same
property.

If X is a group and Y is a normal subgroup of X , then the restrictions on Y
of all inner automorphisms of X compose a subgroup of the automorphism group
AutY , which we denote by AutX .Y /. Obviously, if U is normal in A and B , then
it is normal in P and the group AutP .U / is generated by its subgroups AutA.U /
and AutB.U /.

Theorem 3.2. Suppose that U is normal in A and B , AutP .U / is abelian or co-
incides with AutA.U / or AutB.U /. Suppose also that A and B are residually
C -BN P.C/-groups and have homomorphisms onto C -BN P.C/-groups that act
injectively on U . Then P is residually a C -group if and only if U is P.C/0-isolated
in A and B .

Theorem 3.3. Suppose that K0 D G, H1 D H , K1 D K, and HiC1 D Hi \Ki ,
KiC1 D HiC1' for all i > 1. Suppose also that H and K lie in the center of G
and there exists m > 1 such that Hm and Km are finitely generated. If G is resid-
ually a C -BN P.C/-group and has a homomorphism � onto a C -BN P.C/-group
that acts injectively on HK, then G� is residually a C -group if and only if

1) Hn D Kn for some n > m;

2) H and K are P.C/0-isolated in G;

3)
T
N2�N D 1, where � is the family of subgroups of Hn defined as follows:

N 2 � if and only if Hn=N is a finite P.C/-group, N' D N , and the auto-
morphism of Hn=N induced by ' has order a P.C/-number.

If H and K are infinite cyclic subgroups, Theorem 3.3 acquires the following,
simpler formulation.

Theorem 3.4. Suppose that H and K are infinite cyclic subgroups lying in the
center of G. Suppose also that G is residually a C -BN P.C/-group and has a ho-
momorphism onto a C -BN P.C/-group that acts injectively on HK. Then G� is
residually a C -group if and only if

1) H=H \K and K=H \K are of the same order;



On the separability of subgroups of nilpotent groups 7

2) H and K are P.C/0-isolated in G;

3) 2 2 P.C/, unless H \K lies in the center of G�.

In what follows, it is assumed that � is a non-empty undirected connected graph
with a vertex set V and an edge set E (loops and multiple edges are allowed). Let
us construct an oriented graph of groups G .�/ over � . To do this, we first choose
arbitrarily the directions for all edges of � and, for every edge e 2 E , denote by
e.1/ and e.�1/ the vertices that are the ends of e. Then we assign to each vertex
v 2 V some groupGv and to each edge e 2 E a groupHe and injective homomor-
phisms 'CeWHe ! Ge.1/, '�eWHe ! Ge.�1/. The result is the graph of groups

G .�/ D
�
�; Gv .v 2 V/; He .e 2 E/; '"e .e 2 E; " D ˙1/

�
:

The following two theorems deal with the fundamental group �1.G .�// of
G .�/, the definition of which can be found in [20]. Recall that if the graph � is
a tree, then �1.G .�// is said to be the tree product of the groups Gv (v 2 V ) [12].

Theorem 3.5. Suppose that � is a finite tree and He'"e is a proper central sub-
group of Ge."/ for all e 2 E , " D ˙1. Suppose also that, for each v 2 V , Gv is
residually a C -BN P.C/-group and has a homomorphism onto a C -BN P.C/-
group that acts injectively on all the subgroupsHe'"e (e 2 E , " D ˙1, v D e."/).
Then �1.G .�// is residually a C -group if and only if, for any e 2 E , " D ˙1,
He'"e is P.C/0-isolated in Ge."/.

We say that G .�/ is a graph of groups with central trivially intersecting edge
subgroups if, for each v 2 V , the subgroup

Hv D sgp¹He'"e j e 2 E; " D ˙1; v D e."/º

lies in the center of Gv and is the direct product of the subgroups generating it.

Theorem 3.6. Suppose that G .�/ is a graph of groups with central trivially in-
tersecting edge subgroups. Suppose also that, for each v 2 V , Gv is residually
a C -BN P.C/-group and has a homomorphism onto a C -BN P.C/-group that acts
injectively on Hv. Then the following statements hold.

1. If, for each v 2 V , Hv is P.C/0-isolated in Gv, then �1.G .�// is residually
a C -group.

2. Suppose that G .�/ is finite and He'"e ¤ Ge."/ for all e 2 E , " D ˙1. Then
�1.G .�// is residually a C -group if and only if, for any e 2 E , " D ˙1,He'"e
is P.C/0-isolated in Ge."/.
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The remaining part of the article is organized as follows. In Sections 5 and 6, we
give equivalent definitions of a (weakly) C -bounded abelian group, introduce the
notion of a (weakly) C -bounded solvable group, and establish a number of prop-
erties of C -bounded groups. In Sections 7 and 8, all the theorems and corollaries
formulated above are proved. Section 4 contains some auxiliary assertions used in
the proofs. In Section 9, we construct the above-mentioned example of a weakly
C -bounded nilpotent group that does not have the property C -Sep.

4 Some auxiliary statements

The next three assertions describe some families of groups that necessarily belong
to a given root class.

Proposition 4.1 ([31, Proposition 8]). Let C be a root class of groups consisting
only of periodic groups. A finite solvable group belongs to C if and only if its
order is a P.C/-number. In particular, C contains all finite p-groups for some
prime number p.

Proposition 4.2 ([29, Proposition 17]). If C is a root class of groups consisting
only of periodic groups, then an arbitrary C -group is of finite exponent.

Proposition 4.3. If C is a root class of groups, X is a non-trivial C -group, and c

is the cardinality of X , then the following statements hold.

1. If C contains at least one non-periodic group, then it includes all free solvable
groups whose cardinalities do not exceed 2c. In particular, C contains any free
solvable group of cardinality less than @1.

2. If C consists only of periodic groups, then it includes all periodic solvable
P.C/-groups of finite exponent whose cardinalities do not exceed 2c. In par-
ticular, together with some infinite group, C contains any periodic solvable
P.C/-group that has a finite exponent and a cardinality less than @1.

Proof. Let us prove statements 1. and 2. simultaneously.
Suppose that Y .˛/ and Y .ˇ/ are a free solvable group and a periodic solvable

P.C/-group of finite exponent respectively, whose cardinalities do not exceed 2c

(hereinafter, groups with index ˇ are considered only if C consists of periodic
groups and therefore the set P.C/ is defined). Suppose also thatZ.˛/ is an infinite
cyclic group, q is the exponent of Y .ˇ/ (which is a P.C/-number), and Z.ˇ/ is
a cyclic group of order q. We note that, if C includes at least one non-periodic
group, then Z.˛/ 2 C because C is closed under taking subgroups; if C consists
only of periodic groups, then Z.ˇ/ 2 C by Proposition 4.1.
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Let us put
I D

Y
x2X

Xx; D
.k/
D

Y
i2I

Z
.k/
i ;

where k 2 ¹˛; ˇº,
Q

stands for Cartesian product, Xx and Z.k/i are isomorphic
copies of X and Z.k/ respectively for all x 2 X , i 2 I. Then I;D.˛/;D.ˇ/ 2 C

by the definition of a root class, and 2c 6 card I 6 2c�c.
Let F .k/ be an arbitrary factor of the derived series of Y .k/, k 2 ¹˛; ˇº. Then

F .˛/ is a free abelian group and F .ˇ/ is a periodic abelian group whose exponent
is finite and divides q. The latter means that F .ˇ/ has a finite number of p-power
torsion subgroups. By the first Prüfer theorem, each of these subgroups can be
decomposed into a direct product of cyclic subgroups whose orders also divide q.
Therefore, it follows from the relations

cardF .k/ 6 cardY .k/ 6 2c; k 2 ¹˛; ˇº;

that F .k/ 6 D.k/. Thus, F .k/ 2 C and Y .k/ 2 C because C is closed under taking
subgroups and extensions.

Proposition 4.4 ([29, Proposition 3]). If C is an arbitrary class of groups, X is
a group, and Y is a normal subgroup of X , then the following statements hold.

1. If X=Y is residually a C -group, then Y is C -separable in X .

2. If C is closed under taking quotient groups and Y is C -separable in X , then
X=Y is residually a C -group.

Proposition 4.5 ([26, Proposition 5]). If C is a class of groups consisting only of
periodic groups, X is a group, and Y is a C -separable subgroup of X , then Y is
P.C/0-isolated in X .

In what follows, if C is a class of groups and X is a group, then C�.X/ de-
notes the family of normal subgroups of X such that Y 2 C�.X/ if and only if
X=Y 2 C .

Proposition 4.6 ([26, Proposition 1]). If C is a class of groups closed under taking
subgroups and finite direct products, then, for any group X , the intersection of
a finite number of subgroups from C�.X/ is again a subgroup from this family.

Suppose that C is a class of groups, X is a group, and Y is a subgroup of X . It
is easy to see that, in X , the intersection of any number of C -separable subgroups
is again a C -separable subgroup. Therefore, there exists the smallest C -separable
subgroup ofX containing Y . We refer to this subgroup as the C -closure of Y inX
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and denote it by C -Cl.X; Y /. It follows from Proposition 4.5 that if C consists
only of periodic groups, then, for any X and Y , the following relation holds:

P.C/0-Is.X; Y / 6 C -Cl.X; Y /:

Proposition 4.7 ([23, Proposition 3]). Given an arbitrary class of groups C , the
equality

C -Cl.X; Y / D
\

N2C�.X/

YN

holds for any group X and its subgroup Y .

Proposition 4.8 ([23, Proposition 4]). Suppose that C is an arbitrary class of
groups, X is residually a C -group, and Y is a subgroup of X . If Y is a nilpo-
tent group of class c, then C -Cl.X; Y / is also a nilpotent group of class c.

Proposition 4.9 ([9, Theorems 5.3, 5.6–5.8]). If P is a set of primes,X is a locally
nilpotent group, and Y is a subgroup of X , then the following statements hold.

1. P0-Rt.X; Y / D P0-Is.X; Y /.

2. If Y is P0-isolated inX , then the normalizer of Y inX is also P0-isolated inX .

3. If X is P0-torsion-free, then all the members of its upper central series are
P0-isolated in X . The extraction of P0-roots is unique in such a group.

Proposition 4.10 ([17, Lemma 2]). If X is a nilpotent group of class c, then, for
each y 2 Xn

c

, the equation xn D y is solvable in X .

5 The classes of C -bounded abelian, nilpotent, and solvable groups

Let C be a class of groups consisting only of periodic groups, and let A be an
abelian group. Consider the following set of conditions:

(1) A is of finite rank;

(2)C an arbitrary quotient group of A does not contain p-quasicyclic subgroups
for any p 2 P.C/;

(3)C A 2 C -wBA;

(4)C each primary P.C/-component of A has a finite exponent and a cardinality
not exceeding the cardinality of some C -group;

(5)C A 2 C -BA.
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Proposition 5.1. If C is a root class of groups consisting only of periodic groups
and A is an abelian group, then the following statements hold.

1. .2/C ) .1/.

2. .2/C , .3/C .

3. .3/C ^ .4/C , .5/C .

Proof. 1. Assume that the rank of A is infinite. Then A contains a free abelian
subgroup B of infinite rank, and this subgroup can be mapped homomorphically
onto a p-quasicyclic group for any prime number p. Because A is abelian, any
homomorphism of B can be extended to a homomorphism of A. Since C contains
non-trivial groups, P.C/ ¤ ¿. Therefore, A does not satisfy .2/C .
2. The sufficiency of the statement is obvious; let us verify the necessity. As-
sume that a quotient group B of A has elements b1; b2; b3; : : : whose orders equal
p; p2; p3; : : : respectively for some p 2P.C/. The groupN D sgp¹b1; b2; b3; : : :º
is countable and, by the second Prüfer theorem, either decomposes into a direct
product of cyclic subgroups, the orders of which can be arbitrarily large, or con-
tains a non-trivial element b of infinite height. In the first case, N can be mapped
homomorphically onto a p-quasicyclic group, and hence there exists a quotient
group of A containing such a subgroup. Let us show that, in the second case, there
is also a homomorphism of A onto a p-quasicyclic group and thus A does not
satisfy .2/C .

It is well known (see, e.g., [19, Section 4.1]) that B can be embedded into a di-
visible abelian groupD and that the latter can be decomposed into a direct product
of quasicyclic groups and groups isomorphic to the additive group of rational num-
bers. Since N is a periodic p-group, this decomposition has p-quasicyclic factors
and there exists a homomorphism � of D onto one of these factors mapping b to
a non-trivial element. Since the height of b is infinite, the restriction of � to B can-
not have a finite image. Therefore, the composition of the natural homomorphism
A! B and the specified restriction is the desired mapping.
3. As above, only the necessity has to be proved. Let M be a subgroup of A. It
follows from statements 1. and 2. that M is of finite rank. Denote by N the sub-
group generated by some maximal linearly independent subset ofM . Since all the
elements ofM=N have finite order, the torsion subgroup �.A=M/ ofA=M is a ho-
momorphic image of the torsion subgroup �.A=N/ ofA=N . Because �.A=M/ de-
composes into the direct product of its p-power torsion subgroups, each of these
subgroups is also a homomorphic image of �.A=N/ and hence is a quotient group
of the corresponding p-power torsion subgroup of A=N . Therefore, it suffices to
show that any primary P.C/-component of A=N has cardinality not exceeding
the cardinality of some C -group.
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So let T=N D �p.A=N/ be a primary P.C/-component of A=N . Denote by
q the exponent of this group, which is finite by condition .3/C . Let � be the en-
domorphism of T that raises each of its elements to the power q. Then T� 6 N

and the kernel S of � is contained in the corresponding primary P.C/-component
�p.A/ of A. By condition .4/C , the cardinality of �p.A/ does not exceed the car-
dinality c of some C -group. As for N , it is finitely generated and therefore at
most countable. Hence, if S is infinite, then the cardinalities of T and T=N do
not exceed c. Otherwise, T is an extension of a finite group by a finitely generated
one. Therefore, it is finitely generated, the quotient group T=N is finite and, by
Proposition 4.1, has an order that does not exceed the order of some C -group.

It turns out that, in some propositions given below and concerning C -bounded
groups, nilpotency is too strong a restriction and can be replaced by solvability.
Therefore, we supplement the list of introduced concepts and call a solvable group
(weakly) C -bounded if it has at least one finite subnormal series with (weakly) C -
bounded abelian factors. Denote the classes of C -bounded and weakly C -bounded
solvable groups by C -BS and C -wBS respectively.

Proposition 5.2. If C is a root class of groups consisting only of periodic groups,
then the following statements hold.

1. The classes C -BA, C -wBA, C -BN , C -wBN , C -BS , and C -wBS are
closed under taking subgroups, quotient groups, and finite direct products.

2. Let X be an abelian group. If X 2 C -BS (X 2 C -wBS), then X 2 C -BA

(respectively X 2 C -wBA).

Proof. 1. IfA is an abelian group and B is a subgroup ofA, then every homomor-
phic image of the quotient group A=B is simultaneously a homomorphic image
of A, and every homomorphic image of B embeds into some homomorphic image
of A. Hence, if A belongs to the class C -BA or C -wBA, then the same class
contains B and A=B .

Suppose that U and V are C -wBA-groups and P is their direct product. If Q
is a subgroup of P , then P=Q is an extension of UQ=Q Š U=U \Q by

.P=Q/=.UQ=Q/ Š P=UQ D UV=UW Š V=W.V \ U/ D V=W;

whereW is the image ofQ under the canonical projection of P onto V . It follows
from the inclusions U; V 2 C -wBA that all the primary P.C/-components of
U=U \Q and V=W are of finite exponent. Hence, the primary P.C/-components
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of P=Q have the same property and therefore P 2 C -wBA. Each primary P.C/-
component of P is the direct product of the corresponding primary P.C/-compo-
nents of U and V . Therefore, if U; V 2 C -BA, then P satisfies .4/C because C

is closed under taking finite direct products, and P 2 C -BA by Proposition 5.1.
Thus, statement 1. holds for the classes C -wBA and C -BA. Suppose now that

X and Y are nilpotent (solvable) groups,

1 D X0 6 X1 6 � � � 6 Xm D X and 1 D Y0 6 Y1 6 � � � 6 Yn D Y

are their central (subnormal) series, and Z is a subgroup of X . Without loss of
generality, we can assume that m D n. Then the subgroups Xi � Yi , Xi \Z, and
(if Z is normal in X ) XiZ=Z (0 6 i 6 n) form central (subnormal) series of
X � Y ,Z, andX=Z. The factors of these series are isomorphic respectively to the
direct products, subgroups, and homomorphic images of XiC1=Xi and YiC1=Yi
(0 6 i 6 n � 1). Therefore, it follows from the properties of the classes C -BA

and C -wBA proved above that statement 1. also holds for the classes C -BN ,
C -BS , C -wBN , and C -wBS .
2. Let Y be a quotient group of X . By statement 1., each primary P.C/-com-
ponent T of Y is a C -wBS-group, i.e., has a subnormal series with C -wBA-
factors. Any factor F of this series is a p-group for some p 2 P.C/ and hence is
of finite exponent. Therefore, the exponent of T is also finite and X 2 C -wBA.
If X 2 C -BS , then T 2 C -BS , F 2 C -BA, and the cardinality of F does not
exceed the cardinality of some C -group. The group T also enjoys the last property
because C is closed under taking extensions. Therefore, X 2 C -BA.

It follows from Proposition 5.2, in particular, that a nilpotent (solvable) group is
(weakly) C -bounded if and only if the factors of any of its central (solvable) series
are (weakly) C -bounded abelian groups.

6 C -regularity and C -quasiregularity

Suppose that C is a class of groups and X is a group. Let us say that X is

� C -quasiregular with respect to its subgroup Y if, for any subgroup M 2C�.Y /,
there exists a subgroup N 2 C�.X/ such that N \ Y 6 M ;

� C -regular with respect to its normal subgroup Y if, for any subgroupM 2C�.Y /

normal in X , there exists a subgroup N 2 C�.X/ such that N \ Y DM .

These concepts often serve as parts of conditions sufficient for a free construction
of group to be residually a C -group. The main goal of this section is to prove that
a C -BN -group has the properties of C -regularity and C -quasiregularity for any
root class C consisting only of periodic groups.
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Proposition 6.1. Let C be a root class of groups consisting only of periodic groups.
If a periodic C -BS-group X has a finite exponent, which is a P.C/-number, then
X 2 C .

Proof. By Proposition 5.2, an arbitrary factor F of some solvable series of X be-
longs to the class C -BA. Since F has a finite exponent, which is a P.C/-number,
the number of its p-power torsion subgroups is finite, they all correspond to num-
bers from P.C/ and therefore have cardinalities not exceeding the cardinality of
some C -group. Hence, the cardinality of X also does not exceed the cardinality of
some C -group because C is closed under taking extensions, and X 2 C by Propo-
sition 4.3.

Proposition 6.2. Suppose that C is a root class of groups consisting only of pe-
riodic groups, X is a C -wBN -group, and Y is a periodic subgroup of X . If the
exponent m of Y is finite and is a P.C/-number, then Y \Xm

n

D 1 for some
n > 1.

Proof. Suppose that S is the set of all the prime divisors of m and

1 D X0 6 X1 6 � � � 6 Xn D X

is some central series of X . Since X 2 C -wBN and S � P.C/, it follows that,
for any i 2 ¹0; : : : ; n � 1º, p 2 S, the relationXiC1=Xi 2 C -wBA holds and the
exponent ei;p of the p-power torsion subgroup of XiC1=Xi is finite. Because S is
also finite, the product

q D
Y

06i6n�1;
p2S

ei;p

is defined.
It is easy to see that, if x 2 X and the order of x is an S-number, then xq D 1.

Therefore, the equation xq D y is not solvable in X for any y 2 Y n ¹1º. But
Proposition 4.10 says that it is solvable in X for every y 2 Xq

c

, where c is the
nilpotency class of X . Hence, Y \Xq

c

D 1. Since any prime divisor of q also
dividesm, we have q j md for some d > 1, and the number n D cd is the desired
one.

Proposition 6.3. Suppose that C is a root class of groups consisting only of peri-
odic groups and N C is the class of all nilpotent C -groups. Suppose also that X
is a group, Y is a subgroup of X , and there exists a homomorphism � of X onto
a C -BN -group that acts injectively on Y . Then the following statements hold.
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1. For any subgroup M 2 C�.Y /, there exists a subgroup N 2 N C�.X/ such
that N \ Y 6 M . In particular, X is C -quasiregular with respect to Y .

2. Suppose that Y is normal in X . Then, for any subgroup M 2 C�.Y / normal
in X , there exists a subgroup N 2 N C�.X/ such that N \ Y DM . In partic-
ular, X is C -regular with respect to Y .

Proof. 1. We fix some subgroup M 2 C�.Y / and assume first that X 2 C -BN .
Denote the normalizer NX .Y / of Y in X by Y1 and inductively the subgroup
NX .Yi / by YiC1. It is well known (see, e.g., [9, Theorem 2.9]) that Yn D X for
some n. Let us argue by induction on n.

Suppose that n D 1, i.e., Y is normal in X , and denote by q the exponent of
the C -group Y=M , which is finite by Proposition 4.2. Then the subgroup Y q is
also normal in X and Y q 6 M . The quotient group X D X=Y q belongs to the
class C -BN by Proposition 5.2, and the exponent of the subgroup Y D Y=Y q

is a P.C/-number. Therefore, it follows from Proposition 6.1 and Proposition 6.2
that Y \Xr D 1 for some P.C/-number r and X=Xr 2 C . Let N be the preim-
age of Xr under the natural homomorphism X ! X . Then we have N 2 C�.X/

and N \ Y 6 Y q 6 M . Thus, N is the required subgroup.
Suppose now that n > 2. Since Y is normal in Y1, then, as proved above, there

exists a subgroup N1 2 C�.Y1/ satisfying the condition N1 \ Y 6 M . We apply
the inductive hypothesis to the subgroups Y1,N1 and find a subgroupN 2 C�.X/

such that N \ Y1 6 N1. Then

N \ Y D N \ Y1 \ Y 6 N1 \ Y 6 M;

and therefore, N is the desired subgroup.
In the general case (i.e., if X does not necessarily belong to C -BN ), it follows

from the above and the relations

X� 2 C -BN ; Y�=M� Š Y=M.Y \ ker �/ D Y=M 2 C

that there exists a subgroupN 2 C�.X�/ satisfying the conditionN \ Y� 6M� .
Since X� is nilpotent, N 2 N C�.X�/. Therefore, the preimage N of N under �
belongs to N C�.X/, and N \ Y 6 M because Y \ ker � D 1. Hence, N is the
required subgroup.
2. If a subgroup M 2 C�.Y / is normal in X , then M� is normal in X� and
X�=M� 2 C -BN by Proposition 5.2. As proved above, Y�=M� 2 C . There-
fore, we can apply statement 1. to the group X D X�=M� and the subgroups
Y D Y�=M� and ¹1º. It follows that there exists a subgroup N 2 N C�.X/ such
that N \ Y D 1. Denote by N the preimage of N under the composition of �
and the natural homomorphism X� ! X . It is easy to see thatN 2 N C�.X/ and
N \ Y DM . Thus, N is the desired subgroup.
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7 Proofs of Theorem 2.1–2.4 and Corollary 2.3

Proof of Theorem 2.1. 1. Assume that X … C -wBA. Then, by Proposition 5.1,
X does not satisfy .2/C , and hence, there exists a subgroup Y of X such that the
quotient group X=Y contains a p-quasicyclic subgroup for some p 2 P.C/.

Let T=Y D ¹pº0-Is.X=Y; 1/. Since ¹pº0-Is.X=Y; 1/ D ¹pº0-Rt.X=Y; 1/ by
Proposition 4.9, the quotient group X=T Š .X=Y /=.T=Y / also contains a p-
quasicyclic subgroup and therefore is not residually a D-group, where D is the
class of all periodic P.C/-groups of finite exponent. Because this class is closed
under taking quotient groups, it follows from Proposition 4.4 that T is not D-
separable in X . Since C � D by Proposition 4.2, T cannot be C -separable in X .
At the same time, the torsion subgroup of X=T is a p-group, so T is P.C/0-
isolated in X .

2. Let us choose a P.C/0-isolated subgroup Y of X and show that the quotient
group A D X=Y is residually a P -group. Then it will follow from Proposition 4.4
that Y is P -separable in X . To do this, we fix a non-trivial element a of A and
assume first that it belongs to a p-power torsion subgroup T of A for some prime
number p.

As Y is P.C/0-isolated in X , it follows that p 2 P.C/ and, by condition .3/C ,
the exponent q of T is finite. It is easy to see thatAq \ T D 1 and hence aAq ¤ 1.
It remains to note that, by the first Prüfer theorem, the periodic p-group A=Aq

decomposes into a direct product of cyclic subgroups and therefore is residually
p-finite.

If a has a finite order r that is not a power of a prime number, the proof reduces
to the case considered above. It is only necessary to choose some prime divisor p
of r and pass to the quotient group A=¹pº0-Is.A; 1/.

Suppose now that the order of a is infinite. By Proposition 5.2, the quotient
group A=hai also satisfies .3/C , and therefore each of its primary P.C/-compo-
nents has a finite exponent. It follows that, for any p 2 P.C/, there exists a num-
ber s such that a … Ap

s

. Hence, we can use the same reasoning as in the first case,
it only remains to note that P.C/ ¤ ¿ (because C is a root class), and choose an
arbitrary number p 2 P.C/.

Thus, any P.C/0-isolated subgroup of X is P -separable. Since P.P / D P.C/

and P � C by Proposition 4.1, it follows that X has the properties P -Sep and
C -Sep.

The next proposition generalizes [10, Theorem 2.1].

Proposition 7.1. Let C be a root class of groups consisting only of periodic groups.
A C -BN -group X is residually a C -group if and only if it has no P.C/0-torsion.
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Proof. The necessity follows from Proposition 4.5. To prove the sufficiency, we
use induction on the nilpotency class of X and assume that the base of the in-
duction is the case when X D 1. Let us fix an element x 2 X n ¹1º and indicate
a subgroup N 2 C�.X/ such that x … N .

If Z.X/ denotes the center of X , then, by the induction hypothesis and Propo-
sition 4.9, we get that X=Z.X/ is residually a C -group. Therefore, we can assume
that x 2 Z.X/. Since Z.X/ 2 C -BA by Proposition 5.2 and the trivial subgroup
of Z.X/ is P.C/0-isolated, it follows from Theorem 2.1 that there exists a sub-
group Y 2 C�.Z.X// not containing x. Therefore, the element x D xY of the
groupX D X=Y is non-trivial and has a finite order, which is a P.C/-number. By
Propositions 5.2 and 4.1, X is again a C -BN -group and the cyclic subgroup U
generated by x belongs to C . Hence, we can apply Proposition 6.3 to the group X
and the subgroups U; ¹1º, and find a subgroup N 2 C�.X/ such that N \ U D 1.
Then x … N , and therefore, the preimage N of N under the natural homomor-
phism X ! X is the required subgroup.

Proof of Theorem 2.2. Let us denote the subgroup P.C/0-Is.X; Y / by I for con-
venience. The equality I D P.C/0-Rt.X; Y / follows from Proposition 4.9. If X
has no P.C/0-torsion, then it is residually a C -group by Proposition 7.1 and the
nilpotency classes of C -Cl.X; Y / and Y coincide by Proposition 4.8. It follows
from Proposition 4.5 that Y 6 I 6 C -Cl.X; Y /. Therefore, I has the same nilpo-
tency class as Y . Thus, it remains to verify the C -separability of I . As in the proof
of Proposition 6.3, we use induction on the length n of the sequence of subgroups

I D I0 6 I1 6 � � � 6 In D X;

where IiC1 denotes the normalizer of Ii in X .
If n D 1, then I is normal inX ,X=I is residually a C -group by Proposition 7.1,

and therefore, I is C -separable in X by Proposition 4.4. Thus, we assume that
n > 2, fix an arbitrary element x 2 X n I , and show that there exists a subgroup
N 2 C�.X/ satisfying the condition x … IN .

Since the subgroup I D I0 is P.C/0-isolated inX , I1 has the same property by
Proposition 4.9. Hence, if x … I1, then, by the induction hypothesis, there exists
a subgroupN 2 C�.X/ such that x … I1N . It follows that x … IN , and therefore,
N is the required subgroup.

Let x 2 I1. Since I is P.C/0-isolated in I1, it follows from the above that there
exists a subgroup M 2 C�.I1/ satisfying the condition x … IM . By applying
Proposition 6.3 to the group X and the subgroups I1;M , we find a subgroup
N 2 C�.X/ such that N \ I1 6 M . It is easy to see that IN \ I1 6 IM and
hence x … IN . Thus, N is the desired subgroup.
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Proof of Corollary 2.3. It follows from Theorem 2.2 that we only need to prove
the necessity. Suppose that X is a torsion-free nilpotent group with the property
C -Sep,

1 D X0 6 X1 6 � � � 6 Xc D X (�)

is its upper central series, and D is the class of all periodic P.C/-groups of finite
exponent. By Proposition 4.2, C � D , and since P.C/ D P.D/, then X has the
property D-Sep. Let us show that all the factors of the series (�) also have this
property.

Indeed, suppose that i 2 ¹0; : : : ; c � 1º, Y=Xi is a P.D/0-isolated subgroup
of XiC1=Xi , and x 2 XiC1 n Y . Since X is torsion-free, it follows from Propo-
sition 4.9 that all the factors of the series (�) are isolated in X . Therefore, Y is
P.D/0-isolated in X and, by the property D-Sep, is D-separable in this group.
Hence, there exists a subgroup N 2 D�.X/ satisfying the condition x … YN .
Then xXi … Y=Xi � .NXi \XiC1/=Xi and

NXi 2 D�.X/; NXi \XiC1 2 D�.XiC1/;

.NXi \XiC1/=Xi 2 D�.XiC1=Xi /

because D is closed under taking subgroups and quotient groups. Since x is chosen
arbitrarily, it follows that Y=Xi is D-separable in XiC1=Xi .

Thus, for each i 2 ¹0; : : : ; c � 1º, the quotient group XiC1=Xi has the prop-
erty D-Sep and, by Theorem 2.1, satisfies .3/D . Since P.C/ D P.D/, condi-
tions .3/C and .3/D are equivalent. As noted above, Xi is isolated in X . There-
fore, XiC1=Xi is torsion-free and, by Proposition 5.1, satisfies .5/C . Therefore,
X 2 C -BN .

Proof of Theorem 2.4. 1. Suppose that

x 2 N C -Cl.X; Y /; V D ker �; U 2 C -BN �P.C/.X/; and W D U \ V:

It follows from Proposition 5.2 that the class C -BN P.C/ is closed under taking
subgroups and finite direct products. So W 2 C -BN �P.C/.X/ by Proposition 4.6.

It is not difficult to show, by using Proposition 4.7, that

xV 2 N C -Cl.X=V; Y V=V / and xW 2 N C -Cl.X=W; YW=W /:

It follows from the nilpotency of the groupsX=V ,X=W and Theorem 2.2 that the
equalities

N C -Cl.X=V; Y V=V / D C -Cl.X=V; Y V=V /

D P.C/0-Rt.X=V; Y V=V /;



On the separability of subgroups of nilpotent groups 19

N C -Cl.X=W; YW=W / D C -Cl.X=W; YW=W /

D P.C/0-Rt.X=W; YW=W /

hold. Hence, there exist the least P.C/0-numbers q and r satisfying the condi-
tions .xV /q 2 Y V=V and .xW /r 2 YW=W . Let y; z 2 Y be elements such that
yV D xqV and zW D xrW . It follows from the last equality and the inclusion
W 6 V that .xV /r D zV 2 Y V=V . By the choice of q and r , the equality r D qs
holds for some P.C/0-number s. Hence, ysV D xqsV D xrV D zV , and there-
fore, y�sz 2 Y \ V . But Y \ V D 1, so

z D ys and .xW /qs D .xW /r D zW D .yW /s:

Since the C -BN P.C/-group X=W is nilpotent and has no P.C/0-torsion, then,
by Proposition 4.9, the extraction of P.C/0-roots is unique in this group. There-
fore, .xW /q D yW and y�1xq 2 W 6 U . Since U is chosen arbitrarily and X is
residually a C -BN P.C/-group, xq D y 2 Y . Thus, the subgroup N C -Cl.X; Y /

coincides with the set P.C/0-Rt.X; Y / and the subgroup I D P.C/0-Is.X; Y /.
This means, in particular, that I is N C -separable in X .

The group X is residually a C -BN P.C/-group, while a C -BN P.C/-group is
nilpotent and, by Proposition 7.1, is residually an N C -group. Therefore, X is
residually an N C -group and so has no P.C/0-torsion in accordance with Proposi-
tion 4.5. The nilpotency classes of N C -Cl.X; Y / D I and Y coincide by Propo-
sition 4.8.

2. Suppose again that V D ker � , I D P.C/0-Is.X; Y /, and x 2 I \ V . Since
I D P.C/0-Rt.X; Y /, it follows that xq 2 Y for some P.C/0-number q. Then
xq 2 Y \ V D 1 and x D 1 becauseX has no P.C/0-torsion. Hence, I \ V D 1,
the subgroup I is embedded into the C -BN P.C/-group X=V and therefore itself
belongs to the class C -BN P.C/.

8 Proof of Theorems 3.1–3.6

Let us use the notation introduced in Section 3.

Proposition 8.1 ([26, Theorem 2]). Suppose that C is an arbitrary root class of
groups, P D hA � BI U i, and U is a retract of B . If A and B are residually C -
groups, U is C -separable in A, and A is C -quasiregular with respect to U , then
P is residually a C -group.

Proposition 8.2 ([29, Theorem 1]). Suppose that C is a root class of groups closed
under taking quotient groups, P D hA � BI U i, A ¤ U ¤ B , and U is normal



20 E. V. Sokolov

in A and B . Suppose also that

� D ¹.R; S/ j R 2 C�.A/; S 2 C�.B/; R \ U D S \ U º:

If AutP .U / is abelian or coincides with AutA.U / or AutB.U /, thenP is residually
a C -group if and only if

1)
T
.R;S/2�R D 1 D

T
.R;S/2� S ;

2) U is C -separable in A and B .

Proposition 8.3 ([25, Theorem 3]). Suppose that C is a root class of groups con-
sisting only of periodic groups and closed under taking quotient groups,

G� D hG; t I t�1Ht D K; 'i; K0 D G; H1 D H; K1 D K;

and HiC1 D Hi \Ki ; KiC1 D HiC1' for all i > 1:

Suppose also that G is residually a C -group, H and K are proper central sub-
groups of G, and Hn D HnC1 for some n > 1. If, for each i 2 ¹0; 1; : : : ; n � 1º,
the group Ki is C -regular with respect to HiC1KiC1 and the subgroup

P.C/0-Is.Ki ;HiC1KiC1/

is C -separable in Ki , then G� is residually a C -group if and only if

1) Hn D Kn;

2) the subgroup E D sgp¹Hn; tº is residually a C -group;

3) H and K are P.C/0-isolated in G.

Proposition 8.4 ([27, Theorem 3]). Suppose that C is a root class of groups con-
sisting only of periodic groups and closed under taking quotient groups,

G� D hG; t I t�1Ht D K; 'i;

G is residually a C -group, H and K are proper central infinite cyclic subgroups
of G. If H \K ¤ 1, then G� is residually a C -group if and only if

1) H=H \K and K=H \K have the same order;

2) H and K are C -separable in G;

3) C contains a group of order 2, unless H \K lies in the center of G�.
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Proposition 8.5 ([24, Theorem 3]). Suppose that C is a root class of groups closed
under taking quotient groups and

G .�/ D
�
�; Gv .v 2 V/; He .e 2 E/; '"e .e 2 E; " D ˙1/

�
is a graph of groups with central trivially intersecting edge subgroups. If, for each
v 2 V , Gv is residually a C -group, Hv is C -separable in Gv, and the latter is
C -regular with respect to Hv, then �1.G .�// is residually a C -group.

Proposition 8.6 ([24, Theorem 4]). Suppose that C is a root class of groups closed
under taking quotient groups,

G .�/ D
�
�; Gv .v 2 V/; He .e 2 E/; '"e .e 2 E; " D ˙1/

�
;

He'"e is a proper central subgroup of Ge."/ for all e 2 E , " D ˙1, and at least
one of the following conditions hold:

1) G .�/ is a finite graph of groups with central trivially intersecting edge sub-
groups and, for each v 2 V , Gv is C -regular with respect to Hv;

2) � is a finite tree and, for any e 2 E , " D ˙1, Ge."/ is C -regular with respect
to He'"e.

Then �1.G .�// is residually a C -group if and only if allGv (v 2 V ) are residually
C -groups and, for any e 2 E , " D ˙1, He'"e is C -separable in Ge."/.

The following proposition allows us to omit the requirement for the class of
groups to be closed under taking quotient groups in the statements of certain as-
sertions.

Proposition 8.7. Suppose that we know a necessary or sufficient condition for
a groupX to be residually a C -group, where C is an arbitrary root class of groups
consisting only of periodic groups and closed under taking quotient groups. If
the parts of this condition related to C depend only on the set P.C/ and condi-
tion .5/C , then the same condition holds for an arbitrary root class consisting of
periodic groups.

Proof. By the definition, a class of groups is root if and only if it is closed under the
operations of taking a subgroup (S), an extension (E), and a Cartesian degree (D).
In addition to them, we also consider the operation of taking a quotient group (F ).

Suppose that D is the class of all periodic P.C/-groups of finite exponent,
SD is the class of solvable D-groups, and C1 is a subclass of SD , in which
the cardinality of each group does not exceed the cardinality of some C -group
(not necessarily the same for all groups from C1/. Suppose also that C2 is the
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class of groups obtained from C -groups by a finite number of the operations S,
E, D, and F . It is clear that C2 is closed under the listed operations. Since C is
closed under S, E, and D, while D and SD are also closed under F , which does
not increase the cardinality of a group, it follows that C1 is closed under all four
operations.

Obviously, C � C2 and P.C1/ D P.C/. Since D is closed under F and C � D

by Proposition 4.2, it follows that C � C2 � D , and therefore,

P.C/ � P.C2/ � P.D/ D P.C/:

It follows from the inclusion C1 � SD \ C -BS and Proposition 6.1 that C1 � C .
Thus,

P.C1/ D P.C/ D P.C2/ and C1 � C � C2;

whence .5/C1
) .5/C ) .5/C2

. Since the operation F does not increase the car-
dinality, for each C2-group X , there exists a C -group Y whose cardinality is not
less than the cardinality of X . Hence, .5/C , .5/C2

. Let us show that a similar
statement holds for the classes C and C1.

Suppose that Y is a C -group, p 2 P.C/ (since C is root, then P.C/ ¤ ¿/, Zy
(y 2 Y ) is a cyclic group of order p, and P is the direct product of the groups
Zy (y 2 Y ). Then Zy 2 C in accordance with Proposition 4.1 and P 2 C by the
definition of a root class. Hence, P 2 C1 and, moreover, the cardinality of P is
not less than the cardinality of Y . Therefore, .5/C1

, .5/C .
Thus, if X is residually a C -group, then it is residually a C2-group and satisfies

the necessary condition (depending only on P.C/ and .5/C /. If the sufficient con-
dition holds (which also depends only on P.C/ and .5/C ), then X is residually
a C1-group and therefore is residually a C -group.

Proposition 8.7 allows us to assume that, in Theorems 3.2–3.6, the class C is
closed under taking quotient groups. Therefore, Theorems 3.5, 3.6, and also The-
orem 3.1, follow from Theorem 2.4 and Propositions 6.3, 8.5, 8.6, and 8.1.

Proof of Theorem 3.2. By Theorem 2.4, A and B are residually C -groups and U
is C -separable in these groups if and only if it is P.C/0-isolated in them. Let us
show that, for any subgroupsL 2 C�.A/ andM 2 C�.B/, one can find subgroups
R 2 C�.A/ and S 2 C�.B/ such that R 6 L, S 6 M , and R \ U D S \ U .
Then the fact that A and B are residually C -groups will mean that condition 1) of
Proposition 8.2 is satisfied. In combination with Proposition 8.7, this proves the
required statement.

So let L 2 C�.A/, and let M 2 C�.B/. Because C is closed under taking sub-
groups, it follows from the relations

U=L \ U Š UL=L 6 A=L 2 C
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that L \ U 2 C�.U /. Similarly, M \ U 2 C�.U /, and by Proposition 4.6, we
haveL \M \ U 2 C�.U /. Let q be the exponent of the group U=.L \M \ U/,
which is finite by Proposition 4.2, and let N D U q . Then U=N 2 C -BN \ C in
accordance with Propositions 5.2 and 6.1. SinceN is normal inA andB , and these
groups are C -regular with respect to U by Proposition 6.3, there exist subgroups
V 2 C�.A/ and W 2 C�.B/ satisfying the equalities V \ U D N D W \ U . If
R D V \ L and S D W \M , then R 6 L, S 6 M ,

R \ U D V \ L \ U D N \ L D N D N \M D W \M \ U D S \ U;

and by Proposition 4.6, R 2 C�.A/ and S 2 C�.B/. Therefore, R and S are the
required subgroups.

Proof of Theorem 3.4. If H \K D 1, then conditions 1) and 3) are satisfied au-
tomatically and the statement to be proved is a special case of Theorem 3.6. Let
H \K ¤ 1. By Theorem 2.4, G is residually a C -group and each subgroup lying
in HK is C -separable in G if and only if it is P.C/0-isolated in this group. The
inclusion 2 2 P.C/ holds if and only if C contains a group of order 2. As above,
the class C can be considered closed under taking quotient groups. Therefore, the
required statement follows from Proposition 8.4.

To prove Theorem 3.3, we need the following two assertions in addition to
Proposition 8.3.

Proposition 8.8 ([25, Proposition 5.7]). Let C be a root class of groups consisting
only of periodic groups and closed under taking quotient groups. Suppose that Y
is an abelian group, ' 2 AutY , and X is the split extension of Y by an infinite
cyclic group Z such that the conjugation by the generator of Z acts on Y as '.
Suppose also that � is a family of subgroups of Y defined as follows: N 2 � if
and only ifN 2 C�.Y /,N' D N , and the order of the automorphism 'N of Y=N
induced by ' is finite and is a P.C/-number. Then X is residually a C -group if
and only if

T
N2�N D 1.

Proposition 8.9 ([25, Proposition 6.8]). Suppose that C is a root class of groups
consisting only of periodic groups and closed under taking quotient groups,

G� D hG; t I t�1Ht D K; 'i; K0 D G; H1 D H; K1 D K;

and HiC1 D Hi \Ki ; KiC1 D HiC1' for all i > 1:

Suppose also that H and K are proper central subgroups of G, and there exists
m > 1 such thatHm andKm are finitely generated. IfG� is residually a C -group,
then Hn D HnC1 for some n.
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Proof of Theorem 3.3. It follows from Proposition 8.7 that C can be considered
closed under taking quotient groups. Let us show that the conditions of Proposi-
tion 8.3 hold.

By Proposition 5.2, Hi ; Ki 2 C -BA for all i > 1. Besides, � acts injectively
onH1K1. Therefore, it follows from Proposition 6.3 and Theorem 2.4 that, for any
i > 0, the groupKi is C -regular with respect toHiC1KiC1 and the P.C/0-isolator
P.C/0-Is.Ki ;HiC1KiC1/ is C -separable in Ki . The fact that G is residually a
C -group follows from Theorem 2.4 if G is residually a C -BN P.C/-group, and
from the assumption that C is closed under taking subgroups if G� is residually
a C -group.

If Hn D Kn for some n > m, then the restriction of ' on Hn is an automor-
phism of the latter, and therefore, E D sgp¹Hn; tº is a split extension of Hn by
the infinite cyclic subgroup hti. IfN 2 C�.Hn/, then the periodic C -groupHn=N
is a finite P.C/-group because Hm and Km are finitely generated. Conversely,
if Hn=N is a finite P.C/-group, then Hn=N 2 C in accordance with Proposi-
tion 4.1. Therefore, by Proposition 8.8, condition 3) of Theorem 3.3 holds if and
only if E D sgp¹Hn; tº is residually a C -group.

Finally, we note thatHn D HnC1 for some n > m. This is obvious ifHn D Kn,
and follows from Proposition 8.9 if G� is residually a C -group (this proposition
does not state that n > m, but it is clear that if Hn D Kn for some n > 1, then
Hl D Kl for all l > n). Thus, Theorem 3.3 follows from Proposition 8.3.

9 The example

Suppose that C is a root class of groups consisting only of periodic groups. Let
us show that if the cardinalities of all C -groups are less than the cardinality of
some set I (and hence there are weakly C -bounded abelian groups that are not
C -bounded), then there exists a P.C/0-torsion-free weakly C -bounded nilpotent
group, which is not residually a C -group and hence does not have the property
C -Sep.

Since C contains non-trivial groups, P.C/ ¤ ¿. Suppose that p 2 P.C/, Y is
the direct product of two cyclic groups of order p with generators y, z, and � is
the automorphism of Y defined by the rule y� D yz, z� D z. It is easy to see that
the order of � is equal to p, and therefore, we can define the split extensionX of Y
by the cyclic group of order p with a generator x, in which the conjugation by x
acts on Y as �. Let, for each i 2 I,

Xi D hxi ; yi ; zi I x
p
i D y

p
i D z

p
i D Œxi ; zi � D Œyi ; zi � D 1; Œyi ; xi � D zi i

be an isomorphic copy of X , and let � be the star graph with a central vertex w
and the set I as a set of leaves. We define a graph of groups G .�/ by associating
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the vertex w with the groupZ D hzI zp D 1i, the vertex i 2 I with the group Xi ,
and the edge connecting w and i with the groupZ and the homomorphisms acting
according to the rules: z 7! z, z 7! zi .

Let D be the generalized direct product associated with G .�/, i.e., the quotient
group of the direct product of the groups Xi (i 2 I) and Z by the normal closure
of the set ¹ziz�1 j i 2 Iº. Since � is a tree, Z is embedded into D by the identity
mapping of the generator [28, Theorem 1]. Therefore, the relation z ¤ 1 holds
in D.

It is easy to see that the presentation of D can be reduced to the form

hxi ; yi ; z .i 2 I/I x
p
i D y

p
i D z

p
D 1;

Œxi ; z� D Œyi ; z� D 1; Œyi ; xi � D z .i 2 I/;

Œx
k
; x
l
� D Œy

k
; y
l
� D Œx

k
; y
l
� D 1 .k; l 2 I; k ¤ l/i;

which implies that the sequence 1 6 Z 6 D is a central series of D with factors
of exponent p (here Z is still the subgroup generated by z). It is clear that D has
no P.C/0-torsion and the factors of the specified series are weakly C -bounded,
i.e., D 2 C -wBN . Let us show, however, that D is not residually a C -group and
therefore it is the required group.

Indeed, let � be a homomorphism of D onto some C -group T . Then the car-
dinality of I exceeds the cardinality of T , and hence, there exist k; l 2 I such
that k ¤ l and xk� D xl� . It follows that z� D Œyk�; xk�� D Œyk�; xl�� D 1,
and since � is chosen arbitrarily, D is not residually a C -group.
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