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Let C be a class of groups. A group X is said to be residually a C-group (conjugacy C-
separable) if, for any elements z,y € X that are not equal (not conjugate in X), there
exists a homomorphism o of X onto a group from C such that the elements zo and
yo are still not equal (respectively, not conjugate in Xo). A generalized Baumslag—
Solitar group or GBS-group is the fundamental group of a finite connected graph of
groups whose vertex and edge groups are all infinite cyclic. An ordinary Baumslag—
Solitar group is the GBS-group that corresponds to a graph containing only one
vertex and one loop. Suppose that the class C consists of periodic groups and is
closed under taking subgroups and unrestricted wreath products. We prove that a
non-solvable GBS-group is conjugacy C-separable if and only if it is residually a
C-group. We also find a criterion for a solvable GBS-group to be conjugacy C-sepa-
rable. As a corollary, we prove that an arbitrary GBS-group is conjugacy (finite)

separable if and only if it is residually finite.
© 2025 Elsevier B.V. All rights are reserved, including those for text and data
mining, Al training, and similar technologies.

1. Introduction. Statement of results

Recall that a generalized Baumslag—Solitar group (or, more briefly, a GBS-group) is the fundamental group

of a finite connected graph of groups whose vertex and edge groups are all infinite cyclic (the definition of

the fundamental group of a graph of groups can be found in Section 3). Although fundamental groups of

this type have been studied since the early 1990s, the term “generalized Baumslag—Solitar group” came into
use only in the 2000s (see [21-23,29]).
If the graph of groups contains only one vertex and one loop, then the corresponding GBS-group turns

out to be an ordinary Baumslag—Solitar group [1], i.e., the group defined by the presentation of the form

BS(m,n) = (a,t; t~'a™t = a™),
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where m # 0 # n. Since the groups BS(m,n), BS(n,m), BS(—m, —n), and BS(—n,—m) are pairwise
isomorphic, we can assume without loss of generality that 0 < m < |n| in the above presentation.

A GBS-group is said to be elementary if it is isomorphic to an infinite cyclic group or the group BS(1,n),
where |n| = 1 [30, p. 6]. It is known [7] that a GBS-group is solvable if and only if it is elementary or
isomorphic to the group BS(1,n), where |n| > 1.

Generalized Baumslag—Solitar groups have been the subject of numerous investigations over the last
thirty years (see, for example, [2,4-6,9-13,15-19,24,31,37]). In particular, residual properties of such groups
are considered in [14,30,36,41]. In this article, we study the conjugacy separability of GBS-groups.

Suppose that C is a class of groups, X is a group, and @ is a relation between elements and (or) subsets of
the group X, which is defined in each homomorphic image of X. The group X is said to be residually a C-
group with respect to @ if, for any elements and subsets of X that are not in 6, there exists a homomorphism
o of X onto a group from C (a C-group) such that the images of these elements and subsets under o are still
not in 6. If @ is the relation of equality of two elements, then it is usually not mentioned and X is simply
called residually a C-group [26]. In particular, if C coincides with the class F of all finite groups, then X is
said to be residually finite. When 6 is the relation of conjugacy of two elements, X is called a conjugacy
C-separable group [35] or simply a conjugacy separable one if C = F. Since equal elements are obviously
conjugate, it follows from the conjugacy C-separability of a group that the latter is residually a C-group.
The converse is not always true, and this fact is confirmed, in particular, by Theorem 2 given below (see
the last paragraph of this section for details).

Let us say that a class of groups is non-trivial if it contains at least one non-trivial group. A non-trivial
class of groups C is called a root class if it is closed under taking subgroups and satisfies any of the following
three equivalent conditions (see [39]):

1)given a group X and a subnormal series 1 < Z < Y < X, it follows from the inclusions X/Y € C
and Y/Z € C that there exists a normal subgroup T of X such that T' < Z and X/T € C (the Gruenberg
condition [25]);

2) the class C is closed under taking unrestricted wreath products;

3) the class C is closed under taking extensions and unrestricted direct products of the form Her Xy,
where X,Y € C and X, is an isomorphic copy of X for each y € Y.

Some examples of root classes are the class of all finite groups; the class of finite p-groups, where p is a
prime; the class of periodic JB-groups of finite exponent, where 3 is a non-empty set of primes; the classes of
all solvable groups and all torsion-free groups. It is easy to see that a non-trivial intersection of any number
of root classes is again a root class. It is also clear that a non-trivial class of groups consisting only of finite
groups is a root class if and only if it is closed under taking subgroups and extensions.

The use of the concept of a root class turned out to be very productive in the study of some residual
properties of free constructions of groups: generalized free and tree products, HNN-extensions, fundamental
groups of graphs of groups, etc. It allows one to prove several statements at once and quickly complicate
the constructions under consideration; see, for example, [39,41-47]. At the same time, if C is a root class
different from the class of all finite groups, very few facts are known about the conjugacy C-separability of
free constructions of groups. Most of the results of such type are contained in [3,20,27,28,34,40], and this
article complements this list.

Let 8 be a set of primes. Recall that an integer is said to be a B-number if all its prime divisors belong
to P; a periodic group is said to be a PB-group if the orders of all its elements are B-numbers. Given a class
of groups C consisting only of periodic groups, let us denote by B(C) the set of primes defined as follows:
p € P(C) if and only if p divides the order of an element of some C-group.

In [41,46], a criterion was found for a GBS-group to be residually a C-group, where C was a root class of
groups consisting only of periodic groups. The main result of this article is
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Theorem 1. Suppose that & is a GBS-group, C is a root class of groups consisting only of periodic groups,
and FSqc) is the class of all finite solvable B (C)-groups. Suppose also that the group & is either elementary
or non-solvable. Then the following statements are equivalent.

1. The group & is residually a C-group.

2. The group & is conjugacy C-separable.

3. The group & is conjugacy FSsxyc)-separable.

Theorem 1 does not cover only the case when & is isomorphic to the group BS(1,n) for some n €
Z\ {0,£1}. In this case, a criterion for & to be conjugacy C-separable is given by

Theorem 2. Suppose that C is a root class of groups consisting only of periodic groups, FSqc) is the class
of all finite solvable P(C)-groups, and n € Z.\ {0,+1}. Then the following statements are equivalent.

1. The group BS(1,n) is conjugacy C-separable.

2. The group BS(1,n) is conjugacy FSeyp(cy-separable.

3. The set B(C) contains all prime numbers.

The formulated theorems imply
Corollary. An arbitrary GBS-group is conjugacy separable if and only if it is residually finite.

Theorems 1 and 2 generalize earlier results on the conjugacy separability of ordinary Baumslag—Solitar
groups: Theorems 10-12 from [34] and the main result of [33]. At the same time, the proof of Theorem 2
essentially uses Theorem 10 from [34].

Let us make a remark regarding the criterion of conjugacy separability from Theorem 2. If C is a root
class of groups consisting only of periodic groups and n € Z \ {0, £1}, then the group BS(1,n) is residually
a C-group if and only if there exists a number p € P(C) such that p does not divide n and the order of n in
the multiplicative group of the field Z, is a P(C)-number [46]. In particular, BS(1,n) is residually a finite
p-group for some prime p if and only if p divides n — 1 [34, Theorem 2]. It is also known that, for any prime
p which does not divide n — 1, there exists a prime ¢ > p such that ¢ does not divide n — 1 and BS(1,n)
is residually an F, ;1-group, where Fy, ;1 is the class of finite {p, ¢}-groups [34, Corollary 1]. Moreover,
the probability is quite high that BS(1,n) is residually an F,, 43-group for randomly chosen primes p and ¢
that do not divide n — 1 and do not exceed some given number [48]. Thus, there are many examples where
C is a root class of groups consisting only of periodic groups, n € Z \ {0,+1}, and BS(1,n) is residually a
C-group, but is not conjugacy C-separable.

2. Solvable GBS-groups. Proof of Theorem 2

In this article, we use the following notation:

(x) the cyclic group generated by an element x;

(z,y) the greatest common divisor of numbers x and y;

[r,y]  the commutator of elements x and y, which is equal to =1y~ lzy;
x|y  anumber z divides a number y (in the sense defined below);

x ~z 1y elements z and y are conjugate in a group Z;

Z >0 the set of non-negative integers;

Fop the class of all finite 3-groups;

FSqp  the class of all finite solvable B-groups.
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Throughout the paper, we assume that, if x,y € Z, then y | = if and only if there exists a number z € Z
satisfying the equality « = yz. In particular, 0 | z if and only if z = 0.
For any n € Z \ {0}, let

Q(n) = {(7“,8) €Z*|r>0,5>0 n" =1 (mod S)}a
and if (r, s) € Q(n), let
H(n,r,s) = (t,a; t tat =a", t" =1, a® = 1).

Proposition 1. If n € Z \ {0} and (r,s) € Q(n), then the following statements hold.

1. Any element of the group BS(1,n) can be written in the form t“a™t=" for suitable numbers u,v € Zxg
and w € Z. In particular, this element is conjugate to an element of the form t“a®, where u,v € Z. Since
the presentation of BS(1,n) is a part of the presentation of H(n,r,s), the same statements also hold for the
group H(n,r,s).

2. Given u € Zx¢ and v,w € Z, the elements t*a’ and t*a" are conjugate in BS(1,n) (in H(n,r,s)) if
and only if there exist x,y € Lo such that n* — 1 | vn® —wn¥ (respectively, (n* — 1, s) | vn® — wn¥).

Proof. 1. It follows from the relation t ~'at = a” that a*t = ta™* and t—'a* = a™*t~! for any k € Z. Clearly,
these equalities allow us to transform any element of the group BS(1,n) to the required form.

2. By Statement 1, if X = BS(1,n) or X = H(n,r,s), then t“a” ~x t"*a™ if and only if there exist
x,y € Z>o and z € Z such that (t"a*t7¥) " " a? (t*a*t7Y) = t“a®. We have

tYa *t Tt a etV = tMa? St (T a Tt (T a Y )a® =t (tTYa )

PN avnmfz(n“’fl) _ awny
- on® — (n* — 1)z = wn¥ it X =BS(1,n),
on® — (n* — 1)z =wn¥ (mod s) if X = H(n,r,s).

It remains to note that
(3z € Z [vn® — (n* = 1)z =wn?]) & (n* — 1| vn® — wnY)
and, since (n* — 1, s) = (n* — 1)p + sq for some p,q € Z,

JzeZ [vn® — (n* —1Dz=wnY (mod s)] & Fz,£ € Z [vn® — (n* — 1)z = wn¥ + s/]
< 3Im e Z [on® — (n* — 1, s)m = wnY]

& n*—1,8) |vn® —wn?. O

Given a number n € Z \ {0} and a non-empty set of primes B, let Q(n,PB) denote the subset of Q(n)
defined as follows: (r,s) € Q(n,*P) if and only if r and s are P-numbers and (r, s) € Q(n). Let also

En,P)={s€Z|IreZlrs)cQn R}

Proposition 2. If n € Z \ {0} and B is a non-empty set of primes, then the set Z(n,P) is closed under the
operations of multiplication and taking a positive divisor.
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Proof. Let s € Z(n,). By the definition of =(n,P), s is a positive P-number and there exists a positive
PB-number 7 such that n” = 1 (mod s). Obviously, if s’ > 0 and s’ | s, then s’ is a P-number and n” =1
(mod s'). Therefore, the set Z(n,P) is closed under taking positive divisors. Let us show by induction on
k that n"s" " =1 (mod s*) for any k£ > 1. Indeed, the basis of induction holds. If aj denotes the number

rs®T

n and a; =1 (mod s*) for some k > 1, then

l+ap+ai+...+a ' =s (mod sb).

It follows that s | 1+ oy +af + ...+ 04271 and, therefore,

k

3k+1|(ak—l)(1+ak—|—ai+..._~_az—l):nrs 1

Suppose now that ry, ra, s1, and s are positive P-numbers such that n"* = 1 (mod s1) and n™ =1
(mod s3). Let d denote the greatest divisor of s; that is coprime with s9, and let £ = s1/d. Then all prime
divisors of ¢ divide s, and, therefore, £ | s& for some k& > 1. As proven above, nr2ss = 1 (mod s5*1).
The relations n™ = 1 (mod s;) and d | s; mean that n™ = 1 (mod d). Hence, nrress = 1 (mod s5*1),
nriress = | (mod d), and nrirass =1 (mod dsy™) because (d, sp) = 1. Since s1s52 = dlsy | dsi ™, it follows
that n™1m2% = 1 (mod s182). It remains to note that s;ss and r1r23§ are, obviously, positive 3-numbers
and, therefore, s152 € E(n,P). O

Proposition 3. The following statements hold.

1. If n € Z\ {0} and (r,s) € Q(n), then H(n,r,s) is a finite solvable group of order rs.

2. Suppose that C is a root class of groups consisting only of periodic groups and n € Z\ {0}. Then every
homomorphism of BS(1,n) onto a group from C factors through the natural homomorphism n: BS(1,n) —
H(n,r,s) for some (r,s) € Q(n,B(C)). In particular, if the group BS(1,n) is conjugacy C-separable, then it
is conjugacy FSqyp(c)-separable.

Proof. 1. It follows from the equalities t~'at = a” and tat=! = ¢t~ (""Dgat"=! = """ that the subgroup (a)
is normal in the group H(n,r, s) and, therefore, the latter is a split extension of this subgroup by the group
(t; t" =1). Let

A=(a; a°=1) and T =(t t"=1).

The inclusion (r,s) € Q(n) means that n” = 1 (mod s) and, in particular, (n,s) = 1. Therefore, the
endomorphism of 2 taking a to a” is an automorphism and its order divides r. This allows us to consider
the split extension & of 2 by T such that t~!at = a”. Let ¢ be the mapping of words in the alphabet
{t,t71, a,a='} that acts on the symbols of this alphabet in accordance with the rule

t—t tl—tl ama aleal

It is obvious that £ takes all defining relations of H(n,r,s) into the equalities valid in & and, therefore,
defines a homomorphism ¢ of the first group into the second one. Since (a)¢ = 2, the order of the subgroup
(a) equals s. Hence, the order of the group H(n,r,s) is equal to rs.

2. Let o be a homomorphism of BS(1,n) onto a C-group X. Since C consists of periodic groups, the orders
r and s of the elements to and ac are finite and are §3(C)-numbers. The equalities (to) tactoc = (ac)"
and (to)" = 1 imply that ac = (t6) "ac(to)” = (ac)™ . Since the order of ac is equal to s, it follows
that n” = 1 (mod s). Thus, (r,s) € Q(n,P(C)) and we can consider the group H(n,r,s). As above, if £
is the mapping of words in the alphabet {t*1 a*!} that acts on the symbols of this alphabet by the rule
tH s (to)*!, ot — (ao)*!, then ¢ takes all defining relations of H(n,r,s) into the equalities valid in
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X and, therefore, defines a homomorphism p: H(n,r,s) — X. By the construction, the homomorphisms o
and 7np act identically on the generators of BS(1,n). Hence, 0 = np and H(n,r,s) is the desired group. O

Proposition 4. [47, Proposition 8] Let C be a root class of groups consisting only of periodic groups. A finite
solvable group belongs to C if and only if it is a B(C)-group.

Proposition 5. If m,n € Z and 0 < m < |n|, then the following statements hold.

1. The group BS(m,n) is residually finite if and only if m =1 or m = |n|.

2. If the group BS(m,n) is residually finite, then it is conjugacy separable.

3. Given a root class of groups C consisting only of periodic groups, the group BS(m, —m) is residually a
C-group if and only if m is a B(C)-number and 2 € P(C).

Proof. Statements 1 and 2 hold due to Theorem C from [32] and Theorem 10 from [34] respectively.
Statement 3 is proved in [46] under the additional assumption that the class C is homomorphically closed.
Proposition 2.3 from [41] states that this additional condition can be omitted. O

Proposition 6. Suppose that C is a root class of groups consisting only of periodic groups and n € Z \ {0}.
Then the following statements hold.
1. The group BS(1,n) is conjugacy C-separable if and only if

Ve,y € Z n' —14vn® —wnv]) =
Yu € Zxo Yv,w € Z (Ve,y >0 | f ) . (1)
(3s € E(n,B(C)) Va,y € Zxo [(n" — 1, s) tvn® — wnY])

2. If the group BS(1, —1) is residually a C-group, then it is conjugacy FSsc)-separable.

Proof. 1. Let

H={H(n,rs)|(rs) €nPC))}

It follows from Propositions 3 and 4 that H C FSy(c) € C and the group BS(1,7) is conjugacy C-separable
if and only if it is conjugacy H-separable. By Proposition 1, any element of BS(1,n) is conjugate to an
element of the form t“a’, where u,v € Z. Suppose that g = t“a”, ¢’ = t“a", u # o/, and r is a P(C)-
number such that r > |u| + |v/|. Then (r,1) € Q(n,PB(C)) and the natural homomorphism of BS(1,n) onto
the finite cyclic group H(n,r,1) takes g and ¢’ to non-equal and, therefore, non-conjugate elements. Thus,
BS(1,n) is conjugacy H-separable if and only if

Yu,v,w € Z {(t“a” g5 tha®) = (3(r,s) € Qn, B(C)) [t“a’ #H(nrs) t“a“’])}. (2)
Let X denote any of the groups BS(1,n) and H(n,r,s). Then, if u < 0, the equalities

(tuav)—l — U TV = t—ua—vn7

hold in X, and t“a” ~x t“a™ if and only if (t“a¥)~! ~x (t*a®)~!. Therefore, the number u in (2) can be

considered non-negative. Since

(3(7‘, s) € Q(n,m((ﬁ))) pas (38 € E(n,‘B(C))),

it follows that (1) and (2) are equivalent due to Statement 2 of Proposition 1.
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2. Let us show that if n = —1 and BS(1, —1) is residually a C-group, then (2) holds and, therefore, the
group BS(1, —1) is conjugacy F Sy (c)-separable due to the above arguments.

Suppose that u,v,w € Z, t“a’ »pgg(1,—1) t*a", and s is a {2}-number which is greater than [v| + |w].
Since BS(1, —1) is residually a C-group, it follows from Statement 3 of Proposition 5 that 2 € B(C) and,
hence, (2,s) € Q(—1,B(C)). Since any element of the splitting extension BS(1, —1) can be written in the
form t*a¥ for some x,y € Z and

(t"a¥) "L a? (tTaV) = tia DAy,
the conjugacy class Y of t“a? in BS(1, —1) is either the set {t“a’,t%a~"} (if u is even) or the set {t*a*2¥ |
ke Z} (ifuis odd). Clearly, if n: BS(1,—1) — H(—1,2, s) is the natural homomorphism, then the conjugacy
class of t“a” = (t“a")n in H(—1,2,s) coincides with Y. Since |w £+ v| < |v] + |w| < s and s is even, it
follows from the relation t“a" ¢ Y that (t“a™)n ¢ Yn. Hence, t"a” =12 t"a" and (2) holds. O

Proposition 7. Suppose that C is a root class of groups consisting only of periodic groups and & is a solvable
GBS-group. Then the following statements are equivalent.

1. The group & is conjugacy C-separable.

2. The group & is conjugacy Fop(c)-separable.

3. The group & is conjugacy F S c)-separable.

Proof. The equivalence of Statements 2 and 3 follows from the fact that every homomorphic image of & is
a solvable group. The implication 3 = 1 holds due to Proposition 4. The implication 1 = 3 is obvious if
® =~ Z and follows from Proposition 3 if & = BS(1,n) for some n € Z \ {0}. O

Proof of Theorem 2. If the set ®B(C) contains all primes, then the group BS(1, n) is conjugacy Fi(c)-separa-
ble due to Statements 1 and 2 of Proposition 5. Therefore, the implication 3 = 2, as well as the implication
2 = 1, follows from Proposition 7. Let us show that if u > 2, v = n* — 1, and |v| ¢ E(n,P(C)), then (1)
does not hold and, hence, the group BS(1,n) is not conjugacy C-separable due to Proposition 6.

Indeed, since |v| ¢ E(n,P(C)), |n| > 2, and |v| = |n|* — 1 > 3, Proposition 2 implies the existence of a
prime divisor ¢ of v such that ¢ ¢ E(n,B(C)). Let w = v/q. It follows from the relations v = n* — 1, u > 0,
and ¢ | v that ¢ f n. Hence, qw t wn¥ for any y € Z>( and, therefore, v = qw { vn® —wn¥ for all z,y € Zx,.
At the same time, if s € Z(n,B(C)), then g 1 s because the set Z(n,P(C)) is closed under taking positive
divisors. It follows that (v,s) | w | vn® —wnV for any z,y € Z>o and, thus, (1) does not hold.

Let us prove the implication 1 = 3 by contradiction and assume that the group BS(1,n) is conjugacy
C-separable, but the set *B(C) does not contain some prime number p. If u = p? and v = nP’ —1=nv— 1,
then |v| € E(n,B(C)) as proven above. It follows from the definition of the set Z(n,B(C)) that there exists
a positive P(C)-number r such that n” =1 (mod |v|). Let us write r in the form r = uk + ¢, where k > 0
and 0 < £ < u. Then 1 =n" = n"*** = n’ (mod |v|) because n* — 1 =v =0 (mod |v|). It follows from the
inequalities |n| > 2, £ < u, and u > 4 that

[ =1 < [nl" + 1< 7+ ([T = 1) < nf" = 1< ol

and, therefore, n* = 1. Hence, £ = 0, p> = u | r, and since 7 is a B(C)-number, p € PB(C), which contradicts
the assumption. 0O

3. Graphs of groups and their fundamental groups

Suppose that T" is a non-empty connected undirected graph with a vertex set V and an edge set £ (loops
and multiple edges are allowed). Let us associate each vertex v € V with a group G,, while each edge e € £
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with a direction, a group H,, and injective homomorphisms ¢ .: He — Gy and ¢_o: He — G(—1), where
e(1) and e(—1) are the vertices that are the ends of e. As a result, we get a directed graph of groups, which
is further denoted by G(T"). Let us refer to the groups G,, the groups H,, and the subgroups H.. = H,p.e,
where v € V, e € £, and € = +1, as vertex groups, edge groups, and edge subgroups respectively.

The fundamental group of the graph G(I') is usually denoted by the symbol 71 (G(I')) and can be defined
as follows. Let 7 be a maximal subtree of T, and let £ be the edge set of 7. Then the generators of
7m1(G(T")) are the generators of the groups G,, v € V, and symbols t., e € £\ E7, while the defining relations
are those of G, v € V, and also all possible relations of the forms

hepie =hep_c (6 €&, he € He),
to (hepre)te = hep—o (e €EN\ET, he € H),

where hie., € = £1, is a word in the generators of the group G () defining the image of h. under ¢.. [38,
§5.1].

Obviously, the presentation of the group 71 (G(I')) depends on the choice of the maximal subtree 7. But
it is known that all such presentations define isomorphic groups [38, §5.1], and this allows us to say about
the fundamental group of a graph of groups without specifying the maximal subtree used to construct its
presentation. It is also known that, for each vertex v € V, the group G, is embedded into w1 (G(T")) via the
identical mapping of its generators and, therefore, can be considered a subgroup of m(G(I")) [38, §5.2]. The
following statement is a special case of Proposition 13 from [45].

Proposition 8. Suppose that T is a finite graph and N is a normal subgroup of m1(G(T')). f NNG, =1 for
every v € V, then N is a free group.

If all vertex and edge groups of G(T'") are infinite cyclic and we fix their generators g,, v € V, and h,,
e € &, then, for any e € £, ¢ = 1, the homomorphism ¢, is uniquely defined by the number A(ce) € Z\ {0}
such that g:((:)e) = hepee. Therefore, instead of G(I'), we can consider the directed graph with labels L(T')
which is obtained from T" by choosing a direction for each edge e € £ and assigning non-zero integers A(+e)
and A(—e) to the ends e(1) and e(—1) of this edge. If all vertex and edge groups of G(T") are finite cyclic,
then G(I") can be replaced with the graph M(T"), in which labels are assigned not only to the ends of the
edges, but also to the vertices. Namely, the label p(v) at a vertex v means that the group G, is of order
w(v). Of course, the equality |p(e(1))/A(+e)| = |u(e(=1))/A(—e)| must hold for each edge e € £. We call
the group defined by the graph £(T") (M(T")) the fundamental group of the graph with labels L(T") (M(T"))
and denote it by 71 (L(T")) (respectively, m (M(T))).

4. Non-solvable GBS-groups. Proof of Theorem 1

It follows from the last paragraph of Section 3 that each GBS-group can be defined by a graph with labels
L(T') for some finite connected graph I" and vice versa, each graph with labels £(T') over a non-empty finite
connected graph T' defines some GBS-group. Throughout this section, we assume that I' is a non-empty
finite connected graph with a vertex set V and an edge set £, L(T') is a graph with labels A(ee), e € &,
e = £1, and & is the corresponding GBS-group with the vertex groups G, = (g,), v € V, and the edge
subgroups H.. = <g:‘((:)€)>, ec€ &, e=41.

Suppose that £(I') contains an edge e such that e is not a loop and |A(ee)| = 1 for some ¢ = £1. If
we choose a maximal subtree of I' containing e and use it to define a presentation of the group &, then
the equality ge.) = gj((:)))‘(_se) holds in & and, therefore, the generator g.(.) can be excluded from this
presentation. In £(T"), this operation corresponds to the contraction of e with preliminary multiplication
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of all labels around the vertex e(e) by A(ee)A(—¢e). Such a transformation of £(T') is called an elementary
collapse (see |29, p. 480]).

The graph £(T") is said to be reduced if, for any e € £, ¢ = 1, it follows from the equality |A(ee)| = 1
that e is a loop [21, p. 224]. Since T' is finite, we can always make £(T") reduced by using a finite number of
elementary collapses.

If we replace the generator of some vertex group with its inverse, then all the labels around the corre-
sponding vertex change sign. Similarly, replacing the generator of some edge group with its inverse affects
the signs of the labels at the ends of this edge. The described replacements of the generators do not change
the group &, and the corresponding graph transformations are called admissible changes of signs [29, p.
479].

Let a maximal subtree T of I" be fixed. It is easy to see that, by applying suitable admissible changes of
signs, we can make positive all the labels at the ends of the edges of T. In this case, we say that the graph
L(T) is T -positive.

An element a € & is called an elliptic one if it is conjugate to an element of some vertex group. If
the group & is non-elementary, then any two elliptic elements a,b € & \ {1} are commensurable, i.e.,
(a) N (b) # 1 [29, Lemma 2.1]. This allows us to consider the mapping A: & — Q*, which is called the
modular homomorphism of & and is defined as follows.

Let g € &. If a is a non-trivial elliptic element, then the element ¢ 'ag is also elliptic and, therefore,
g ta™g = a™ for some m,n € Z \ {0}. We put A(g) = n/m. It can be proved that the number A(g) does
not depend on the choice of a, m, and n; see [8, p. 1812].

The largest cyclic normal subgroup of & is called the cyclic radical of this group and is denoted by C'(®).
The cyclic radical exists if & is not isomorphic to BS(1,1) or BS(1,—1) [8, p. 1808].

Proposition 9. Suppose that & is non-elementary and Im A C {1, —1}. Suppose also that T is a mazimal
subtree of I' used to define a presentation of &, Ey is the edge set of T, L(T') is reduced and T -positive.
Then the following statements hold.

1. The relations

1£C(6) = (| Hee < () Go
S:G:i’l veY

hold, and therefore the number p(v) =[G, : C(B)] is defined and finite for each v € V.

2. The least common multiple pu of the numbers p(v), v € V, divides [[ ce .—4q A(ce).

3. Suppose that Z is an infinite cyclic group with a generator z, A is the free abelian group with the basis
{aq | ¢ € Im A}, and X is the splitting extension of Z by A such that a;'zay = 2%, ¢ € ImA. Then the
mapping of the generators of & into X given by the rule

gv»—>z"/“(v), veV, te—anp,y, e<€E\Er,

defines a homomorphism 7: & — X.

4. Suppose that k > 1, Z, = (zx; z,’:k =1), B= (b b =1), gqp: & = &/(C(&))* is the natural
homomorphism, and Xy, is either the group Zy (if ImA = {1}) or the splitting extension of Zy by B such
that b='zpb = 2" (if Im A = {1,~1}). Then

a) the map xr: X — Xy given by the rule

a2t zh, 4meZ, if ImA={1},

al'a™ 2t = b"2h, Cmon € Z, if ImA={1,-1}
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is a homomorphism;
b) the map of the generators of &/(C(®))* into X given by the rule

1 if Alte) =1,
b ifA(te) -1,

665\57’,

gvl—>z,’j/”(v), veEV, tel—>{

defines a homomorphism 1: &/(C(&))F — Xy;
c) the equality Tx = NETx holds;
d) the kernel of 7, is a free group.

Proof. Statements 1-3 are special cases of Propositions 4.4 and 5.1 from [41]. Let us prove Statement 4.

The fact that xj is a homomorphism can be verified directly. Let & be the mapping of words that
continues the map from Statement 4-b. It is obvious that 7xx(g) = Mk€k(g) for each generator g of .
Therefore, the mapping &, takes all defining relations of & /(C(&))* inherited from & into the equalities
valid in Xj. In addition to them, the presentation of the quotient group &/(C(®))* contains relations
of the form w = 1, where w is an arbitrary word that defines an element of (C(&))*. Let u € V. Since
p(u) =[Gy, : C(&)], the subgroup (C(®))* is generated by the element g% Therefore, all these additional
relations are derivable from the relation gﬂ(u)k = 1. It follows from the definitions of £ and Zj that &
takes the latter relation into the equality valid in Xj. Thus, 7% is a homomorphism and 7x; = g7k

It is obvious that the quotient group &/(C(®))* is the fundamental group of the graph with labels M(T")
which is obtained from £(I") by assigning to each vertex v € V the label p(v)k. Since the order of the group
zZy /ntv) - (gv)T1 is also equal to pu(v)k, the homomorphism 75 acts injectively on all vertex groups. Now it
follows from Proposition 8 that its kernel is a free group. O

Proposition 10. [41, Theorem 3] Suppose that C is a root class of groups consisting only of periodic groups,
the group & is non-solvable, and the graph L(T') is reduced. Then the following statements hold.

1. If Im A = {1}, then & is residually a C-group if and only if all the labels of L(T') are P(C)-numbers.

2. IfTm A = {1, -1}, then & is residually a C-group if and only if all the labels of L(T') are P(C)-numbers
and 2 € P(C).

3. IfImA & {1,—1}, then & is not residually a C-group.

Proposition 11. [40, Theorem 1] If C is a root class of groups consisting only of finite groups, then any
extension of a free group by a C-group is conjugacy C-separable.

Proposition 12. Suppose that the group & is non-solvable, T is a mazimal subtree of I' used to define a
presentation of &, the graph L(T') is reduced and T -positive. If C is a root class of groups consisting only of
periodic groups and & is residually a C-group, then & is conjugacy F Sy (c)-separable.

Proof. It follows from Proposition 10 that Im A C {1, —1}, all the labels of £(T") are (C)-numbers, and if
ImA = {1,-1}, then 2 € P(C). Given k > 1, let Z, Z, A, B, X, X}, and 7, 7, Xk, N, be the groups and
the homomorphisms from Statements 3 and 4 of Proposition 9. By Statement 2 of the same proposition, p
is a P(C)-number. Therefore, X € FSq ey if k is a B(C)-number.

Suppose that f,g € & and f =g g. Since the class FSy(c) is closed under taking subgroups, to complete
the proof, it suffices to find a homomorphism o of & into an FSgq(c)-group & such that fo ~g go. Let us
consider two cases.

Case 1. f =g g (mod (C(®))¥) for some P(C)-number k > 1.

By Statement 4-d of Proposition 9, the quotient group &/(C(®))* is an extension of a free group by
the group (&/(C(6))*)7;,. Since (6/(C(8))*)1, < Xip € FSq(c) and FSy(c) is a root class, the group
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®/(C(&))* is conjugacy FSq(c)-separable due to Proposition 11. It follows from this fact and the relation
fnk *on, gnr that n, can be continued to the desired homomorphism.

Case 2. f ~e g (mod (C(®))*) for any PB(C)-number k > 1.

Since X is a splitting extension of Z by A, the element g7 can be written in the form g7 = az™ for suitable
a € Aand n € Z. Let m be a B(C)-number greater than 2|n|. By the supposition, f ~g g (mod (C(®))™)
and, therefore, 71 fz = gh for some z € & and h € (C(&))™ \ {1}. Hence, we can assume further without
loss of generality that f = gh. By the definition of 7, the equality hT = 2™ holds for some ¢ # 0. Let us
choose a PB(C)-number k greater than 2m|¢| and show that grxx # (gh)TXk # 9~ 7Xk-

Indeed,

(g2h)7' — (azn)(azn)zmé — a22n+sn+m5’

where € = 1 if a belongs to the centralizer of z in X and € = —1 otherwise. By the definition of xy, the
equalities h7xy = 2" and (g2h)Tx) = ZIZLH"“"”Z hold. The relations m > 2|n|, k > 2m|¢|, and ¢ # 0 imply
that 0 # |mf| < k/2 < pk and

0<m—2n| <m|l| —2|n| <|n+en+ml <mll]+2n| <mll|+m < 2m|l| < k < pk.

Since the group Zj, is of order pk, it follows that hryy # 1 # (¢°h)Txx and, therefore, grxi # (gh)Txk #
g~ '7x1 as required.

Let us now show that the conjugacy class (g7xx)~* of g7x in X}, is contained in the set {g7xx, g~ 7xx }.
Since Xy € FSp(c), it will follow that 7xy is the desired homomorphism.

If Im A = {1}, then X}, is an abelian group and, therefore, (g7x%)** = {g7xx}. Suppose that Im A =
{1, —1}. Let us fix a vertex v € V, denote by c the element ¢ and assume that lg,c] # 1.

Since ¢ generates the infinite cyclic subgroup C(&), which is normal in &, the equality g~ lcg = ¢=*
holds. It follows that ¢ 'c™'g = ¢, ¢ gc = gc?, cge™! = gc™2, and therefore ¢ "gc" = gc?” for any r € Z.
The relation Im A = {1, —1} implies that 2 € RB(C). Hence, f ~g g (mod (C(®))?) and y~! fy = gc®® for
some y € ® and s € Z. Since gc?* = ¢~ %gc®, it follows that the elements f and g are conjugate in &, and
we get a contradiction with their choice.

Thus, [g,c] = 1 and, therefore, the element g7y belongs to the centralizer Zx, (cTxx) of cTxk in Xi. Let
us note that, if u € Zj,, then w™'uw = v and (bw)~*u(bw) = u~! for any w € Zj. Hence, the conjugacy class
of u in X}, is the set {u,u~'}, while the centralizer of u is either Z, (if u? # 1) or X}, (otherwise). By the
definitions of 7 and X, the equality e¢rx) = 2 holds. Since the group Zj is of order pk and k > 2ml|¢| > 2,
it follows that (cTx%)? # 1. Hence, g7x1 € Zx, (cTXk) = Zi and, therefore, (g7xx)** = {g7Xx%, 917Xk} as
required. 0O

Proof of Theorem 1. The implication 2 = 1 is obvious, the implication 3 = 2 follows from Proposition 4.
Let us prove the implication 1 = 3.

By using elementary collapses and admissible changes of signs, we can transform £(T') at first to a reduced
form, and then, after choosing some maximal subtree 7 of I', to a T-positive form. Therefore, if & is non-
solvable, then the considered implication follows from Proposition 12. If & = BS(1,—1), the implication
1 = 3 is ensured by Proposition 6.

Let ® = Z or & 2 BS(1,1) 2 Z x Z. Then & is residually a C-group if and only if it is conjugacy C-sepa-
rable because the relations of equality and conjugacy coincide for an abelian group. Since the image of any
homomorphism of & onto a group from C is, obviously, an FSgc)-group, it follows that the implication
1 =3 also holds. O
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