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Let G be the generalized free product of two groups with an
amalgamated subgroup. We propose an approach that al-
lows one to use results on the residual p-finiteness of G
for proving that this generalized free product is residually
a finite nilpotent group or residually a finite metanilpotent
group. This approach can be applied under most of the con-
ditions on the amalgamated subgroup that allow the study
of residual p-finiteness. Namely, we consider the cases where
the amalgamated subgroup is a) periodic, b) locally cyclic,
c¢) central in one of the free factors, d) normal in both free
factors, or e) is a retract of one of the free factors. In each
of these cases, we give certain necessary and sufficient con-
ditions for G to be residually a) a finite nilpotent group,

b) a finite metanilpotent group.
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1. Introduction

Let C be a class of groups. Following [24], we say that a group X is residually a C-group

if, for any element x € X\ {1}, there exists a homomorphism o of X onto a group from C
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(a C-group) such that xo # 1. The terms “residual finiteness”, “residual nilpotence”,
“restdual solvability”, and “residual p-finiteness” are used if C is the class of all finite
groups, all nilpotent groups, all solvable groups, and finite p-groups for some prime p,
respectively. In this article, we study the residual C-ness of a generalized free product
of two groups provided C is the class of finite nilpotent or finite metanilpotent groups.

Recall that a group is said to be metanilpotent if it is an extension of a nilpotent group
by a nilpotent group. The definition of the construction of the generalized free product
of two groups with an amalgamated subgroup can be found in Section 5. It should also
be noted that a finitely generated group is residually nilpotent if and only if it is residually
a finite nilpotent group (see Proposition 3.7 below).

Let us preface the description of the results of this article with a brief survey of known
facts on the residual nilpotence of generalized free products. Since, for any choice of prime
number p, every finite p-group is nilpotent, residual p-finiteness is a special case of resid-
ual nilpotence. Most of the known results on the residual nilpotence of generalized free
products actually give necessary and/or sufficient conditions only for the residual p-finite-
ness of this construction. This is explained by the fact that the class of finite p-groups
is closed under extensions. Thanks to this property, to prove the residual p-finiteness
of a generalized free product, one can use very productive methods, which were orig-
inally proposed for studying the residual finiteness of this construction (primarily we
mean here the so-called “filtration approach” by G. Baumslag [10]).

A criterion for the residual p-finiteness of a generalized free product of two finite groups
is given in [25]. In the case of infinite free factors, residual p-finiteness is studied mainly
under various additional restrictions imposed on the amalgamated subgroup. For exam-
ple, in [1,3,6], a number of theorems are proved that generalize the criterion from [25]
and give conditions for the residual p-finiteness of a generalized free product with a finite
amalgamation. Much effort is put into studying the residual p-finiteness of free prod-
ucts with a cyclic amalgamated subgroup [2,5,18,22,31,32,56] and with an amalgamated
subgroup that is normal in every free factor [4,30,45,50,53,54]. A free product is also
considered whose amalgamated subgroup lies in the center of at least one free factor [51]
or is a retract of this factor [16,49]. In particular, the following criteria are proved:

— a criterion for the residual p-finiteness of a generalized free product of two isomorphic
groups [31, Corollary 3.5];

— a criterion for the residual p-finiteness of a generalized free product whose amalga-
mated subgroup is a retract of each free factor [16, Corollary 1.2];

— criteria for the residual p-finiteness of a generalized free product with a cyclic amal-
gamation of a) two free groups [2, Theorem 1], [32, Theorem 3.5]; b) two nilpotent groups
of finite rank [5, Theorem 2];

— criteria for the residual p-finiteness of a generalized free product such that its amalga-
mated subgroup is normal in every free factor and at least one of the following additional
conditions holds: a) each free factor is virtually a solvable group of finite rank [4, Theo-
rem 2]; b) the amalgamated subgroup is finite [53, Theorem 3]; c) one of the free factors
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is a finitely generated nilpotent group, and the amalgamated subgroup lies in its cen-
ter [30, Theorem 4.9] or is cyclic [53, Theorem 5.

Recall that a group is said to have finite rank r if any of its finitely generated subgroups
can be generated by at most r elements.

If C is a class of nilpotent groups that is not closed under taking extensions, there
are no general methods for studying the residual C-ness of generalized free products.
As a consequence, very few results are known in this case. Only the following is proved:

— a criterion for the residual nilpotence of a generalized free product of two finite
groups [55, Theorem 6] and its generalization to the case of a free product of two finitely
generated nilpotent groups with a finite amalgamation [27, Theorem 4];

— a criterion for the residual nilpotence of a generalized free product of two nilpo-
tent groups with an amalgamated subgroup lying in the center of each free factor [42,
Theorem 1];

— three criteria for the residual nilpotence of a generalized free product of two finitely
generated nilpotent groups; their description is given at the end of the next section [27,
Theorems 5, 7 and Corollary of Theorem 6];

— a criterion for a generalized free product of two nilpotent groups to be residually
a finite nilpotent group, which holds provided the amalgamated subgroup is central
in one and normal in the other free factor [42, Theorem 2J;

—several sufficient conditions for a generalized free product with a cyclic amalgamation
to be residually a torsion-free nilpotent group; the cases are considered when the free
factors are free groups [12-14,33] or one of these factors is a free group and the other
is a free abelian group [9].

It is proved also that, with a suitable choice of a prime p, the residual nilpotence
is equivalent to the residual p-finiteness for the following constructions:

— a generalized free product of two free groups with a cyclic amalgamation [2, Theo-
rem 3J;

— a generalized free product of two finitely generated torsion-free nilpotent groups
whose amalgamated subgroup is cyclic or lies in the center of each free factor [27, Corol-
lary of Theorem 6].

This paper significantly complements the above list. It proposes a general approach
that allows one to use results on the residual p-finiteness of a generalized free prod-
uct G to study the residual C-ness of GG, where C is the class of finite nilpotent or finite
metanilpotent groups. We show that this approach can be applied under each of the re-
strictions on the amalgamated subgroup, which are mentioned above and allow the study
of residual p-finiteness. The results obtained in this way are formulated in the next sec-
tion, while here we give a number of concepts and notations used throughout the paper.

Suppose that P is a set of prime numbers, X is a group, and Y is a subgroup of X.
Recall that an integer is said to be a B-number if all its prime divisors belong to J;
a periodic group is said to be a B-group if the orders of all its elements are B-numbers.
We denote by P’ the set of all prime numbers that do not belong to 3.
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The subgroup Y is called R'-isolated in X if, for any element x € X and for any
number ¢ € %, it follows from the inclusion z? € Y that x € Y. If the trivial sub-
group of X is P'-isolated, then X is said to be a R'-torsion-free group. It is easy
to see that the intersection of any number of J3’-isolated subgroups is again a J3'-
isolated subgroup and therefore one can define the smallest 3’-isolated subgroup con-
taining the subgroup Y. It is called the §’'-isolator of Y in X and is further denoted
by P'-TJs(X,Y). Obviously, P’'-Ts(X,Y") contains the subset P'-Rt(X,Y") of X such that
x € P-RYX,Y) if and only if ™ € Y for some P’-number n. It is clear that the equality
P'-Js(X,Y) = P-Rt(X,Y) holds if and only if the set P'-Rt(X,Y) is a subgroup.

Following [38], we say that the subgroup Y is separable in X by the class of groups C
(or, more briefly, is C-separable in X) if, for any element x € X \ Y, there exists a ho-
momorphism ¢ of X onto a group from C such that zo ¢ Yo. As can be seen from this
definition, the residual C-ness of X is equivalent to the C-separability of its trivial sub-
group. It is also easy to prove that if the subgroup Y is separable in X by the class
of finite PB-groups, then it is P’-isolated in X (see Proposition 3.2 below).

Let us call an abelian group PB-bounded if, in each of its quotient groups, a primary
component of the periodic part is finite whenever it corresponds to a number from 3.
We say also that a nilpotent group is P-bounded if it has a finite central series with -
bounded abelian factors. The classes of PB-bounded abelian and B-bounded nilpotent
groups are further denoted by BAy and BN, respectively. Obviously, if & C 3, then
BAyp € BAs and BN C BNg. It is also easy to see that a finitely generated nilpotent
group is PB-bounded for any choice of the set L.

Everywhere below let ®, Fy, and FN g stand for the classes of free groups, finite -
groups, and finite nilpotent PB-groups, respectively. If B = {p}, we simply write p instead
of {p} (for example: p-number, BN, p’-Js(X,Y)). We also use a number of standard

notations:
| X| the order of a group X;
[z, y] the commutator of elements x and y, which is assumed to be equal

to the product z~ty lzy;

sgp{S} the subgroup generated by a set S;

X’ the commutator subgroup of X, i.e., sgp{[z,y] | z,y € X };

Xxn sgp{z" |z € X};

ker o the kernel of a homomorphism o;

C-D the class of groups consisting of all possible extensions of a C-group

by a D-group, where C and D are some classes of groups.

2. New results

Let further the expression G = (A * B; H) mean that G is the generalized free
product of groups A and B with an amalgamated subgroup H (as noted above, the defi-
nition and necessary properties of this construction are given in Section 5). We say that
the group G = (A x B; H) and a set of primes ‘P satisfy Condition (x) if
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(i) A+ H + B;
(il) P is a non-empty set;
(iii) A and B are residually FN g-groups;

(iv) there exist homomorphisms of the groups A and B that map them onto BN yp-
groups and act injectively on H.

Almost all the main results of this paper deal with generalized free products satisfy-
ing (x). Parts (i)—(iii) of this condition look quite natural because a) if G is residually
an FNg-group, then A and B have the same property; b) if 8 = &, only the trivial
group is residually an FNgp-group; ¢) if A= H or B = H, then G = Bor G = A and it
follows from (iii) that G is residually an FN g-group. The more artificial restriction (i)
is necessary to obtain the results mentioned above via Theorem 7. This theorem is given
in Section 8 and allows one to prove the residual nilpotence of G using known facts
on the residual p-finiteness of this group.

It is easy to see that if H is finite, then (iii) implies (iv). In the case of the infinite
subgroup H, homomorphisms satisfying (iv) certainly exist if A and B are residually tor-
sion-free BN g-groups and H is of finite Hirsch—Zaitsev rank, i.e., it has a finite subnormal
series whose each factor is a periodic or infinite cyclic group (see Proposition 3.5 below).
The following groups are examples of residually torsion-free BN g-groups:

— free [36], parafree [11], limit [43], and free polynilpotent [23] groups;

— fundamental groups of two-dimensional orientable closed manifolds [9];

— pure braid groups of various types [8,15,20,39,40];

— right-angled Artin groups [19] and their Torelli groups [52];

— Hydra groups and some other groups with one defining relation, including the cycli-
cally pinched one-relator groups mentioned in the previous section [12-14,33];

— all restricted and unrestricted direct products of the groups listed above.

The following theorem is the first of the main results of this article.

Theorem 1. Suppose that the group G = (A * B; H) and a set of primes B satisfy ()
and at least one of the next additional conditions:

() H is locally cyclic;

(8) H lies in the center of A or B;

(v) H is a retract of A or B.
Then the following statements hold.

1. If H is Fy-separable in A and B for some q € B, then G is residually an FN g-
group.

2. If H is FNg-separable in A and B, then G is residually a ®-FNg-group
and residually an F,, - FNsz-group for each prime p. In particular, it is residually a finite
metanilpotent B-group.

If X is a group and Y is its normal subgroup, then the restriction of any inner
automorphism of X onto the subgroup Y is an automorphism of the latter. The set of all
such automorphisms forms a subgroup of the group AutY, which we further denote
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by Autx(Y). If G = (A * B; H) and the subgroup H is normal in A and B, then it
is also normal in G and this allows us to define the group Autg(H). It turns out that
the properties of the latter can be used to describe the conditions for the residual C-
ness of G; this approach was first used in [25] and then repeatedly in other works (see,
for example, [53,54]). Let us note also that if H is normal in G, then, for each prime
number p, the subgroup H? H' has the same property and therefore the groups

A(p) = Aut g grg (H/HPH'), B(p) = Autp, oy (H/HPH'), and
6(])) = AutG/HpH/(H/HpHI>

are defined.

Theorem 2. Suppose that the group G = (A * B; H) and a set of primes P satisfy ().
Suppose also that H is normal in A and B and, for each p € B, at least one of the next
additional conditions holds:

(o) &(p) is a p-group;

(8) &(p) is abelian,

(7) &(p) = A(p) or &(p) = B(p).
Then the following statements hold.

1. If H is Fy-separable in A and B for some q € B, then G is residually an FN -
group.

2. If G is residually an FN g -group, then H is ¢'-isolated in A and B for some q € B.

3. The group G is residually a ®-FNg-group and residually an F,- FNg-group
for each prime p if and only if H is FNy-separable in A and B.

It should be noted that Theorem 2 is a special case of Theorem 6. The formula-
tion of the latter requires the preliminary proof of some auxiliary facts and is therefore
given in Section 5. We note also that if the subgroup H/HPH’ lies in the center, say,
of the group A/HPH', then A(p) = 1 and &(p) = B(p) because G(p) is obviously gener-
ated by 2(p) and B(p). If the indicated subgroup is locally cyclic, then its automorphism
group is abelian (see, for example, [21, §113, Exercise 4]). Thus, the next corollary follows
from Theorem 2.

Corollary 1. Suppose that the group G = (A* B; H) and a set of primes 3 satisfy (x).
Suppose also that H is normal in A and B and, for each p € B, the subgroup H/HPH'
is locally cyclic or lies in the center of at least one of the groups A/JHPH', B/HPH'.
Then Statements 1—3 of Theorem 2 hold.

Theorem 3. Suppose that the group G = (A * B; H) and a set of primes P satisfy ().
Suppose also that H is periodic and, for every prime p, the symbol H(p) denotes the sub-
group p-Js(H,1). Then H is FNg-separable in A and B, and the following statements
hold.
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1. The group G is residually an FNog-group if H is Fy-separable in A and B for some
q €°B and, for any p € B, there exist sequences of subgroups

1=Q<@1<...<Qy=H(p), RS <..<R,=4, and
< <

such that, for alli € {0,1, ..., n}, 7€ {0, 1, ..., n—1},
— R; is a normal subgroup of finite p-index of the group A,
- S; is a mormal subgroup of finite p-index of the group B;
- RiNH(p)=Q; =5;NH(p);
- 1Qj+1/Q;| = p.

2. If G is residually an FNog-group, then H is ¢'-isolated in A and B for some q € B
and, for any p € ‘B, there exist the sequences of subgroups described in Statement 1
of this theorem.

3. The group G is residually a ®-FNg-group and residually an Fy- FNg-group
for each prime q if and only if, for any p € P, there exist the sequences of subgroups
described in Statement 1 of this theorem.

Let 7A and 7B be the sets of all elements of finite order of the groups A and B,
respectively. If the indicated groups have homomorphisms onto BN g-groups acting injec-
tively not only on H, but also on the subgroups sgp{7A} and sgp{7 B}, then Theorem 3
admits the next equivalent formulation generalizing Theorem 4 from [6].

Theorem 4. Suppose that the group G = (AxB; H) and a set of primes B satisfy (x). Sup-
pose also that H is periodic and there exist homomorphisms of the groups A and B that
map them onto BN g -groups and act injectively on the subgroups sgp{TA} and sgp{rB}.
Then, for each p € B, the sets A(p) = p-Rt(A,1) and B(p) = p-R(B,1) are finite
normal subgroups of A and B, respectively, H is FNy-separable in A and B, and the fol-
lowing statements hold.

1. The group G is residually an FN -group if H is F4-separable in A and B for some
q € B and, for any p € B, the groups A(p) and B(p) have normal series

with factors of order p such that, for alli € {0, 1, ..., k}, 5€{0,1, ..., m},
— A; is a normal subgroup of A;
— Bj is a normal subgroup of B;
2. If G is residually an FNog-group, then H is ¢'-isolated in A and B for some q € B
and, for any p € B, there exist normal series described in Statement 1 of this theorem.
3. The group G is residually a ®-FNg-group and residually an Fy- FNg-group
for each prime q if and only if, for any p € B, the groups A(p) and B(p) have normal
series described in Statement 1.
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Let us now turn to the question on the conditions that are necessary for a generalized
free product to be residually a nilpotent or metanilpotent group.

Theorem 5. Suppose that G = (A x B; H), B is a non-empty set of primes, and H
is nilpotent. Suppose also that

(a) H does not coincide with its normalizer in A or is properly contained in some
subgroup of A satisfying a non-trivial identity;

(8) H does not coincide with its normalizer in B or is properly contained in some
subgroup of B satisfying a non-trivial identity.

Then the following statements hold.

1. If G is residually an FNs-group, then H is ¢'-isolated in A and B for some q € B.

2. If G is residually a C-group for some subclass C of the class Foz and C is closed
under taking subgroups, then H is C-separable and therefore P’ -isolated in A and B.

The next corollary is obtained by combining Theorems 1, 5 and Proposition 9.1 given
below.

Corollary 2. Suppose that the group G = (Ax B; H) and a set of primes B satisfy (x),
Conditions () and (5) of Theorem 5, and at least one of Conditions (o) —(vy) of Theo-
rem 1. Then Statements 1—3 of Theorem 2 hold.

The following example shows, in particular, that, in Theorem 5, none of Conditions ()
and (B) can be omitted.

Example 1. Suppose that 3 is a non-empty set of prime numbers, which does not co-
incide with the set of all primes, and G = (a1, az,b; az = b"), where n € B’. Then G
is the generalized free product of the non-abelian free group A = sgp{a1,as} and the infi-
nite cyclic group B = sgp{b} with the amalgamated cyclic subgroup H = sgp{b"}, which
lies in the center of B and is a retract of A. At the same time, the elements a; and b
freely generate the group G and therefore the latter is residually an FN g-group (see
Proposition 3.7 below). It is also obvious that the retraction of A and the identity homo-
morphism of B act injectively on H and map A and B onto infinite cyclic groups, which
belong to the class BN . Thus, G satisfies all the conditions of Theorem 1. At the same
time, H is neither J’-isolated nor FN g-separable in B. Also, it is neither ¢’-isolated
nor Fg-separable in this group for any ¢ € ‘B.

Example 2. Let
G = (a,b,¢c; a® = [a3,b] = [a®,¢] = ¢ tbeh = 1)
and P = {2, 3}. It is obvious that

1) G is the generalized free product of the groups A = sgp{a} and B = sgp{a?,b,c}
with the subgroup H = sgp{a®} amalgamated;
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2) A is a finite cyclic group of order 9 and therefore belongs to the class F5 C BN g;

3) B can be decomposed into the direct product of the subgroups H and C' = sgp{b, c};
moreover, C' is the non-abelian extension of the infinite cyclic group sgp{b} by the infinite
cyclic group sgp{c};

4) the finite cyclic group H lies in the center of G and is a retract of B; the identity
homomorphism of A and the retraction of B act injectively on H and map A and B
onto groups from the class F3 C BN gp;

5) if we define the group &(p) in the same way as in Theorem 2, then &(3) =
Autg(H) = 1 and &(2) = Autg/p(1) = 1;

6) the following sequences satisfy the conditions of Theorem 3: 1 = Qo = H(p),
R0:A,andSozBlfp:2,1:Q0<Q1:H(p):H,1: 0<R1:A7
andC’:SoéSlzBifp:?);

7) the following normal series satisfy the conditions of Theorem 4: 1 = Ag = A(p)
and 1=By=B(p)ifp=2;1=A<H<A=A(p)and 1 =By < H=B(p) if p=3.

It is well known (see, for example, [41, Theorem 2]) that C is residually an Fa-group.
Therefore, B is residually an FNg-group and G satisfies all the conditions of Theo-
rems 1—4 and Corollaries 1, 2. Moreover, since the group C = B/H is torsion-free,
H is isolated in B and therefore 3'-isolated in A and B. However, G is not residually
an FNg-group by Proposition 6.2 given below.

Examples 1 and 2 imply the following.

1. In Theorem 1, the FNg-separability of H in A and B is, in the general case,
not necessary for G to be residually an F, - FN g-group, where ¢ € ; the fact that G
is residually an FN g-group does not necessarily mean that H is F,-separable or even
q’-isolated in A and B for some ¢ € ‘B.

2. In Theorems 2—4 and Corollaries 1, 2, the property of H to be ¢’-isolated in A
and B for some ¢ € P is necessary, but not sufficient for G to be residually an FN -
group. The question on the necessity of the F,-separability of H remains open.

Let us note that BNy C BN, for any ¢ € P and therefore, by Proposition 4.4 given
below, a subgroup of a BN g-group X is F4-separable (FNy-separable) in this group if
and only if it is ¢’-isolated (respectively, 9’-isolated) in X. Since every BN g-group also
satisfies a non-trivial identity, the next corollary follows from Theorems 1—5.

Corollary 3. Suppose that G = (A* B; H), B is a non-empty set of primes, A and B
are P'-torsion-free BN sz-groups, and A # H # B. Then the following statements hold.

1. If at least one of the conditions (o) —(7y) of Theorem 1 is satisfied, then G is resid-
ually an FNg-group (an FNg - FNg-group) if and only if H is ¢'-isolated in A and B
for some q € B (respectively, H is P’ -isolated in these groups).

2. If H is normal in A and B and, for each p € ‘B, at least one of the con-
ditions (a)—(7y) of Theorem 2 is satisfied, then G is residually an FNog-group
(an FNog - FNg-group) if and only if H is ¢'-isolated in A and B for some q¢ € B
(respectively, H is P’ -isolated in these groups).
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3. If H is periodic, then the following statements are equivalent:
() G is residually an FN o -group;
(B) for some q € B, H is ¢'-isolated in A and B, and, for any p € B, there exist
sequences of subgroups described in Statement 1 of Theorem 3;
(v) for some q € B, H is ¢'-isolated in A and B, and, for any p € B, there exist
normal series described in Statement 1 of Theorem 4.

When the groups A and B are finitely generated, the group G = (A B; H) is residu-
ally nilpotent if and only if it is residually a finite nilpotent group. Therefore, Statement 1
of Corollary 3 generalizes

— the criteria for the residual nilpotence of generalized free products of a) two finitely
generated abelian groups [27, Theorem 5]; b) two finitely generated nilpotent groups
with a cyclic amalgamated subgroup [27, Theorem 7]; ¢) two finitely generated torsion-
free nilpotent groups with an amalgamated subgroup lying in the center of each free
factor [27, Corollary of Theorem 6];

— the criteria for the residual p-finiteness of generalized free products of a) two finitely
generated abelian groups [30, Corollary 4.8]; b) two finitely generated nilpotent groups
with a cyclic amalgamated subgroup [27, Theorem 6] (for the case of torsion-free factors,
this result was obtained earlier in [32, Theorem 4.4]); ¢) two finitely generated nilpo-
tent groups with an amalgamated subgroup lying in the center of each free factor [30,
Corollary 4.7].

3. Some auxiliary statements

Everywhere below, if C is an arbitrary class of groups and X is a group, then C*(X)
denotes the family of normal subgroups of X defined as follows: Y € C*(X) if and only if
X/Y ecC.

Proposition 3.1. Suppose that C is a class of groups closed under taking subgroups and di-
rect products of a finite number of factors. Suppose also that X is a group, Y and Z
are subgroups of X. Then the following statements hold.

1. IfY e C*(X), thenY N Z € C*(Z).

2. IfY,Z e C*(X), thenY N Z € C*(X).

3. If X is residually a C-group, then, for any finite set S C X \ {1}, there exists
a subgroup T € C*(X) such that T NS = .

Proof. Indeed, if Y € C*(X), then Z/Y NZ = ZY/Y < X/Y € C and since C is closed
under taking subgroups, Z/Y NZ € C. If Y,Z € C*(X), then, by Remak’s theorem
(see, for example, [28, Theorem 4.3.9]), the quotient group X/Y N Z can be embedded
into the direct product of the groups X/Y and X/Z. Hence, this group belongs to C
because the latter is closed under taking subgroups and direct products. If X is residually
a C-group and S C X \ {1}, then, for each element s € S, there exists a subgroup T €
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C*(X) such that s ¢ Ts. Since S is finite, it follows from Statement 2 that the subgroup
T = (Nyeg Ts is desired.

Proposition 3.2. [49, Proposition 5] Suppose that C is a class of groups consisting only
of periodic groups, X is a group, and Y is a subgroup of X. Suppose also that B(C)
is the set of primes defined as follows: p € B(C) if and only if p divides the order of some
element of a C-group. If the subgroup Y is C-separable in X, then it is B(C)’ -isolated
in this group.

Proposition 3.3. [54, Proposition 3] Suppose that C is a class of groups closed under taking
quotient groups, X is a group, and Y is a normal subgroup of X . The quotient group X/Y
is residually a C-group if and only if Y is C-separable in X.

Proposition 3.4. [54, Proposition 4] Suppose that C is a class of groups closed under taking
subgroups, quotient groups, and direct products of a finite number of factors. Suppose also
that X is a group and 'Y is a finite normal subgroup of X. If X is residually a C-group,
then Autx(Y) € C.

Proposition 3.5. [54, Proposition 18] Suppose that C is a class of torsion-free groups
closed under taking subgroups and direct products of a finite number of factors. Suppose
also that X is a group and Y is a subgroup of X. If X is residually a C-group and Y is
of finite Hirsch—Zaitsev rank, then there exists a subgroup Z € C*(X) such thatYNZ = 1.

For the convenience of the reader, we give the next proposition along with its proof
because the paper containing it is actually unavailable.

Proposition 3.6. [57, Lemma 2.4] Suppose that p is a prime number and X is a finite
p-group. Suppose also that « is an automorphism of X and § is the automorphism
of the quotient group X/ X? X' induced by . Then the order of « is a p-number if the or-
der of § has the same property.

Proof. Let I';, g, and ¢ denote the i-th member of the lower central series, the order,
and the nilpotency class of X, respectively. Let also @ be the automorphism of the quo-
tient group X/X’ induced by «. Using induction on ¢, we first show that if the order
of @ is a p-number, then the order of « is also a p-number. Since this is obvious for ¢ = 1,
we can further assume that ¢ > 1.

Let Y, 8, and 3 stand for the quotient group X /T'. and the automorphisms
of the groups Y and /Y’ = (X/T.)/(X’/T.) induced by a and 3, respectively. It is easy
to see that if o: Y/Y’ — X/X' is the isomorphism defined by the rule ((zI'.)Y")o = 2 X",
then 3 = oao~!. The last relation means that the order of 3 is equal to the order of @
and therefore is a p-number. By the inductive hypothesis applied to Y, the order r of §
is also a p-number. It follows from the definition of 8 that if x € X and y € I'._;, then
ra” = zw; and ya" = yws for suitable elements wy,ws € I'.. Since T, lies in the center
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of X, we have [y, z]a” = [y, z][ws, w1] = [y, z]. Thus, the automorphism " acts identi-
cally on T'. and therefore xa"? = zw! = x (recall that ¢ denotes the order of X). Since
x is chosen arbitrarily, it follows that o™ = 1, as required.

Now it remains to prove that if the order of the automorphism § defined above is a p-
number, then the order of @ has the same property. This is obvious if the quotient group
Z = X/X' is trivial. Thus, we can assume further that Z # 1.

Let 7 be the automorphism of the quotient group Z/ZP induced by the automor-
phism v = @. As above, it is easy to show that the order of § is equal to the order
of 7. Let us fix a decomposition of Z into the direct product of non-trivial cyclic groups
with generators z1, 2o, ..., z,. Since Z # 1, the relation n > 1 holds, and the automor-
phism 7 can be given by the integer matrix © = {Hij ij=1 defined by the equalities
zry = 291202 2Pin where 1 < i < n. It is clear that the group Z/ZP, the set
{#1, 22, ..., z,}, and the mapping 7 can be viewed as a linear space over the field Z,,
a basis, and a linear operator of this space, respectively. If the elements of © are consid-
ered representatives of residue classes modulo p, then the matrix of 7 in the indicated
basis coincides with © and therefore ©° = 1 for some p-number s. It easily follows that
if the elements of © are considered representatives of residue classes modulo p* for some
k > 1, then ©7""" = 1. Since the orders of the elements Z21, 22, . - ., Zn, divide the order ¢

of X, the last equality means that v%? = 1, as required.

Proposition 3.7. The following statements hold.

1. Any free group is residually a finitely generated torsion-free nilpotent group [36,37].

2. Any polycyclic group is residually finite [26].

3. Any finitely generated torsion-free nilpotent group is residually an F,-group for ev-
ery prime p [23].

4. A group is residually an FNog-group if and only if it is residually a C-group, where
C= Upem Fp.

5. Any free group is residually an Fp-group for each prime number p and is residually
an FNg-group for each non-empty set of primes B.

6. If a finitely generated group is residually nilpotent, then it is residually a D-group,
where D is the union of the classes F, over all primes p.

Proof. It is well known that any finite nilpotent group can be decomposed into the di-
rect product of its Sylow subgroups (see, for example, Proposition 4.1 below). Therefore,
every FNg-group is residually a C-group, and Statement 4 holds. Statement 5 follows
from Statements 1, 3, and 4. Any nilpotent image of a finitely generated group is a finitely
generated nilpotent group, which is polycyclic and therefore residually finite by State-
ment 2. In fact, this image is residually a finite nilpotent group since the class of nilpotent
groups is closed under taking subgroups. Thus, Statement 6 follows from Statement 4.

Proposition 3.8. If C is a class of groups consisting only of finite groups, then any exten-
sion of a free group by a C-group is residually an F, - C-group for each prime number p.
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Proof. Suppose that X is an extension of a free group Y by a C-group, z € X\ {1}, and p
is a prime number. To prove the proposition it is sufficient to find a homomorphism of X
onto a group from F, -C taking x to a non-trivial element.

If z ¢ Y, then the natural homomorphism X — X/Y is the desired one. Therefore, we
can further assume that € Y. By Proposition 3.7, Y is residually an F,-group. Hence,
there exists a subgroup M € F(Y) such that x ¢ M. If S is a set of representatives
for all cosets of Y in X and N = [ g s71Ms, then N is a normal subgroup of X.
Since X/Y € C and C consists of finite groups, the set S is also finite. It is easy to see
that, for each s € S, the quotient group Y/s~!Ms is isomorphic to the F,-group Y/M.
Therefore, Y/N € F, by Proposition 3.1. Since N < M and = ¢ M, it follows that
the natural homomorphism X — X/N is desired.

4. Some properties of nilpotent groups

Proposition 4.1. [17, Theorem 5.3, Lemma 5.5] Suppose that P is a set of primes,
X is a locally nilpotent group, and Y is a subgroup of X. Then PB'-Js(X,Y) =
P'-RUX,Y) and, if Y is normal in X, then P'-Js(X,Y) has the same property. In par-
ticular, the set of all elements of finite order of X is a subgroup, which can be decomposed
into the direct product of normal (in X) subgroups p-Rt(X, 1) over all prime numbers p.

Suppose that C is a class of groups, X is a group, and Y is a subgroup of X. Let us
say that X is C-regular (C-quasi-reqular) with respect to Y if; for any subgroup M €
C*(Y), there exists a subgroup N € C*(X) such that N NY = M (respectively N N
Y < M). The next three propositions combine special cases of Propositions 5.2, 6.3
and Theorems 2.2, 2.4 from [48], which can be obtained by replacing the class C that
appears in the formulations of these propositions and theorems with Fy.

Proposition 4.2. For any non-empty set of primes B, the following statements hold.

1. The classes BAyp and BNy are closed under taking subgroups, quotient groups,
and direct products of a finite number of factors.

2. Every abelian BN g-group belongs to the class BAgy.

Proposition 4.3. Suppose that B is a non-empty set of primes, X is a group, and Y is
a subgroup of X. If there exists a homomorphism of X onto a BN g-group acting injec-
tively on Y, then the following statements hold.

1. The group X is Fy-quasi-regular with respect to Y .

2. If Y lies in the center of X, then X is Fy-regular with respect to Y.

Proposition 4.4. Suppose that B is a non-empty set of primes, X is a group, and Y
is a subgroup of X. Suppose also that at least one of the following conditions holds:

(a) X € BNsp;

(B) X is residually a P’ -torsion-free BNz -group and has a homomorphism onto such
a group acting injectively on Y .
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Then the set P’ -R(X,Y) is a subgroup, which is FN q-separable in X. In particular,
if X is P -torsion-free, then it is residually an FNg-group.

Proposition 4.5. If P is a finite set of primes and X is a periodic P’ -torsion-free BN -
group, then X is finite.

Proof. If X is abelian, then it belongs to the class B.Ay by Proposition 4.2. In accordance
with the definition of this class, a primary component of X is finite if it corresponds
to a number from B. It follows that X is also finite because it is P’-torsion-free and P
is finite. In the general case, X has a finite central series with B.Ayp-factors, which
are finite as proven above. Therefore, X is finite again.

5. Generalized free products. Theorem 6

Recall that the generalized free product of groups A and B with subgroups H < A
and K < B amalgamated under an isomorphism ¢: H — K is the group G defined
as follows:

— the generators of G are the generators of A and B;

— the defining relations of G are the relations of A and B together with all possible
relations of the form h = hy, where h and hp are some words in the generators of A
and B that define an element of H and its image under .

It is well known that the free factors A and B can be embedded in G via the identical
mappings of their generators. This fact allows us to consider A and B subgroups of G.
Under this assumption, the subgroups H and K turn out to be equal. Thus, we can use
the notation G = (A*xB; H) and say that G is the generalized free product of the groups A
and B with the subgroup H amalgamated.

Let G = (A« B; H). Recall that the representation of an element g € G as a product
9192 - - - gn is said to be a reduced form of this element if n > 1, g1,92,...,9, € AU B,
and, for n > 1, no two adjacent factors of the product (called syllables of the reduced
form) belong simultaneously to A or B. By the normal form theorem for generalized
free products (see, for example, [35, Chapter IV, Theorem 2.6]), if g has a reduced form
of length greater than 1, then g # 1. It follows that all reduced forms of g have the same
length, which is denoted below by £(g).

If R and S are normal subgroups of A and B, RNH =SNH, and prs: HR/R —
HS/S is the mapping taking the coset hR to the coset hS, then this mapping is well
defined and is an isomorphism of the subgroups HR/R and HS/S. Therefore, we can
consider the generalized free product Gg s of the groups A/R and B/S with the sub-
groups HR/R and HS/S amalgamated under the isomorphism ¢g g. It is easy to see
that the natural homomorphisms A - A/R and B — B/S can be extended to a surjec-
tive homomorphism pg s: G — GRr,s and the kernel of the latter is the normal closure
in G of the set R U S. We note also that if X is a normal subgroup of G, R = X N A,
and S = X N B, then R and S are normal subgroups of the groups A and B, respec-



306 E.V. Sokolov / Journal of Algebra 657 (2024) 292-326

tively, RN H = SN H, and therefore the group Gr s and the homomorphism ppr g are
defined.
The next proposition is a special case of Theorem 5 from [29].

Proposition 5.1. Let G = (AxB; H). If a normal subgroup N of G intersects H trivially,
then it can be decomposed into the (ordinary) free product of a free subgroup and sub-
groups, each of which is conjugate to NN A or NN B.

Proposition 5.2. Suppose that G = (A B; H) and C is a class of groups. If

() (] XxnA=1= (] XnB,
Xec*(G) Xec*(G)
(B) (1 HXnA)=H= (| HXnNB),
Xec*(G) Xec(G)
() VX,Y €C*(G)IZ €C*(G) Z< X NY,

then the following statements hold.

1. For each element g € G\ {1}, which is conjugate to some element of AU B, there
exists a homomorphism of G onto a group from C taking g to a mon-trivial element.

2. For each element g € G\ {1}, which is conjugate to no element of AU B, there
exists a homomorphism of G onto a group from ®-C taking g to a non-trivial element.

In particular, G is residually a ® - C-groups (recall that ® denotes the class of all free

groups).

Proof. Let g € G\ {1}. If ¢ is conjugate to some element a € A, then, by («), there exists
a subgroup X € C*(G) that does not contain a. It is clear that g ¢ X, and therefore
the natural homomorphism G — G/X is the desired one. A similar argument can be used
if g is conjugate to an element of B. Thus, Statement 1 is proved.

If g is conjugate to no element of AU B and g19>...g, is its reduced form, then
n > 1 and therefore g1,g2,...,9, € A\ HU B\ H. It follows from (/) that, for each
i € {l,...,n}, there exists a subgroup X; € C*(G) such that g; ¢ H(X;NA)ifg; € A\H,
and g; ¢ H(X; N B) if g; € B\ H. By (v), the intersection X; N X2 N...N X,, contains
a subgroup X € C*(G). Let R=XNAand S=XNB. Theng; ¢ HRif g, € A\ H,
and g; ¢ HS if g; € B\ H, where 1 < i < n. It follows that (¢91pr,s)(920R,s) - - - (9nPR,S)
is a reduced form of the element gpr g of length n > 1 and therefore gpr s # 1. Since
pR,s continues the natural homomorphisms A —+ A/R, B — B/S and the kernel of pgr g
is contained in X as the normal closure of the set RUS = (X N A) U (X N B), we have
Gr,s/Xprs=G/X € C and

XprsNA/R=XprsNAprs=1= XprsNBprs=XprsNB/S.

It follows from the last equalities and Proposition 5.1 that X pr s is a free group and pr,g
is the desired homomorphism.
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Let us recall [46] that a class of groups C is said to be a root class if it contains non-
trivial groups, is closed under taking subgroups, and satisfies any of the following three
equivalent conditions:

(a) for any group X and for any subnormal series 1 < Z <Y < X, if X/Y,Y/Z € C,
then there exists a subgroup T' € C*(X) such that T < Z (the Gruenberg condition);

(8) the class C is closed under taking unrestricted wreath products;

(7) the class C is closed under taking extensions and, for any two groups X,Y € C,
contains the unrestricted direct product Her Xy, where X, is an isomorphic copy of X
for each y € Y.

It is easy to see that Fi is a root class for any non-empty set of prime numbers ‘B.
The classes FNg (if 9P contains at least two prime numbers) and BNy are not root
classes since they are not closed under taking extensions. The next proposition follows
from Theorems 1, 3 and Proposition 2 given in [47].

Proposition 5.3. Suppose that G = (A« B; H) and C is a root class of groups. If A
and B are residually C-groups, H is C-separable in these groups, and G is C-quasi-requ-
lar with respect to A and B, then G is residually a C-group.

Proposition 5.4. [54, Theorem 3] Suppose that G = (A x B; H) and C is a root class
of groups closed under taking quotient groups. Suppose also that H is finite and normal
in A and B. Then G is residually a C-group if and only if Autg(H) € C.

The next proposition is obtained by combining Proposition 3 and 6 from [34].

Proposition 5.5. Suppose that G = (A* B; H) and p is a prime. Suppose also that
R=Ry<Ri<...<R,=A and S=5<5<...<5,=8B

are sequences of subgroups of A and B such that
1) R, € Fj(A), S; € F5(B), 0<i<n;
2)R,NH=S5;,NH,0<i<n
) (RipiNH)/(R,NH)| e{l,p},0<i<n—1.
Then Gr, g is residually an F,-group.

Proposition 5.6. Suppose that G = (A B; H) and U is a subgroup of H, which is normal
in G. Suppose also that A\ and p are homomorphisms of the groups A and B, respec-
tively, which map them onto nilpotent groups and act injectively on H. Then, for each
prime number p, the subgroup R = p'-Js(A, U -ker A) is normal in A, the subgroup
S =p'-3s(B, U -ker p) is normal in B, and RNH =p'-Rt(H, U)=SNH.

Proof. Since A\ and By are nilpotent, the sets p/-PRt(AN\,UX) and p'-Rt(Bu,Up)
are subgroups by Proposition 4.1. Tt is easy to see that the sets p’-Rt(A, U -ker \)
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and p’-Rt(B, U -ker u) are the full pre-images of these subgroups under A and p, re-
spectively. It follows that

R =p-Rt(A, U -ker \), RN H =p-Rt(H, (U-ker\) N H),
S = p'-RB, U -ker u), SNH=p-Rt(H, (U-keru)N H),

and the subgroups R and S are normal in A and B, respectively, because the sub-
groups U -ker A and U -ker u have the same property. It remains to note that since
ker A\N H =1 =ker uN H, the equalities

(U-ker VNH=U= (U -kerp)NH
hold.

Everywhere below, if the group G = (A* B; H) and a set of primes 3 satisfy (x), then
the phrase “)\ and p are homomorphisms which exist due to this condition” means that
A is a homomorphism of A, y is a homomorphism of B, A\, Bu € BNy, and ker \NH =
kerpynN H =1.

Suppose that p is a prime number and the symbols U(p), V(p), and W(p) de-
note the subgroups HP?H', p’-Js(A, U(p) - ker X), and p’-Js(B, U(p) - ker u), respectively.
If H is normal in A and B, then U(p) is normal in G. By Proposition 5.6, it fol-
lows that V(p) and W(p) are normal in A and B, respectively, and since U(p)
is obviously p’-isolated in H, the equalities V(p) " H = U(p) = W(p) N H hold.
Thus, we can consider the group Gy () w(p), the homomorphism py () w (), and also
the group Autcy, ) w, (Hpv (p),w(p)), which is correctly defined because H py () w (p)
is normal in Gy (), w (p)-

Theorem 6. Suppose that the group G = (A B; H) and a set of primes B satisfy (*),
A and p are homomorphisms which exist due to this condition, and H is normal in A
and B. Suppose also that, for each p € B, the symbols U(p), V(p), and W(p) de-
note the subgroups HPH', p'-Js(A, U(p) -ker X), and p’-Js(B, U(p) - ker u), respectively.
If Autcy ) won (Hpy (p),w(p)) s a p-group, then Statements 1—3 of Theorem 2 hold.

6. Necessary conditions for the residual nilpotence. Proof of Theorem 5

Proposition 6.1. Suppose that X is a group, q and r are prime numbers, and x1,xs € X.
Suppose also that, for any prime p and for any homomorphism o of X onto an F,-group,
if p # q, then x10 = 1, and if p # r, then x90 = 1. If ¢ # r and [x1,22] # 1, then X
is not residually a finite nilpotent group.

Proof. Assume that ¢ # r, [z1,22] # 1, and X is residually a finite nilpotent group.
By Proposition 3.7, X is residually a C-group, where C is the union of the classes F,
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over all primes p. Hence, there exist a prime number p and a homomorphism o of X
onto an F,-group taking [z1,x2] to a non-trivial element. Since ¢ # r, at least one
of the inequalities p # ¢ and p # r holds. Therefore, x10 = 1 or zo0 = 1, and, in both
cases, [z1,z2]o = 1, contrary to the choice of o.

Proposition 6.2. The group
G = (a,b,c; a® =[a®,b] = [a®,c] = ¢ 'bcb = 1)
s mot residually a finite nilpotent group.

Proof. Let p and o be a prime number and a homomorphism of G onto an Fj,-group.
It is clear that if p # 3, then ac = 1. If p # 2, then the orders r and s of bo and co are odd.
Hence, bo = (co)~*(bo)(co)® = (bo)("V" = (bo)~!, (bo)? =1 = (bo)", and bo = 1. If G
is considered the generalized free product of the groups A = sgp{a} and B = sgp{a?, b, c}
with the subgroup H = sgp{a®} amalgamated, then [a,b] is of length 4 and therefore
is non-trivial. By Proposition 6.1, it follows that G is not residually a finite nilpotent

group.

The next proposition is given without proof in [7] and can be easily verified by induc-
tion on k.

Proposition 6.3. If

vi(z,y) = [z,y) = 2y oy,

Uk+1($ay) = [iL’,'Uk(l',y)] = xilvk(l'ay)ilka(xay)a k 2 13

(1)

then, for each k > 1, the word vi(x,y) in the alphabet {x*', y™1} is of length 251, starts
with =1y~ ends with xy, and does not contain a subword of the form xfxz® or yy°,

where g, = £1.

Proposition 6.4. [44, Lemma 2] If a group X satisfies a non-trivial identity, then it
satisfies a mon-trivial identity of the form

w(y, z1,22) = wo (w1, T2)y" w1 (21, 2) ... Y™ wn (21, T2), (2)
wheren > 1, e1,...,¢, = £1, and wy(x1, Ts), . .., w, (2, 5) € {aF!, zF! (2,25 )F ).

Proof of Theorem 5. By the condition of the theorem, there exists a subgroup M of A
such that H is properly contained in M and M satisfies a non-trivial identity or lies
in the normalizer of H. Let N denote the subgroup of B defined in the same way.
We prove both statements of the theorem by contradiction. Let us begin with State-
ment 2 and assume that H is not C-separable in A, i.e., there exists an element u € A\ H
such that uf € H6 for any homomorphism 6 of A onto a C-group.
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If H is normal in N, we fix an element b € N \ H and put g1 (u,b) = v.(u, b~ tub),
where ¢ is the nilpotency class of H and v.(z,y) is an element of the sequence (1).
Otherwise, [N : H] > 3 and N satisfies a non-trivial identity, which can be considered
having the form (2). In this case, we choose elements by, by € N\ H that belong to different
right cosets of H in N and put go(u, by, b2) = w(u, by, bs).

It follows from Propositions 6.3, 6.4 and the relation b;b; * € N\ H that, in the gener-
alized free product G, the elements g; (u, b) and ga(u, b1, b2) have reduced forms of length
greater than 1. Therefore, they are non-trivial. But if ¢ is a homomorphism of G onto
a C-group, then Ao € C because C is closed under taking subgroups, and uoc € Ho due
to the choice of u. Hence,

a) if H is normal in N, then g;(u,b)oc = v.(uo, (bo) tuobo) = 1 since usc € Ho,
(bo)~tuobo € Ho, the element v.(uc, (bo) “tucbo) belongs to the (¢ + 1)-th member
of the lower central series of Ho, and the nilpotency class of this group does not exceed c;

b) otherwise, go(u, b1, b2)o = w(uo,byo,bac) = 1 since us € No, bjo € No, bso € No
and No satisfies w(y, 1, z2).

Thus, we get a contradiction with the fact that G is residually a C-group. The C-sep-
arability of H in B can be proved in the same way.

Now let us turn to the proof of Statement 1 and assume that, for any prime number p,
H is not p’-isolated in A and B. It follows that there exist elements u,v € A\ H U
B\ H and prime numbers ¢, r satisfying the relations ¢ # r, u? € H, and v" € H.
We need to find elements g1,g92 € G such that the commutator [g1, g2] has a reduced
form of length greater than 1 (and therefore is non-trivial), but, for any homomorphism o
of G onto an Fp-group, gio = 1if p # ¢, and goo = 1 if p # r. By Proposition 6.1,
the existence of such elements means that G is not residually an FNy-group, contrary
to the condition of the theorem.

Since g # r, at least one of these numbers does not equal 2. Without lost of generality
we can assume that r» > 3 and u € A\ H. As above, if H is normal in M (in N), we fix
an element a € M\ H (b € N\ H). Otherwise, we choose elements ay,as € M\ H (b1,bs €
N\ H) lying in different right cosets of H in M (in N) and denote by was(y, z1, x2)
(wn (y, x1, x2)) the non-trivial identity of the form (2), which M (respectively V) satisfies.
Below, we define the elements ¢g; and g, in each of the following cases independently.

Case 1.v € A\ H and H is normal in N.

Since all the elements v, v?, ..., v"~! lie in different right cosets of H in A and r > 3,
there exists k € {1,2,...,7 — 1} such that v*u=t € A\ H. We put g1 = v.(u,b” ub)
and gy = v.(v¥, b~ vFb), where c is the nilpotency class of H and v.(x,) is an element
of the sequence (1).

Case 2. v € A\ H and H is not normal in N.

Let g1 = wn(u,by,by) and go = v~}

Case 8. v € B\ H and H is normal in M and N.
As in Case 1, there exists m € {1,2,...,r — 1} such that v"™b~! € B\ H. We put

g1 = ve(b7tub,u) and go = v.(v™, a”v™a), where ¢ and v.(z,y) are defined as above.

wn (v, b1, ba)v.
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Case 4. v € B\ H and H is normal in M, but not in N.

Let g1 = v twy (u, by, bo)u and go = v.(v,atva).

Case 5. v € B\ H and H is normal in N, but not in M.

Let g1 = ve(u, b= tub) and g2 = v rwys (v, ay, az)v.

Case 6. v € B\ H and H is not normal both in M and in N.
Let g1 = wn(u,b1,b2) and go = war(v, a1, az).

It follows from the relations
vPuTt € A\H, v™b"'e B\ H, aja;'e M\ H, bb'eN\H

and Propositions 6.3, 6.4 that

— in each of Cases 1—6, ¢g; and go have reduced forms of length greater than 1;

— in Cases 2 and 6, there are no cancellations at the boundaries of the multiplied
elements g1 ', g5 ', 91, 9o, and therefore £(gy g5 ' g192) = 2(€(g,) + £(g2)) > 1;

— in Cases 1 and 3, the boundary syllables of the words g, L and g, are combined
into one, whence

gy 95 9190) = 2((gy) + €(gy)) — 1> 1;

—in Case 4, £(g; "9192) = £(91) + 20(go) and £(g; ' 951 9195) > 20(g5) > 1;

—in Case 5, (g7 g5 " 91) = 20(g1) + €(go) and £(g7 g5 "9192) = 2£(gy) > 1.

It is easy to see that, given a prime p and a homomorphism o of G onto an F-
group, we have uoc € Ho if p # ¢, and vo € Ho if p # r. It follows from this fact
and from the definitions of ¢, v., wys, and wy that, in each of the considered cases,
gio = 1if p # q, and goo = 1 if p # r, as required.

Thus, H is p’-isolated in A and B for some prime number p. By Statement 2 of this
theorem, H is also 9’-isolated in these groups. If p ¢ P, it follows that H is isolated
and, hence, ¢’-isolated in A and B for any ¢ € ‘B. Thus, Statement 1 is completely
proved.

Proposition 6.5. If G = (A« B; H), A # H # B, and H is periodic, then Statement 1
of Theorem 5 holds.

Proof. Let us assume that G is residually an FNg-group, but there exist elements
u,v € A\ HUB\ H and prime numbers ¢, r such that ¢ # r and u?,v" € H. The orders
of u and v can be decomposed into the products s-s’ and t-t', where s is a g-number,
s’ is a ¢’-number, ¢ is an r-number, and ¢’ is an r’-number. Since g and s’ are co-prime,
the relation u® € H is equivalent to the inclusion w € H, which contradicts the choice
of u. Hence, u* ¢ H and similarly ot ¢ H. Using the condition A # H # B, we can
choose some elements a € A\ H, b € B\ H and put z; = u®
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ot ifue AN\Handve B\Horve A\ H and u € B\ H;
2 =<0y ifuveA\H,;

a~"w'a ifu,ve B\ H.

It is easy to see that £([z1,22]) = 4 if 2y = o', and £([z1,z3]) = 8 otherwise. Thus,
[11, 2] # 1. At the same time, it follows from the equalities x5 = 1 = z and the def-
initions of s and t that if p and o are a prime number and a homomorphism of G
onto an JF,-group, then z10 = 1 whenever p # ¢, and 20 = 1 whenever p # 7.
Therefore, by Proposition 6.1, G is not residually a finite nilpotent group, contrary
to the assumption.

Thus, we prove that if G is residually an FAN g-group, then H is p'-isolated in A
and B for some prime number p. In addition, if G is residually an FAN g-group, then it
is PB’-torsion-free and therefore H is P’-isolated in the free factors. Hence, the inclusion
p € B can be proved in the same way as in the proof of Theorem 5.

7. Conditions for the quasi-regularity

Proposition 7.1. Suppose that G = (A x B; H) and C is a root class of groups. If G
is C-quasi-reqular with respect to H, then it is C-quasi-regular with respect to A and B.

Proof. Let M be a subgroup from C*(A). Since C is closed under taking subgroups,
it follows from Proposition 3.1 that M N H € C*(H). Due to the C-quasi-regularity
of G with respect to H, there exists a subgroup U € C*(G) satisfying the relation
UNH<MNH. Letusput Q =UNA R=UNANM, and S = U N B. Then
Q,R € C*(A) and S € C*(B) by Proposition 3.1.

The inclusion U N H < M N H implies that RN H = UNH = SN H. Hence,
the group G s and the homomorphism pg g are defined. Recall that the latter continues
the natural homomorphisms A — A/R, B — B/S and the subgroup ker pr s coincides
with the normal closure of RU .S in G. It follows that

kerprs < U, Grs/Uprs=G/UcC, Qprs=QR/R,
Upr,s N Aprs = Qprs, and Uprsn Bprs=1.

By Proposition 5.1, the relations Upgr s NHpr,s < Upr,s N Bpr,s = 1 mean that Upg, g
can be decomposed into the (ordinary) free product of a free subgroup F and sub-
groups ();, ¢ € Z, each of which is conjugate to Qpr,s. Let us denote by o the homo-
morphism of Upg g onto Qpr,s which continues the isomorphisms @Q; = Qpr,s, ? € Z,
and takes the generators of F' to 1.

Since Qpr,s = QR/R < A/R € C and C is closed under taking subgroups, we have
Upr,so € C. Thus, the class C contains the factors Gg s/Upgr,s and Upg s/ kero
of the subnormal series 1 < kero < Upgrs < Gpg,s. By the Gruenberg condition
(see the definition of root class in Section 5), this implies the existence of a subgroup
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Ngr.s € C*(Gp,s) such that Ng s < kero. Since o acts injectively on the subgroups Q;,
i € Z, which are conjugate to Qpr s, we have Nr sNQpr,s = 1. It follows from this equal-
ity and the relations UPR,S mApRVS = QpR“g and Np s < UpR“g that NR,S ﬂApRﬁ =1.

Let N denote the pre-image of the subgroup Ng s under the homomorphism pgr s.
Then N € C*(G), and since Ng s N Apr s =1, we have NN A = R < M. Therefore, G
is C-quasi-regular with respect to A. The C-quasi-regularity of G with respect to B can
be proved in the same way.

Proposition 7.2. If G = (A * B; H), p is a prime number, A is F,-quasi-reqular
with respect to H, and B is Fy,-regqular with respect to H, then G is Fp-quasi-reqular
with respect to H.

Proof. Let M be a subgroup from JF,(H). Since A is F-quasi-regular with respect
to H, there exists a subgroup R € F (A) satisfying the relation RN H < M. It is well
known that every finite p-group has a normal series with factors of order p. This implies
the existence of a sequence of subgroups R = Ry < Ry < ... < R,, = A such that
R, € F;(A),0<i<n,and |R;,/R;|=p, 0<i<n—1

By Proposition 3.1, B, N H ¢ ]-';(H), 0 < ¢ < n. Since B is F,-regular with respect
to H, for each i € {0,...,n}, there exists a subgroup 7T} € f;(B) satisfying the equality
T,NH = R,NH. Without lost of generality, we can assume that T,, = B. If §;, = ﬂ?z Ty
0 <i < n, then S; € F;(B) by Proposition 3.1, S, = B, S; < S;,;,0<i<n—1,and

SimH:ﬁijH:ﬁijH:RmH.

j=i j=i

In addition,
R nNH/R;NH = (R NH)R/R; < Ry /Ry, Ry /Rl =p, 0<i<n-—1
Therefore, all the conditions of Proposition 5.5 hold for the sequences of subgroups
R=Ry<Ri<...<R,=A4 and S=5<5<...<5,=8,

and thus G'g s is residually an F,-group.

Since pr,s continues the natural homomorphism A — A/R and A/R € F,, the sub-
group Hpp s is finite. By Proposition 3.1, this implies the existence of a subgroup
Nps € F,(Gg ) satisfying the equality Ng,s N Hpr,s = 1. If N denotes the pre-
image of Nr s under pgr s, then N € F;(G) and NNH = RNH < M. Thus, G
is Fp-quasi-regular with respect to H.

Proposition 7.3. If p is a prime number, X is residually an Fp-group, and'Y is a locally
cyclic subgroup of X, then X is Fp-reqular with respect to Y.
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Proof. First of all, let us note that if N € F(Y) and k = [Y : N], then N = Y'*. Indeed,
it is obvious that Y* < N. At the same time, since the exponent of the locally cyclic
group Y/Y* divides k, this group is cyclic and has an order at most k. Hence, Y* = N.

Suppose now that M is a subgroup from JF;(Y), yM is a generator of the finite cyclic
subgroup Y/M, q is the order of the latter, and S = {y, 2, ..., y9"'}. Then 1 ¢ S
and since X is residually an F,-group, Proposition 3.1 implies the existence of a subgroup
Z € F;(X) satisfying the relation SNZ = @. It is clear that any two non-equal elements
of S lie in different cosets of Z. Therefore, ¢ < r, where r = |YZ/Z| = [Y : ZNY]. Since
q and r are p-numbers, M =Y 9 and ZNY =Y, it follows that g divides r, ZNY < M,

(YZ/2)/(MZ/Z) = Y/M(Y N Z) =Y/M,
and [YZ/Z : MZ)Z) = q. If
1=20/Z2< )2 <...< 2n)7 = X2

is a normal series of the F,-group X/Z with factors of order p, then the factors of the se-

ries
1=YZ/ZNZy/Z<YZ/ZNZ|Z<...<YZ/ZNZ,]Z=YZ|Z
are of order 1 or p. Therefore,
{Yz/Z:Y2/ZNZ;/Z) | 0<i<n}={Lpp ... T}

Since the finite cyclic group Y Z/Z contains only one subgroup of index ¢, we have
Z:]ZNYZ|Z = MZ/Z for some i € {0,1,...,n}. It easily follows from the last equality
and the inclusion ZNY < M that Z; NY = M. Since Z;/Z € F;(X/Z), the relation
Z; € F;(X) holds. Thus, X is F,-regular with respect to Y.

Proposition 7.4. Suppose that X is a group, Y is a subgroup of X, p is a prime number,
and o is a homomorphism of X such that keroNY < p'-Js(Y,1). If X0 is Fp-quasi-reg-
ular with respect to Yo, then X is Fp-quasi-reqular with respect to Y.

Proof. Let M be a subgroup from F;(Y). Then Mo € F;(Y o), and because Xo is F-
quasi-regular with respect to Yo, there exists a subgroup N, € F;(Xo) satisfying
the relation N, N Yo < Mo. It is clear that the pre-image N of N, under o belongs
to F,(X). Since M is, obviously, p’-isolated in Y, the inclusion p’-J5(Y,1) < M holds.
Now it follows from the relations N, NYo < Mo, M <Y, and kero NY < p'-Js(Y, 1)
that NNY < M(keroc NY) = M. Thus, X is F,-quasi-regular with respect to Y.

Proposition 7.5. Suppose that the group G = (AxB; H) and a set of primes P satisfy (x).
Suppose also that \ and p are homomorphisms which exist due to this condition, p € B,
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and the symbols H(p), U(p), V(p), and W (p) denote the subgroups p-Js(H,1), HPH’',
p'-Js(A, U(p) -ker X), and p'-Js(B, U(p) - ker ), respectively. Then G is Fp-quasi-reqular
with respect to H if at least one of the following statements holds:

(o) H is locally cyclic;
(8) H lies in the center of A or B;
(v) H is a retract of A or B;
(0) H is periodic, and there exist sequences of subgroups

1:QO<Q1<"~<QTL:H([))7 Rogngan:Av and
B

So<S1<...<85, =
such that

R, € Fj(A), S,€F,(B), R,NH(p) =Q;,=S,NH({p), 0<i<n,
|Qiy1/Qil =p, 0<i<n—1

(¢) H is normal in A and B, and the group Autay, ,, w ., (Hpvp),w(p)), which is de-
fined due to Proposition 5.6, is a p-group.

Proof. First of all, let us note that, by Condition (%), H can be embedded in a BN -
group and therefore is itself a BN g-group due to Proposition 4.2. We give the proof
of the Fp-quasi-regularity of G independently for each of the statements (a)—(¢).

(a) By Proposition 5.6, the subgroups R = p’-Js(A,ker \) and S = p’-Js(B, ker )
are normal in A and B, respectively, and RN H = p-Rt(H,1) = SN H. The groups
Aprs = A/R and Bpgrs = B/S have no p'-torsion and are isomorphic to quotient
groups of the BN -groups AX and Bp. Hence, they belong to BNy due to Proposi-
tion 4.2. Since BNy C BN, these groups are residually F,-groups by Proposition 4.4
and therefore they are Fj-regular with respect to the locally cyclic subgroup Hpg, g
by Proposition 7.3. It now follows from Proposition 7.2 that Gr s is F,-quasi-regular
with respect to Hpg, g. Since pgr g continues the natural homomorphism A — A/R, we
have

ker prs N H = RN H = p/-Rt(H,1) = p/-Js(H, 1).

Hence, G is Fp-quasi-regular with respect to H by Proposition 7.4.

(8) For definiteness, let H be central in B. If R = ker A and S = ker u, then RN H =
SN H =1 and therefore the group Gr, s and the homomorphism pg g are defined. Since
BNy C BN, and pg,s continues A and 1, we have Apr s = A\ € BN, Bpr,s = Bu €
BN p, and ker pr,¢ N H = 1. It follows from these relations and Propositions 4.3, 7.2,
and 7.4 that Apr s is Fp-quasi-regular with respect to Hpr s, Bpr,s is Fp-regular
with respect to Hpgr g, GRr,s is Fp-quasi-regular with respect to Hpgr g, and G is Fp-
quasi-regular with respect to H.
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(7) For definiteness, let H be a retract of B, i.e., there exists a normal subgroup S
of B satisfying the conditions SN H = 1 and B = SH. If, as above, R = ker A, then
RNH=1=5NH and Gr g = Apg,s. Since Apr g = A\ € BNy C BN, it follows
from these relations and Propositions 4.3, 7.4 that G g g is Fp-quasi-regular with respect
to Hpgr,s and G is Fp-quasi-regular with respect to H.

(6) Let M be a subgroup from F,(H). By Proposition 4.1, the BN g-group H can
be decomposed into the direct product of its subgroups H(p) and H(p') = p'-Rt(H, 1).
It is clear that the subgroups M, R;, and S;, 0 < i < n, are p’-isolated in H, A, and B,
respectively. Therefore, H(p') < MNR;NS;, 0 < i < n. Since R;NH (p) = Q; = S;NH (p),
the equalities R, "NH =H(p')-Q; =S;NH hold. We also have

(HP') Qix1)/(HP) Qi) = Qix1/Qi(H(p") N Qis1) = Qiy1/ Qi
|Qit1/Qil =p, 0<i<n—1.

Hence, if R = Ry and S = Sy, then, by Proposition 5.5, Gg g is residually an F-
group. Since the group Aprp s = A/R is finite, Proposition 3.1 implies the existence
of a subgroup Ny ¢ € F,; (G o) satisfying the equality Ni ¢ N Apg ¢ = 1. Let N denote
the pre-image of Np ¢ under pp 5. Then N € F;(G) and NN A =kerpp s NA =R
because pp ¢ continues the natural homomorphism A — A/R. Tt follows that NN H =
RNH =H(p') < M and G is Fp-quasi-regular with respect to H.

(¢) Let again M be a subgroup from F;(H). Suppose also that » = [H : M] and L =
H". As above, to complete the proof it is sufficient to indicate a subgroup N € F;(G)
satisfying the condition NNH < M. If r = 1, then G is the required subgroup because GN
H=H =M and G € F;(G). Thus, we can assume that 7 > 1 and therefore L < U(p).
Let us put R = p’-Js(A, L-ker \) and S = p'-Js(B, L-ker u). Since L is normal in G
and p'-isolated in H, it follows from Proposition 5.6 that R is normal in A, S is normal
in B,and RNH = L = SNH. The group H/L is periodic, has no p’-torsion, and satisfies
the relations

H/L=H/HNR=HR/R= Hpg s € BNy C BN,

because pp s continues the natural homomorphism A — A/R, H € BN, and the class
BN g is closed under taking quotient groups due to Proposition 4.2. Hence, this group
is finite by Proposition 4.5. Let us show that Autg, ,(Hpgr,s) € Fp.

Since U(p) is normal in G, the subgroup Ugrgs = U(p)prs is normal in Gpg.
By Proposition 3.6, if o € Autg, ((Hpgr,s), @ is the automorphism of the group
Hprs/(Hpr.s)?(Hpr,s) induced by «, and the order of @ is a p-number, then the order
of avis also a p-number. It is easy to see that (Hpr,5)?(Hpr,s)' = Ur,s and if @ = glm,p o
for some g € Gr g, then @ = g/U-;S|HPR,S/UR,S (here the symbol Z denotes the inner au-
tomorphism given by z). Thus, it is sufficient to prove that Autq, ; /v, s (Hpr,s/Ur,s)
is a p-group.
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Let us note that U(p)R = V(p) and U(p)S = W(p). Indeed, it follows from the in-
clusion L < U(p) that R < V(p) and therefore U(p)R < V(p). Since R is p’-isolated
in A and, as proven above, HR/R is finite, the quotient group A/R is p/’-torsion-free
and the finite subgroup U(p)R/R is p'-isolated in this group. Hence, the subgroup U(p)R
is p/-isolated in A. The last fact and the inclusion U(p)-ker A < U(p)R mean that
V(p) < U(p)R. The equality U(p)S = W (p) can be proved in the same way.

It is easy to see that Gr s/Ug, g is the generalized free product of the groups Apg s/
Ur,s and Bpp s/Ugr s with the subgroup Hpg s/Ugr s amalgamated. Since pg g con-
tinues the natural homomorphisms A — A/R and B — B/S, the following relations
hold:

Apr,s/Urs = (A/R)/(U(p)R/R) = A/V (p),
Bpr.s/Urs = (B/S)/(U(p)S/S) = B/W (p).

The indicated isomorphisms define an isomorphism of Gr s/Ur,s onto Gy () w (p), Which
maps Hpr s/Ug,s onto Hpy () w(p) and thus induces an isomorphism of the groups

Autgy, sjup s (Hpr,s/Urs) and  Autcy ) wq, (Hpvp),w)-

By the condition of the proposition, the latter is a p-group, as required.

So, Autg, ;(Hpr,s) € Fp and Hpp s is finite. Due to Propositions 5.4 and 3.1,
it follows that Gr g is residually an F,-group and there exists a subgroup Ny o €
f;(GR,S) satisfying the relation Ngr s N Hppr s = 1. If N denotes the pre-image of NR75
under pg,s, then N € 7} (G) and NNH < kerpr,s NH = RN H because pgr g continues
the natural homomorphism A — A/R. Since RN H = L and L < M by the definition
of L, it follows that N is the desired subgroup.

8. Main theorem

As noted in Section 2, the next theorem serves as the main tool that allows one to use
results on the residual p-finiteness of the group G = (A x B; H) to study the residual
nilpotence of this group.

Theorem 7. Suppose that G = (A« B; H) and B is a non-empty set of primes. Sup-
pose also that the subgroups 1 and H are FNg-separable in each of the free factors
and, for any p € B, G is Fp-quasi-reqular with respect to H. Then the following state-
ments hold.

1. The group G is residually a ®-FNg-group and residually an F, - FNg-group
for each prime p.

2. If, for some q € B, the set U = ¢'-Rt(H, 1) is a subgroup, which is Fy-separable
in H, and H is F4-separable in each of the free factors, then G is residually an FN -
group.
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Proof. By Proposition 7.1, for any p € 93, the F,-quasi-regularity of G with respect to H
implies the F,-quasi-regularity of this group with respect to A and B. Let us show that
Conditions («)—(y) from Proposition 5.2 hold for the group G and the class C = FNg.

Indeed, if X,V € FN§(G) and Z = X NY, then Z € FNy(G) by Proposition 3.1.
Hence, () holds. Suppose that K = 1 or K = H, and a € A\ K. By the con-
dition of the theorem, K is FN q-separable in A and therefore a ¢ KM for some
subgroup M € .7-'./\/;3(14). Due to Proposition 4.1, the }'./\/;B—group A/M can be de-
composed into the direct product of its Sylow subgroups Ty/M, To/M, ..., T, /M.
If M;, 1 < i < n, denotes the subgroup [];_; T}, then (\;_; M;/M = 1 and therefore
Ni_, M, = M.t is clear also that if the subgroup T} /M corresponds to a number p; € B,
then M; € F, (A). Hence, it follows from the F, -quasi-regularity of G with respect
to A that there exists a subgroup N; € F (G) satisfying the relation N; N A < M,.
IfEN=", N, then NNA< N, M, =M, a¢ K(NnA),and, by Proposition 3.1,
N € FNR(G) because F; (G) € FNg(G) for any i € {1,2,...,n}. Since the element a
is chosen arbitrarily, we have

([l K(XnA=K
XEFNH(G)

A similar argument can be used to prove the equalities from Conditions («) and (3)
of Proposition 5.2, which relate to the group B. Thus, all the conditions of the indicated
proposition hold.

By Propositions 5.2 and 3.8, G is residually a ® - FA -group and any ® - FN g-group
is residually an F, - FN g-group for every p € B. Hence, Statement 1 of the theorem
holds. Let us prove Statement 2.

Due to Proposition 3.2, the F,-separability of H in A and B implies that H is ¢'-
isolated in these groups. Therefore, ¢-Rt(A,1) = U = ¢-Rt(B,1). It follows that U
is normal in A, in B, and hence in G. Let us show that this subgroup is F,-separa-
ble in A and B, H/U is Fy-separable in A/U and B/U, and G/U is F,-quasi-regular
with respect to A/U and B/U.

Indeed, let a € A\ U. To prove the JF,-separability of U in 4, it is sufficient to find
a subgroup X € F;(A) satisfying the relation a ¢ UX. Since H is F -separable in A,
if a ¢ H, there exists a subgroup L € F;(A) such that a ¢ HL. Then a ¢ UL
and therefore L is the desired subgroup. Let a € H. It follows from the F -separability
of U in H that a ¢ UM for some subgroup M € F;(H). Since G is F -quasi-reg-
ular with respect to H, there exists a subgroup N € F;(G) satisfying the condition
NNH< M. Ifa e UNNA), it follows from the inclusions a € H and U < H that
a € UINNH) < UM, in contradiction with the choice of M. Hence, a ¢ U(N N A),
and because NN A € F; (A) by Proposition 3.1, N N A is the desired subgroup.

The F -separability of H/U in A/U is proved similarly. Namely, if aU € (A/U) \
(H/U), then a € A\ H and a ¢ HL for some subgroup L € F;(A) since H is F -separa-
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ble in A. It easily follows that LU/U € F;(A/U) and aU ¢ (H/U)(LU/U). Therefore,
H/U is F -separable in A/U.

Finally, if M/U € F;(A/U), then M € F;(A) and because G is F, -quasi-regular
with respect to A, there exists a subgroup N € F(G) satisfying the condition N N A <
M. Tt is obvious that N is ¢’-isolated in G. Hence, U < N and N/UNA/U < M/U. Since
N/U € F;(G/U), it follows that G /U is Fy-quasi-regular with respect to A/U. The F-
separability of U and H/U in B and B/U, respectively, as well as the F,-quasi-regularity
of G/U with respect to B/U can be proved in a similar way.

By Proposition 3.3, the F,-separability of U in A and B means that A/U and B/U
are residually F,-groups. Therefore, it follows from Proposition 5.3 that G/U is residually
an F,-group. Let us now choose an element g € G \ {1} and indicate a homomorphism
of G onto an FN -group that takes g to a non-trivial element.

If g ¢ U, then gU # 1 and the natural homomorphism G — G/U can be extended
to the desired one because G /U is residually an Fy-group and F, C FN . If g € U, then
the existence of the required homomorphism follows from Statement 1 of Proposition 5.2,
which, as above, is applied to the group G and the class C = FNg. Thus, G is residually
an FNgp-group.

Corollary 4. Suppose that the group G = (A* B; H) and a set of primes B satisfy (x).
Suppose also that, for each p € B, G is F,-quasi-reqular with respect to H. Then State-
ments 1 and 2 of Theorem 1 hold.

Proof. By Condition (x), A and B are residually FAN q-groups. This is equivalent to the
FN gp-separability of the trivial subgroup in these groups. Thus, Statement 2 of Theo-
rem 1 immediately follows from Theorem 7. Let us prove Statement 1.

If ¢ € B, then F; C FN g and the Fy-separability of H in A and B means that H
is F N g-separable in these groups. By Condition (x), H can be embedded in a BN g-
group. Since BNy C BN, Propositions 4.2, 4.1, and 4.4 imply that H € BN, the set
U = ¢-Rt(H, 1) is a subgroup, and this subgroup is F,-separable in H. Thus, Statement 1
of Theorem 1 follows from Statement 2 of Theorem 7.

9. Proof of Theorems 1—4 and 6

Proposition 9.1. Suppose that the group G = (AxB; H) and a set of primes P satisfy (x).
Then H is P'-isolated in A and B if and only if it is FNog-separable in these groups.
In particular, if H is periodic, then it is FNoq-separable in A and B.

Proof. Let A and g be homomorphisms which exist due to Condition (x). By Proposi-
tion 4.1, the torsion subgroup of the nilpotent group A\ can be decomposed into the di-
rect product of the subgroups PB-Rt(AA, 1) and P'-Rt(AN, 1), normal in AX. Since A
is residually an FNg-group, it follows from Proposition 3.2 that both A and H have
no ‘P'-torsion. The injectivity of A on H implies that HA NP-Rt(AN, 1) = 1. There-
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fore, the composition of A and the natural homomorphism A\ — AX/PB-Rt(AN, 1) still
acts injectively on H. By Proposition 4.2, the quotient group A\/P’-Rt(A\, 1) belongs
to the class BN, g of all P'-torsion-free BN g;-groups. Since FN gy C BN %g, A is residually
a BN %—group. Now it follows from Proposition 4.4 that if H is $’-isolated in A, then it
is FN g-separable in this group. The converse statement is implied by Proposition 3.2.
Similarly, it can be proved that H is J’-isolated in B if and only if it is FN gp-separable
in this group.

Assume now that H is a periodic group. If an element a € A and a number ¢ € P’
are such that a? € H, then the order r of a is finite. Since A is B’-torsion-free, r and ¢
are co-prime. Hence, a € H and H is P’-isolated in A. As above, it follows that H
is FN g-separable in A. The FN y-separability of H in B can be proved similarly.

Proposition 9.2. Suppose that G = (AxB; H), P is a non-empty set of primes, H is peri-
odic and can be embedded in a BN gz-group. If G is residually an Fo - FNg-group for each
q € °B, then, for any p € P, there exist sequences of subgroups described in Statement 1
of Theorem 3.

Proof. Let p € B, and let H(p) = p-Js(H,1). Since H can be embedded in a BNy-
group, it follows from Propositions 4.1 and 4.2 that H(p) = p-Rt(H,1), H € BNy,
and H(p) € BNy C BN,. By Proposition 4.5, the p’-torsion-free periodic BN p-
group H(p) is finite. Let us show that there exists a homomorphism of G onto an F)-
group which acts injectively on H(p).

Indeed, if B = {p}, then F,- FNg = F,, G is residually an F,-group, and the ex-
istence of the required homomorphism follows from Proposition 3.1. Therefore, we can
assume further that 8 contains a number ¢ which is not equal to p. Since G is residually
an F, - FN p-group and the class F, - FN gy is closed under taking subgroups and direct
products of a finite number of factors, Proposition 3.1 implies that G has a homo-
morphism ¢ onto an F, - FN g-group which acts injectively on H(p). By the definition
of the class Fy-FNsp, Go contains an Fg-subgroup M € FNy (Go). Let € denote
the natural homomorphism Go — Go /M. Due to Proposition 4.1, the FNy-group Goe
can be decomposed into the direct product of the subgroups p-Rt(Goe,1) € F,
and p’-Rt(Goe,1). Since H(p) is a p-group and g # p, the following relations hold:

H(p)o N M = 1= H(p)oe Np'-Rt(Goe, 1).
Hence, the composition of o, €, and the natural homomorphism
Goe — Goe/(p'-Rt(Goe, 1))

is the desired map.
So, there exists a subgroup N € JF,(G) that meets H(p) trivially. Let

1=Xy/N<X|/N<...<Xm/N=G/N
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be a normal series of the F,-group G/N with factors of order p. Suppose also that
the series

1=Go/N<Gi/N<...<Gn/N=G/N

is obtained from the previous one by removing some terms in such a way that there
are no duplicates among the subgroups G; N H(p), 0 < i < n. Then

|GipiNH(p)/GiNH(p)l=p, 0<i<n—1,

and, by Proposition 3.1, the subgroups Q; = G; N H(p), R; = G;N A, and S; = G; N B,
0 < i < n, are the desired ones.

Proof of Theorems 1, 3, and 6. Here, by Statements 1—3 of Theorem 6 we mean State-
ments 1—3 of Theorem 2. Theorem 5 and Propositions 9.1, 6.5 imply

— Statement 2 of Theorem 6 and the necessity of the conditions of Statement 3 of the
same theorem;

— the FNg-separability of H in A and B, when the conditions of Theorem 3 hold,;

— the property of H to be ¢’-isolated, which is contained in Statement 2 of Theorem 3.

Since FNo C Fy- FNg for any g € B, Proposition 9.2 completes the proof of State-
ment 2 of Theorem 3 and the necessity of the conditions of Statement 3 of the same
theorem. Statements 1 and 2 of Theorem 1, Statements 1 of Theorems 3 and 6, and also
the sufficiency of the conditions of Statements 3 of Theorems 3 and 6 follow from Propo-
sition 7.5 and Corollary 4.

Proof of Theorem 2. Let A and p be homomorphisms which exist due to Condition (x).
Suppose also that p € P and U(p), V(p), and W (p) are the subgroups defined in the same
way as in Theorem 6. Denote by ¢ the mapping of G/U(p) to Gy (p),w(p) Which takes
a coset gU(p) to the element gpy (p) w(p), Where g € G. It follows from the relations
U(p) < V(p) N W(p) < ker py (), w(p) that this mapping is correctly defined. It is also
easy to see that o is a surjective homomorphism. Since

(H/U(p))o = Hpyp)wp), (A/UP))o = Apvp)we). and
(B/U(p))o = Bpv (p),w (p);

it induces a homomorphism of the group &(p) = Autq v (,)(H/U(p)) onto the group

@(p) = AutGV(p),W(p) (HpV(p):W(P))’

which maps the subgroups

A(p) = Autayup (H/U(p)) and B(p) = Autpu ) (H/U(p))
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onto the subgroups

A(p) = Autapy, ) wi Hpvp)we) and  B(p) = Autp,y, o (Hpve),.we))s

respectively.

Let ¢ denote the natural homomorphism A — A/V (p). Since py (), w (p) extends €, we
have 2(p) = Auta.(He). It follows from Proposition 4.2 and the inclusions AX € BNy
and ker A < V(p) that Ae € BN . Obviously, Ae is a p/-torsion-free group, which belongs
to BN, because p € P. Hence, it is residually an F,-group by Proposition 4.4, and He €
BN, by Proposition 4.2. Since U(p) is p’-isolated in H, Proposition 5.6 implies that
HNV(p) =U(p) and He =2 H/HNV (p) = H/U(p). Therefore, He is a periodic p’-torsion-
free BN p-group, which is finite by Proposition 4.5. Now it follows from Proposition 3.4
that Auta.(He) € F,. The inclusion B(p) € F, can be proved in a similar way.

It is clear that the group &(p) is generated by its subgroups A(p) and B(p). Moreover,
when abelian, it coincides with the product of these subgroups. Therefore, any of Con-
ditions (a)—(7y) implies that &(p) € F,. Thus, we can use Theorem 6, which says that
Statements 1—3 hold.

Proof of Theorem 4. The FN y-separability of H in A and B follows from Proposi-
tion 9.1. Let us fix a number p € P and put H(p) = p-Js(H, 1).

It is clear that the set A(p) = p-Pit(A, 1) is invariant under any automorphism of A.
Since the subgroup sgp{7A} can be embedded into a BNg-group and, in particular,
is nilpotent, Proposition 4.1 and the equality A(p) = p-Rt(sgp{7A}, 1) imply that A(p)
is a subgroup. The obvious relation p-Rt(H, 1) = A(p) N H means that the set p-Rt(H, 1)
is also a subgroup and hence coincides with H(p). Since A(p) < sgp{TA} and BNy C
BN, it follows from Propositions 4.2, 4.5, and 4.3 that A(p) € BN, A(p) is finite, and A
is Fp-quasi-regular with respect to A(p). The last fact and the inclusion 1 € F(A(p))
imply the existence of a subgroup C' € F;(A) satisfying the relation C' N A(p) = 1.
A similar argument allows one to assert that B(p) is a finite normal subgroup of B
and DN B(p) = 1 for some subgroup D € F;(B). Since p is chosen arbitrarily and The-
orem 3 is already proved, it remains to show that, for this p, the sequences of subgroups
described in Statement 1 of Theorem 3 and the normal series from Statement 1 of the the-
orem to be proved exist simultaneously. Let

1=Qo<@1<...<Q,=H(p), Ry<R;<...<R,=4, and
S0<51<£...<£5,=8B

be the sequences from Theorem 3. It is clear that
H(p) = p-Rt(H,1) < A(p) N B(p),

(RoﬂC)ﬁH(p)SRoﬂCﬂA(p):l RoﬂH(p),
(SoﬂD)ﬂH(p):SoﬁDﬁB(p):1:SOHH(p).
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By Proposition 3.1, Ro N C € F,;(A) and Sy N D € F,(B). Therefore, we can further
assume without loss of generality that Ry < C, Sy < D, and hence Ry N A(p) =1 =
So N B(p).

Since any finite p-group has a normal series with factors of order p, the sequences

Rogngan:A and Sogslggsn:B (3)
can be refined in such a way that the orders of their factors are also equal to p. Let
ROZMonggng:A and SOZNognggNSZB

be the results of this refinement. If K; = M; N A(p) and L; = N; N B(p), where 0 < i < r
and 0 < j < s, then the members of the series

1=Ky<K; <...<K,=A(p) and 1=Ly <1 <...<Ls=B(p) (4)

are normal in A and B, and their factors are of order 1 or p.
The equality H(p) = p-Rt(H, 1) means that

Alp)NH=H(p)=B(p)NH, K,NH=MnNH(p), L;NH=N;nNH(p),
0<i<r, 0<j<s.
Since R, NH(p) = Q; = SiNH(p), 0 <i<n and |Qiy1/Qi] =p, 0 < i < n—1,

the members of any refinements of the sequences (3) meet H(p) in the subgroups Q,
0 <i < n. It follows that

3

=

{KiNH|0<i<r}={M;NH(p)|0<i<r}={Q;|0<1i<
<sp={L;NH|0<j<s}

={N;NH((p)|0<]
Thus, all the conditions of Theorem 4 are satisfied for the series (4) if we remove duplicate
members from them.
Now let
1=Ap< A <...<A,=A(p) and 1=By< B <...<B,=B({p) (5
be the series described in Statement 1 of the theorem to be proved. Then
1=ANHp) <AINH(p) <...<A,NH(p)=H(p)

is a normal series of H(p), whose factors are of order 1 or p. Since

{ANH|0<i<kl={B,NH|0<j<m}
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the equality
{AinH(p) [0<i<k}={B;NH(p)|0<j<m}
holds. Hence, by removing certain members of (5), we can get normal series
1=Us<U1£...<U,=A(p) and 1=V, < V1 <...<V,=B(p)

of the same length that satisfy the relations

UinH(p)=VinH(p), 0<i<n,
SN

0
\Uixi NH(p)/UiNH(p)| =p, 0<i

1 <n—1.

Let us put R; = U;C, S; = V;D, and Q; = U, N H(p), where 0 < i < n.

Since C' € F;(A) and D € F;(B), we have R, € F;(A) and S; € F,;(B). It follows
from the equalities C'N A(p) = 1 = D N B(p) and the inclusions U; < A(p), V; < B(p),
and H(p) < A(p) N B(p) that

RNH(p)=U,NH(p)=Q;=V;NH(p)=S;NH(p), 0<i<n

Thus, the sequences

satisfy all the conditions of Theorem 3.
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